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1. Introduction

The theory of strongly m—subharmonic (sh,,—)functions has an important role in potential
theory. It expands and develops the well-known pluripotential theory, created at the end of
the last century, which at present is the main subject for studying analytic functions of several
complex variables and plurisubharmonic functions.

The pluripotential theory is based on plurisubharmonic (psh) functions and is related to the
Monge-Ampere operator (dd“u)”. Here, as usual d = 9 + 0 and d° = %. This theory is based
on research in numerous fundamental works of E. Bedford , A. Taylor, J. Siciak , A. Sadullaev
and others ( see, for example, [2, 10, 15]).

sh,,—functions are related to the operators

(dd“u)™ AB"™™, 1< m <n, (1)

where is 8 = ddc|z|2—the standard volume form in the complex space C".

Since dd°u A 8"t = Auf"™, operator (1) for m = 1 gives the Laplace operator, and for m = n
the Monge-Ampere operator. The operator (1) is called the complex operator in Hessians,
because it is easy to calculate

(ddu)™ A B = m!(n — m)!H,, (u) 8",

where H,, (u) = > Aji.-Aj,,— is the Hessian of the eigenvalue vector A =
1<j1<...<jm<n

(A1, Az, .o, Ap) of the matrix (u, ;).
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The complex operator in Hessians (1) was successfully considered in the works [3, 4, 6, 7]. In
their studies, a class of sh,,—functions was defined in the class of integrable functions L} . (D).
Potential theory in the class of sh,,—functions was constructed in [9].

The purpose of this paper is to introduce and study sh,,—functions on complex manifolds
X c CV, dimX = n,n < N. There are different ways to define sh,, —functions on complex
manifolds: using local coordinates, using retraction 7 : C¥ — X, using Jensen measures. In
this paper, to define sh,,, —functions on a complex manifold X, we use spaces of Jensen measures.
Details about the Jensen measures with respect to the class of functions on a compact set K ¢ CV
can be found in [13] ( see also [1,8]).

2. Hessians

In Section 2 of this paper, we present definition and some properties of sh,,— functions in
the space C™. In Section 3 we define Jensen measures on compact sets K C CV with respect to
shy, —functions and formulate the Edward’s duality theorem in the class of sh,,— functions.

In Section 4 we define sh,,—functions in domains D C X of a complex manifold X C
CY, dimX = n, n < N and given some of their potential properties. In section 5 we define
sh.,—functions in local coordinates of a manifold X and study their connection with differential
forms.

Section 6 is a supplement to the work that introduces the definition and studied some prop-
erties of m—polar sets and P,,, —measures.

3. Hessians

Let u € C? (D) be a twice differentiable function given in a domain D C C™. The second-

. . c, _ i B ) _ . oL . Y 52T
order differential dd“u = 3 Z u; pdzj A dzy is a Hermitian quadratic form, where u; . = 92,05
7

Therefore, via appropriate unitary transformation of coordinates, it is reduced to a diagonal form
ddu = % [Mdz1 AdzZy + ... + A\pdz, AdZ,), where Aq, ..., A\, —the eigenvalues of the Hermitian
matrix (uj’,;) .
It’s clear that
(ddu)* A B"F = k! (n — k) Hy (u) 7, k=1,..,n,
where Hy, (u) = > Aj, + .o+ Aj, —is the Hessian of dimension k of the vector A = A (u) €

1<ji<...<jr<n
R™

Definition 3.1 (see [12]). A function u € C? (D) is called sh,, in domain D C C", if :
(ddw)* A" * >0 Vk=1,2,..n—m+1.
It is known that for all twice differentiable sh,, —functions u,v1, ..., Vs _m it holds

ddu A dd®vy A ... A ddvy_p A BT > 0. (2)

Moreover, if a twice differentiable function u satisfies (2) for all twice differentiable

shy,—functions vy, ..., vp_m, then u is necessarily a sh,,—function. Using this we can define

1

shy, —functions in the class L.
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Definition 3.2 (see [12]). A function uw € L}, . (D) is called shy, in domain D C C", if it

loc
s upper semicontinuous and for any twice differentiable sh,,—functions vy, ...,vp_m, the current

ddu A dd®vy A ... A ddvp_y, A BT defined as

[dd®u A ddvy A ... A dd vy A B ] (w) =

= /uddcvl A e Addvp—_p A B™ P A ddw,  w e FOO)
18 positive.
It is clear that psh = shy C shy C ... C sh,, = sh and the following important property holds

Theorem 3.3 (see [12]). If u € shy, (D), then for any complex hyperplane II C C™ restriction
ulm s a shy,—function in D (11, i.e.

ulm € shy, (DNII).

4. Jensen measure and sh,,—functions on a compact set K C

CN.

In the previous section, we studied sh,,—functions in domains D C C™. In this section,
we introduce the notion of sh,,—functions on a compact set K C CV. In [2] (see also [3]), the
definition sh,, (K) is based on the class of sh%:°—functions that are continuous sh,,—functions
in some neighborhood of K.

Definition 4.1 (see[2]). Let K be a compact set in CN, 1 < m < N, and let i be a non-
negative reqular Borel measure defined on K with p(K) = 1. We say that p is a Jensen measure
with the barycenter z € K, w.r.t. sh%¢(K) if

u(z)g/udu, Yu € sh%¢ (K).
K

z

Note that if the measure y, defined on K, p(K)
at the point z € K, then

The set of such measures will be denoted by 37" (K) .

1 is a Jensen measure with the barycenter

u(z)g/udu, Yu € sh?, (K),
K

where sh? (K)— the class of functions that are sh,,—functions (not necessarily continuous, i.e.
sh? (K) D sh%¢ (K)) in some neighborhood of K.
Using the Jensen measures, we now define the notion of sh,,—functions on a compact set K.

Definition 4.2 (see [2]). Let K be a compact set in CN. An upper-semicontinuous function u
defined on K is said to be shy,—function on K, 1 <m < N, if

u(z)S/ud,u, Vze K, YpueQ7T (K).
K

The set of all sh,,,—functions on K will be denoted by sh,, (K) . sh,,—functions on compact
sets share a lot of basic properties with sh,, —functions on open sets. Some of these properties
are listed below (see [2]).
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Theorem 4.3 Let K be a compact set in CNand 1 <m < N. Then
1) if u,v € shy, (K), then su+ kv € shy, (K), for all s,k > 0;
2) if u,v € shy, (K), then max {u,v} € shy, (K);
3) if uj € shy, (K) is a decreasing sequence, then u = lim wu; € shy, (K), provided u (z) >

j—o0
—o0o for some point z € K;

4) If u € shy, (K) and v : R = R is a convexr and non-decreasing function, then v owu €
shoy, (K) .

Let us present also the Edwards theorem (see [14]), which is often used in the study of the
classsh,, (K).

Theorem 4.4 (see [2]). Let K be a compact subset in CNand 1 < m < N, and let g (z) be a
lower semicontinuous function defined on K. Then we have

sup {u(2) 1 u(z) € sh%(K), u<g}=inf /gdu: nwe
K

Using this theorem, we prove the following important theorem.

Theorem 4.5 (see [2]). Let K be a compact set in CY and 1 < m < N.

a) Let u be an upper semicontinuous function on K. Then it shy,—function u € shy, (K) if
and only if there exists a monotonically increasing sequence u; € sh%<¢ (K) such that u; S u on
K.

b) u € shy, (K) if and only if there is a monotonically decreasing sequence u; € sh%¢ (K)
such that uj ~\ u.

5. sh,,—functions on a manifold X.

Suppose X C CV is a complex manifold of complex dimension n and let O (X) denote the
ring of holomorphic functions on X.

Definition 5.1 (see [17]). A complex analytic manifold X of dimension n which is countable
at infinity is said to be a Stein manifold if
1) X is holomorph-convez, that is,

K:{z: ze X, |f(2)] <sup |f] forallfeO(X)}
K

is a compact subset of X for every compact subset K C X;

2) If z1 and z9 are different points in X, then f (z1) # f (z2) for some f € O (X);

3) For every z € X, one can find n functions fi,..., fn € O(X) which form a coordinate
system at z.

Let K C X some compact subset. Then there has a class sh%;°(K) which using to define
classes of Jensen measures. By the section 3 we know how to define sh,, —functions on K ¢ CV
compact sets. As analogue of definition 3.2 we can define sh,,—functions on K C X compact
sets.
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/\__/X
- R

Let K C X some compact subset (dim.K = dim.X = n) and sh%¢(K) the class of functions
that are continuous sh,,—functions in some neighborhood of K.

Definition 5.2 Let p be a non-negative reqular Borel measure defined on K with p(K) = 1.
We say that u is a Jensen measure with the barycenter z € K, w.r.t. sh%¢ (K) if

u(z)g/udu, Vu € sh¥¢ (K).
K

Definition 5.3 An upper-semicontinuous function u defined on K is said to be shy,—function
on K, 1 <m <mn, if
u(z)g/ud,u, Vze K, YpeQ7 (K).
K
Theorem 3.3 and Theorem 3.5 are holds in this class too. Properties 1) and 2) from

Theorem 3.3 are obviously. In proofs of others follows easily from the properties of Borel
measures, Choquet lemma and from Edwards theorem.

Definition 5.4 A function u(z) given in D is called shy, in D, (u € shy, (D)) if:
1) it is upper semicontinuous in D, i.e. u(z) > lim u(w).
w—rz

2) for all compact subset K C D the restriction ul|k is shy, in K, i.e. u|g € shy, (K).

The class of sh,,,—functions in D denoted by sh,, (D). As usual, the function u (z) = —o0 is
also included in this class. The following properties of the class sh,, (D) can be shown easily by
the properties of sh,, —functions on compact sets.

1) Linear combination of shp,—functions with non-negative coefficients is a shy,—function,
i.e.

ug(2) € shy (D), ar € RT (k=1,2,....,p) = a1u1(2) + a2ua(2) + ... + apuy(2) € shy, (D);

2) Mazimum of a finite number of shy,—functions is also a sh,,—function, i.e.

w1 (2),u2(2), o 0 (2) € sy (D) = mac{us (2), u2(2), oo ()} € sy (D)

3) The following relation is true
shy1 (D) C ... C shy, (D) C ... C shy, (D);

4) Limit of a monotonically decreasing sequence of sh,,—functions is also a sh,,—function,
ie.
uj (2) € shy (D), u; (2) > ujy1(2) (j=1,2,...) = lim u;(2) € shy, (D);

j—o0
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5) A uniformly convergent sequence of sh,, —functions converges to a sh,,—function, i.e.

uj (2) € shy (D), (j=1,2,...), uj(2) 2 u(z) = wu(z) €shy,(D);

o]

6) If uj(2) € shm (D), uj(z) < Mj;, (j=1,2,..) and series > M; converges, then

J=1
n

lim ) u; (%) converges to a sh,,—function.

7) Let v : R — R be a convex and non-decreasing function and v (z) € shy, (D). Thenyou €
Shp, (D).
6. sh,,—functions on local coordinates in X.

Below it is useful for us to define sh,,, —functions using the volume form on X. On this purpose,
we take the restriction of the volume form dde||z|* = ildzy ANdZ + ...+ dzy ANdZzZy] on X and
let’s put 8 = dd¢||z||*|x. In local coordinates ¢ () : B — U, B C C", U C X, differential form
of bidegree (1,1) has form

5= 5 ldor () N1 (€) + ..+ diow (€) Adpw (€)].

Differential form g is positive and closed. Let u is a twice differentiable function given in X.
Then its differential form dd°u be a differential form of bidegree (1,1). In local coordinates
v (&) : B — U is calculated as

n d2 B
ddu = dd°u (p (£)) = ) Tulp(8)) 06, NIE, € eCm
t
After these reminders, we can determine sh,,, —functions on X using the definition in complex
space C".
Definition 6.1 Function u € C? (D) called sh,,—function in the area D C X, in D have places
(dd°w)" A% >0, k=1,2,....,n—m+1. (3)

Note that in local coordinates ¢ (§) : B — U, B C C*, U C X, differential forms (3) leads
to following

k
c, \k n—k __ = d2u (90(5)) ¢
(dd°u)* A gn—F = {;1 e 355/\85} A

. n—k
/\{; [do1 () Nd@r () + ... +don (§) Ndon (5)]} >0, k=1,2,...,n—m+1.

There is the following property relating sh,, —functions with sh,, —functions in complex space
CN.

Theorem 6.2 If w (2) is a shy,—function in some neighborhood U C CV, w(z) € C? (U), then
the restriction u = w (2) |x is a shy,—function in D =U (X, i.e. u=w|x € shy, (UNX).
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Proof. Fixing some point o € D C U and get tangent space T,X. In some neighborhood
B = B (o,r) projection 7 : X (B — T,X be a biholomorphic mapping and besides that 71 :
BN TyX — B() X be a local coordinate on X.

We have w € sh,, (U)(C? (U), then by Theorem 2.3 the restriction w|r, x € shy, (B T,X)
is sh,, —function, i.e.

n—k
(ddwlr, ) A [dd €I, 20, =12 n—m+ 1.

But then .
ddew o w=)* A [dde||=—1|)? >0, k=1,2,...n—m+ 1.
(

On the other side, since 7 : X(\B — T,X is a projection, then at a point o € X holds
ddCH7r’1H2|O = Blo. It means that w|x € shy, (B()X) and therefore w|x € shy, (D). The proof
is complete.

For functions on a manifold is true the inequality (2).

Theorem 6.3 Let u is a twice differentiable sh.,—function in D. Then for all twice differentiable
$hpm—functions v1, ..., Un_m € shy, (D) () C? (D) it holds:

dd“u A ddvy A ... A dd“Vy— A BT > 0. (4)

Conversely is holds too, i.e. if a twice smooth function wu, satisfies this relation for all
V1y ey Un—m € Shpy, (D)(C? (D), then u certainly is sh,,—function. Moreover, it is enough
to see restriction on X class of second-order polynomials of the form

n
vj = E :cj,’f
k=1

Proof. By definition of sh,,—functions, it follows that in local coordinates ¢ (§) : B — X, B C
C™, differential forms become to the next form

z;c|2 € shy, (C), ¢j i — const.

k
ek _ ) N Pu(p(©) -
(dd°u)" A B _{S;afsaé d&/\d&} A (5)

. n—k
A{; [der () Ad @y (&) + . +dpn () Adpn (é)]} >0, k=1,2.,n—m+1

The same relation is true for each of the functions vy, ..., vy—m € shy, (D) C? (D):

k
- ~ d?v; (¢ (6) 3
ddv;)" A gk = — T2 e N d A
(dd“v;)" A B {; seor YN
i n—=k
/\{2 [do1 () Nd@1 (&) + ... +don (&) Ndon (f)]} >0, k=1,2,....,n—m+1, 7=1,2,...,n—m.
So the functions u,vy,...,0n_m € shy, (D)(C?(D) are sh,,—functions with respect to

strictly positive d—closed form a = % [dp1 (§) Ad @1 (€) + ... + don (§) ANd@n (§)]. According
to the notes above after the formulation of Theorem 5.3 it is true
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— d®u(p(9)) ; — d*u;
lz (9553&%5/\6@1 A L;l 8558& dfs/\dft]

s, t=1

n dQ’Un m( (f)) .
Als,tz_lagsagtdﬁs”&]“ >0,

which is equivalent to dd“u A dd®vi A ... Add®vy,_, A ™1 > 0. Doing these calculations from
the bottom up, we get that from

ddu A ddvy A .. A ddvy A BT 20 V01, ey Upm € shi (D) C? (D

it follows that the function u (¢ (£)) is shy,,—function in local coordinates with respect to the
strictly positive d—closed form a = % [dp1 (§) Ad @1 (§) + ... + don (§) Nd o ()]

(dd°u)* A g7k = {;1 ‘w dés N dé‘t} A

s

. n—k
M5 1001 © NP1 © + ot don © nden @1} 20 k=12 n—mtL

It means that u € shy, (D). The proof is complete.

Definition 6.4 Function u € Lloc (D) is called shy,—function in domain D C X, if it is upper
semicontinuous and for any twice differentiable sh,,—functions vy, ..., Vp—m € shy, (D) () C? (D)
current dd°u A dd°vi A ... A dd°vy_p, A BT s defined as

[ddcu Addvi A ... A ddVp—m A ,6””71] (w) = /uddcvl/\.../\ddcvn_m/\,@m71 Addw, w e F%°

s positive.

Here 8 = dd°||z||*|x and F%0 is a class of test functions (see [16]).

7. m—polar sets and P,,—measure on X.

The concepts of m—polar sets and P,,- measures on X are the basic concepts of potential
theory in the class of sh,,—functions on X as they are for sh,, —functions on the complex space
C™ (see, for example, [16]).

m—polar sets on X are also defined as m—polar sets in the complex space C".

Definition 7.1 A set E,E C D C X is called m—polar in D, if there exist a function u(z) €
shm (D), u(z) £ — o0, such that u|g = —o0.

By the definition 5.2 it follows that the Hausdorff measure of m—polar set Ho, oy (E) =
0 Ve > 0. In addition, the countable union of m—polar sets is also m—polar set, i.e. if E; C D

o0
are m—polar sets, then the set £ = U E; is also m—polar. It is clear that if the set £ C D is
=1

m—polar, then it is also k—polar set such that k=m+1, m+2,.

Definition 7.2 A domain D C X is called m—reqular if there exists a function p(z) €
shm (D), p(z) <0 such that li%le(z) =0.
zZ—r
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The following theorem is useful in the study of P,,—measures, which is similarly proved in
the case of sh,, measures on CV.

Theorem 7.3 Let D C X is a m-reqular domain and subset E C D is such that set ENG is
m—npolar in G for any compact subdomain G CC D. Then the set E is also m—polar in D. In
addition, there is a function u(z) € m — sh(D), u|p <0, u— Eoo such that u|p = —oo.

Let E C D is a subset of m—regular domain D C X and 1 <m < n.
Definition 7.4 Consider the class of functions
U(E,D) ={u(z) € shp(D): u|p <0, ulg < -1}

and put w(z, E,D) = sup{u(z) : u € U(E,D)}. Then the regularization w * (z, E, D) is called
Pm—measure of the set E with respect to the domain D.

It is clear, that w * (2, E, D) € m — sh(D). Because, by the Choquet lemma, there exists
a countable subfamily U’ C U(FE, D) such that {sup{u(z)}: u(z) € U'(E,D)}" =w* (2, E, D).
Thus, it follows that P,,, —measure w*(z, F, D) can be represented as the limit of a monotonically
increasing sequence {u;(z)} C U(E, D) : [Jggo u;(2)]" =w=* (2, E, D).

P, —measure has the following simple properties:

1) (monotonicity) if E1 C Es, then w x (2, F1, D) > w * (2, Ea, D);

If EC Dy C Dy, thenw* (2, E,D1) > wx* (2, E, Ds);

2)P,—measure w x (z, E, D) is either nowhere equal to zero, or identically equal to zero.
w# (z,E,D) =0 if and only if E is m—polar set in D (proved similarly using Theorem 6.3.);

3) (theorem about two constants). If a function u(z) is m—subharmonic function in D C C"
and u|p <M, u|g <m, (E C D), then following inequality

uw(z)<M-(1+wx*(z,E,D))—m-wx(z,E,D)

holds for all z € D (obviously).
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3agaua Iupuxie B Kjaacce sh,,—dyHKOunii Ha MHOrooopasumn

C.N.Kypbouboen

Jannas cmamovba noOCBAWEHE ONPEIEAEHUIO U UYHEHUIO CUABHO M—cYybzapmonuveckur Gynruyul na

KOMNAEKCHBT MH02000pasuar. Beodumcsa onpedesenue cuavno m—cybeapmoHuveckur @GYHKUUL Ha

MH02006pa3UU IlImedina u doxasviearomes HEKOMMOPDBLE OCHOBHDBLE ceotlicmea.

Karoueswie caosa: m—cybzapmornuveckue GyHKUUU Ha Komnaexchom npocmpancmee, Mepn Hewcena,

Mmnozoobpasue IlImetina, noasapHoe MHOHCECNEBO.
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