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1. INTRODUCTION
The well-known theorem of Cartan [1] (see also [2, p. 231] on the continuity of Riesz potentials

du(y)

Uﬁ,a(ilf) = ’LE . y’n—a’

0<a<mn,

states that forany e > 0, there exists an open set G. C R™ of capacity C,—o(Ge) < €, such that UY_ (z)
is continuous in the complement R™. Note that Cartan’s theorem is also true in the case of a logarithmic
potential

U@) = [l - yldu(y). =2

This theorem is an analogue of Luzin’s theorem on the almost everywhere continuity (C'-property) of
measurable functions. According to the theorem on the Riesz representation for subharmonic functions
(see, for example, [2, 3]) and Cartan’s theorem, for a subharmonic function u(z) in the domain D C R"
there exists an open set G- C D, with Newtonian capacity C,,—2(G:) < € such that u(z) is continuous
in the complement D \ G. for any € > 0.

In the work of Sadullaev and Madrakhimov [4], the smoothness of subharmonic functions outside a
set thicker than a set of small Newtonian (logarithmic) capacity is established. It was shown that for any
e > 0, there exists an open set G. C D such that the Hausdorff coverage of ﬁn_2+p(G5) <eg0<p<2
and u(z) belongs to the Lipschitz class on compact subsets of the difference D \ G..

In [5, 6], the smoothness of subharmonic functions was studied on the basis of the theory of
Calderon—Zygmund singular integrals [7, 8] and potential theory, which made it possible to obtain
relatively definitive results. For a subharmonic function w(z) defined in the domain D C R", it was
shown that for any € > 0, there exists an open set G. C D with Lebesgue measure m(G;) < ¢, such
that u(z) belongs to the class C? of twice continuously differentiable functions on compact subsets of
the difference D \ G.. For an analytic continuation of functions of several variables that are R-analytic
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C*-PROPERTIES OF SUBHARMONIC FUNCTIONS 673

along a fixed direction (see [9]). Obtaining estimates for subharmonic functions plays an important role
in the theory of potentials. Depending on the potential and the considered sets, various estimates were
obtained for subharmonic functions (see, for example, [10—12]).

A subharmonic function, in general, does not belong to the Lipschitz class Lip; outside the set of
small Hausdorff coverage H,,_1. The question arises: what is the description of the “thinnest” set outside
which a subharmonic function belongs to the class Lip; and is defined as the set of small Hausdorif
coverage Hn 140, Where Hn 140 = SUPgg H,_ 1+e. However, there is a stronger statement than this,
for any € > 0, there exists an open set G. C D with capacity C,,—1(G:) < ¢, such that u(x) defined
on the domain D C R" belongs to the C'—class of continuously differentiable functions on compact
subsets of the difference D \ G..

[t is known that a set of small C,,_;-capacity is “thinner” than a set of small Hausdorff coverage
H,_1 40, but “thicker” than a set of small Hausdorif coverage H,,_; (see[2, 3, 13]).

An important subclass of the set of subharmonic functions is the class of convex functions. Studying
properties of convex functions and their differentiability has been and still is one of the main subjects
in the theory of convex surfaces and convex analysis [14—21]. Reshetnyak in [14] showed almost
everywhere twice differentiability of convex functions, i.e., if u(z) is a convex function in the domain
D C R™, then

" Ou(z)
8xi hz_

=1 z,

0%u(z)

u(x +h) —u(zr) —  Diy

hihy, = 0 (|h[?)

almost at all points z € D. In general, this statement does not hold in the case of subharmonic functions.
For example, for a subharmonic function that becomes —oo on an everywhere dense set of points, such
a statement is not true. In a recent paper [21], it was shown that for a convex domain D C R", locally
strictly convex function w : D — R and for any continuous function e(z) : D — (0, 1], there exists a
locally strictly convex function ¥(x) from the class C?(D), such that m{z € D : u(x) # 9(x)} < o
for any 9 > 0 and |u(x) — J(x)| < e(z), Yo € D. Furthermore, it was proven that for the Hausdorff
measure, it holds that H,,(T'y, A T'y) < €0, ['y = (z,u(x)) € R**! : 2 € D. Some more results on Riesz
potentials and on their differentiability with respect to capacities were given in the works [22—24].

2. CAPACITY, COVERAGE, AND HAUSDORFF MEASURE
2.1. Capacity

First, we define C),_,—capacity (0 < a < n) (see[2]). By M,,, we denote the set of all Borel measures
inR™, n > 2, and let

Ut (x) = du(y)_ , x€R™
e [z —y[rm
The capacity of a compact set K C R™ is denoted by C,,—,, i.e.,
Cr—a(K) = sup {u(R") : pp € My, suppp C K; UY_(x) < 1, € suppu} .
For an arbitrary set £ C R", the quantities
Ch—o(E) =sup{Ch—o(K): K is compact, K C E}
and
Crn—a(E) =inf{Cy—o(G) : G is open, E C G}

are called, respectively, internal and external capacities. If C,,_ (E) = Cr—o(E), then the set E will
be called C'-measurable (measurable by capacity) and we will write C,,_,(F) instead of C,,_,(E) or
Cr—o(E).

[t is known that all Borel sets are C'—measurable (see [2, p. 196]. Let us indicate some properties:

1) For any finite or countable family of C—measurable sets EZ-, such that E C |, E;, we have

na <ZCTL01

2) Ch—a(B(z,7)) = A(n,a)r™= %, where B(x,r) = {y € R" : |x — y| < r}, where A(n,a) is a con-
stant depending only on n and «.
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674 IMOMKULOV, GADAEV

2.2. Coverage and Hausdorff Measure

Let F be a set from R™. Consider a covering of set E by a finite or countable set of convex sets V;
with diameter V; and set

Ho(E) =inf ) _dy,

where inf on the right-hand side is taken over all such coverings. fIa(E) is called a Hausdorif coverage
of order ar. We denote the corresponding exact lower bound by HE (E). Then HE is an everywhere finite
and non-increasing function of the variable ¢, i.e., HZ'(E) > H3?(F) for £1 < e3. The limit H,(E) =
lim._,g HE(F) is called the outer a-Hausdorff measure of the set E. Note that in this definition, instead
of convex sets, it is sufficient to consider balls.

Below, we present some properties of the quantities H, and H,, that we will use

1) Hy(E) < Hy(E);

2) Ho(F) and H,(E) vanish simultaneously;

3) Ho(E) <X, Ho(E;) and also H,(E) < 3, Ha(E;) for any finite or countable family {E;} such
that E C |, E;. The set E C R™ is called H,-measurable if

Ho(E) = H, (EﬂA) + Ho(A\ E)

forany A C R™. If the set E'is H,-measurable, then H,(F) is called the Hausdorif measure of E.
4) Let Ey, Es, ..., F;, ... be pairwise disjoint H,-measurable sets, then

H, (U E> = H.(E),

i.e., H, is a countably additive measure;
5) Every Borel set is H,-measurable.
Now, we present two lemmas.
Lemma 1. For any C-measurable set E C R™ and for any € > 0, the inequality holds

ai [ﬁn—a—i—e(E)} e < Cn—a(E) < a2ﬁn—a(E)a

where a1 > 0 and as > 0 are constants depending only onn, a and . Moreover, there exist sets E;
and Ey such that for anye > 0 Hy—q1e(E1) = 0, Cri—o(E1) > 0 and Cy—o(E2) = 0, Hy—o(E2) > 0.
In fact, this is a well-known lemma. However, it has never been formulated in this form. Inequality

n—o

ai [ﬁn—a—i—e(E)} e < Cha(E)

follows from the following statement: let E C R™ be a set for which 0 < C(E) < co. Then, for any
e > (it can be covered by a system of balls of radius r;, where

ot
a(n,a,e) <Z r?a+s> < Cph_ol(E)
(see[2, p. 253]), and inequality
Cr—a(E) < Hy—o(E)

follows from the above-mentioned properties 1) and 2) of C,,_,-capacity. For the existence of a set E;
and FEs, satisfying the last statement (see [13]).

Lemma 2. Let i be a finite Borel measure with compact support suppu C R™. Then, for any
e > 0, there exists an open set G. C R" with capacity Cp,—o(G:) < €, such that
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[ T

|lz—y|<d

) the family of functions

converges uniformly to zero as 6 — 0 on the set R™ \ Gg;
1) the family of functions

u(B(z,t))

tTL*Ol
converges uniformly to zero ast — 0 on the set R" \ G..
Proof. I) Since

/ duly) duy) / dp(y)
|z — y|r— |z — y|n— |z — y|n—o
lz—y|<d lz—y|>5

then it suffices to show that outside some set with small C,-capacity, the family of functions

/ du(y) (1)

|z — y[r
|z—y|>d

uniformly converges to the potential U/’ (z) as & — 0.

[t is obvious that for each ¢ > 0, the function (1) is continuous in z in R™ and for each z € R", it is
monotonically increasing and converges to the potential UY__ (z) as § — 0. In addition, for any € > 0,
as Cartan’s theorem ([2, p. 231]) asserts, there exists an open set G. C R™ with capacity C,,—o(G:) < €
such that the potential UY_ () is continuous on the set R™ \ G¢. Therefore, according to Dini’s theorem
(on uniform convergence, see, for example, [25]) and the compactness of the support of the measure p,
the family of functions (1) uniformly converges to the potential UY__ (z) as § — 0 on the set R™\G..

I1) Consider the equality
§

4
W(B(wdo) [ du(Bt)  u(B(x,5) u(B (1)
561701 ° +6[ tn—a - Sn—a + (n B a)éo/ n—a+l d

t,

where § > Jg > 0. This equality is obtained as a result of integration by parts of the integral located on
the left-hand side. Considering the lower limit in this equality as 5o — 0, we obtain

u@@&m+jﬂMM%m_u@@ﬁ»+m_®ju@@ﬁwt o
n—a Jn—a tn—a+l '
0 0

lim o
50%0 50

Since the integral on the left side of equality (2) is the remainder of an improper integral (potential)

Uy = [P,
0

then outside the union of the sets
S| = {x : lim w(B(z,1)) = —l—oo}

t—o T
and
S1={a: Ut_o(2) = +00}
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676 IMOMKULOV, GADAEV

both sides of equality (2) are finite and, therefore, the integral

/5 W(B.1) .

tn—a—f—l
0

is also finite outside the set S = S; |J S2. From the finiteness of the integral (3) it follows that
L (B, 1)

t»o  7TC

=0

forz € R™\ S. Therefore, equality (2) has the following form

/5du<B(x,t))dt_ n(B(z,9)) +/5M<B(%t>), 2 €R™\ S, (4)

n—a jn—o tn—a—i—l
0 0

In [4], it was proven that H,_(S1) = 0, and this means Cy,_4(S1) = 0 (see Lemma 1). It is known
that the set Sy also has zero C),_,-capacity (see, for example, [2, p. 222]).

Since Cp,—4(S) =0, (S = S1J S2), then for any e > 0, according to the first part of the lemma, there
exists an open set G, S C G, with capacity C),—o(G:) < & such that the left-hand side of equality (4),
and, hence, the right-hand side as well, uniformly converges to zero as 6 — 0 on the set R \ G.. Thus,
from the non-negativity of the terms on the right-hand side of equality (4), we obtain that the family of
w(B(z,t))

functions ", ;55" uniformly converges to zero as t — 0 on the set R™ \ G.. The lemma is proved. O

3. MAIN RESULTS

Using Lemmas | and 2 for any non-integer number p: 0 < p < 2, similarly to the proof of [6,
Theorem 1.4], one can prove that if u(x) is a subharmonic function in the domain D C R™, then for
any € > 0, there exists an open set G, . C D with capacity Cy,—24,(G)pc) < € such that u(x) belongs to
the class C? on compact subsets of the difference D\G), .. Therefore, combining all the above formulated
results, we obtain the following general theorem.

Theorem 1. Let u(x) be a subharmonic function in the domain D C R™. Then, for any number
p: 0<p<2andforanye >0, there exists an open set Gy . C D with capacity Cy_24,(Gpc) < €
(for p = 2with Lebesgue measure m(Ga.) < €) such that u(x) belongs to the class CP on compact
subsets of the difference D \ G .

Proof. We carry out the proof as in the proof of the main theorem in [5] forn =2, 0 < p < 2. The
case n > 2 is proved similarly. We will also study the differentiability of the potential

u(z) = / In |z — yldp(y)

for a finite Borel measure p concentrated in the unit circle B = {z € R? : |z| < 1}, suppu C B.

Foranye >0andp:0 < p < 2,as Gp. C B, we take an open set with capacity C,(G)p ) < € such
that for some monotonically non-decreasing function v(¢t) > 0, t € (0,+00), y(t) — 0, the following
inequalities hold as ¢ — 0,

a) p(B(x,1)) < y(t) -1, 2 € B\ Gy,
b) fx yl<t |xﬂ(;/|p < ’Y(t)a r€DB \ G £
The existence of a set G, . satisiying conditions a) and b) follows from Lemma 2.

Case 0 < p < 1. On the compact set B \ G), ., we estimate the difference
R(z,h) =u(xr+h) —u(z), xz,x+heB\Gpy,
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R, h) = / |z — g+ Al — In|z — y[] du(y)

lz—y|<2|h|
+ / ln|z —y+h| —In|z —y|]du(y) = L (x, h) + L2(x, h).
|z—y|>2[h|
Hence, we have
hah) = [ ule-y+ bl - Infe -yl duy)
|z—y|<2|h|
Tyl / Id
< y) < In(1 + du(y).
U Mau) e M du)
lz—yl<2|h| lz—yl<2|h|

According to Lemma 2 from [4], the latter can be rewritten as follows

211 2/h|
[t Whause ) =y wiseamy + [0 100D
0

0
2/
<aypupinp + [ (St < e = o oo ®)
0

and o (h) — 0 as h — 0. In a similar way, it can be shown that
—Ii(w,h) < o (W)|hP, (6)
where of (h) — 0 at h — 0. Combining inequalities (5) and (6), we obtain
|I1(x,h)| < ai(h)|hP, z, x4+ he B\Gp,

where o (h) = max {}(h), o/ (h)}.
Next, we estimate the value of I5(z, h). To do this, we use the following inequality for the kernel

h
Injz —y+h|—Inlz—y||<C 1 ,
|z =yl
z,y,h € R, |z —y| > 2|h|, C'is a constant.
For sufficiently small |h|, we have
du
[Ia(z, h)| < Clh| | = Clhl
lz—y|>2]h| 2|h|
Pl |1—p ( )
< Clhl / Dt 1 clhjein / N ar
2v/Ih|
2y/Inl
Pl |1—p V(t)
+ C[h["|h| p2—pdt < Cu(B(0,2))[h|
2|h|
C / C vl 1
1
h|P|n|' P dy(t h[P|n|' P / dvy(t
R L L e RO R L)
2v'h 2|h|
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C
< Cu(BODIM + = VIl (v() = (2v/I1]) ) Il

41 C 0 (2vIbl) = 22l = aslrlhe,
where aip(h) — 0 as h — 0. As a result, we obtain the estimate
[R(z,1)| < a(W)|hlP, @, @+ h € B\ G
where a(h) — 0 as h — 0.

Case 1 < p < 2. Next, on the compact B \ G., we estimate the difference

, (3+0)
Ry h) = a0t — 3 O <

l7+l<1
Let’s consider the case of j = 0, then

2

0
Rowh= [ (nflo—ytbl =t —yldu) =Y b [ tnje - yldato)
i=1 !

ja—yl<2/h] ja—yl<2h
0
+ / PMx—y+M—ﬁﬂx—m—Ezma%hﬂx—wrww)
lo—y|>2|n] =

= Il(.’E, h) - IQ(.’E, h) + Ig(.’E, h)
Here the value I (z, h) is estimated in exactly the same way as in the case of p < 1.

The value I5(x, h) is estimated using condition b):

dp(y) dp(y)
i< [0 <o [ W <o
|z—y|<2|h| lz—y|<2|h|
where ag(h) — 0as h — 0.

[t remains to estimate I3(x, h). We use the inequality for the kernel

~, 0 hf?

Injz —y+h|—In|z—y| —;hiaxi Injz —y|| < C]:z:—yP’
z,y,h € R |z —y| > 2|h|, C'is constant.
So, we have

au(y) 2 7 du(B (@, 1))
I3(z,h)| < C|hJ? <Clh T
mewm<cpe [ <o p

|z —y|>2|h| 2|n|

Integrating by parts of the last integral and using condition a), we obtain
[I3(z, h)| < as(h)|h],
as(h) — 0as h — 0. As a result, we obtain the estimate
|Ro(z,h)| < a(h)|h|, z,2+heB\G:, «h)—0 as h—D0.
The differences R;(x, h), |j| = 1 are estimated in exactly the same way. Thus, potential u(z) belongs to

class CP(B \ G.). O
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Next, let us give definitions of classes C*(E) and Lipy(E) (see [8, 26, 27]). We say that a function
u(x) defined on an arbitrary closed set E C R™ belongs to the class C*(E), k > 0, if there exist functions
ul),| |j| < k defined on E such that u(®) = v and

W@ +n) - Y "
l7+l<k

where z, z +h € E,0 < |j| <k,vy(h) - 0and h — 0.

A function u(z) defined on E belongs to the class Lipy (E), k > 0, if there exist functions u¥), |j| < k
defined on E such that u(®) = u and

) (j+l)( ) )
U T _
[ul (z 4 h) — E I Wl < M|n|F=ll,
|7+l <k

) < -,

where z,  + h € E, |j| < k. Everywhere j = (41, j2, ..., jn) and I = (I3, lo, ..., [,,) are multi-indices,
9] = g1 4 Ja + oo+ Gy 1= 1ol 1!, BE = RTRE L hln

Note that in the case of E = R", the space C*(R") has a simple differential property: it consists of
functions that have continuous partial derivatives up to the mth order. The following theorem by Uitney
[26] (see also [27]) on the extension of differentiable functions establishes a connection between C*(E)
and C*(R™) : let C R™ be a closed set and u(z) € C*(E). Then, u(z) extends to the whole space R" as
a function of class C*¥(R™), i.e., there exists a function F(z) € C*(R™) such that F'(z) = u(z).

A sufficient condition was established for the Riesz potential UY__ (z) to belong to the Lipschitz class
in [29]. It was shown that the Riesz potential UY__ (x) belongs to the Lipschitz class Lipz(R™) of order

B if for any real numbers « and 3, with 0 < @ < n, 0 < § < 1 and for p, the finite Borel measure with
compact support on R™, the following inequality is satisfied

u(B(x,r)) < const - -, (7)

where B(z,r) is a ball centered at x € R™ of radius r > 0.

Later, Wallin [28] proved that this condition is not only sufficient but also a necessary condition.

Note that for g =1, the condition (7) is generally not sufficient. Later on, we will construct an
example of a potential for which condition (7) is satisfied, but the potential itself does not belong to
the class Lip; (R™). Here we present our second theorem, which complements the results given in [29].

Theorem 2. Let 1 < o < nand p be positive finite Borel measures with compact support in R™
such that the inequality

w(B(z,7)) < const - 717 (8)

is satisfied for all z € R™ and all r > 0. Then, the Riesz potential U!__ (z) belongs to the Zygmund
class A (R"), i.e., forall z,h € R"
Un_o(z +h) = 20}, (x) + Uy_(z — h)| < Clh],
where C'is a constant number.
For examples of functions satisfying condition (8) see [8, p. 307].

Proof. Let the potential U!__ (z), 1 < a < n and p be a finite Borel measure with compact support,
which has the following condition

w(B(z,r)) < eri=o),
forany x € R™ and r > 0, where cis a constant. We estimate the following difference
R(x,h) =U_ (z+h)—20"_ (z)+ U (x)
forall z, h € R", i.e.,

R(z,h) = / duly) / duy) / dp(y)

o=y -+ b oyl o=y — A=
|z—y|<2[h| lz—y|<2[h| |z—y|<2[h|
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1 1 1
-2 d

' Lm [|w—y+h|n—a |x—y|n—a+|x—y—h|n—a] )

rT—Y|=

= Ii(z,h) + Io(z, h) + I3(x, h) + I4(z, h).

We have an assessment of

du(y) / du(y)
I(z, h) = <
LR I o~y + hln-e
|z—y|<2|h| |x—y—+h|<3|h|
3/
[ B b _ B b))
n—a (3|h|)n+1fa
0
3|
Bz +h,t
+(n—-a) / a t(ifa’ D gt < 3¢(n 41— a)lh] = Culhl.

0
So,0 < I1(z,h) < Cy|h|,Vz,h € R™.

The values I(x, h) and I3(z, h) are estimated in exactly the same way:

0 < Iy(z,h) < Cylh|, Y, h € R™, where Cy = 2¢(n + 1 — «) and

0 < I3(xz,h) < Cs|h|, Yz, h € R™ where C3 = 3c(n+ 1 — «).

Now it remains to evaluate I,(x, h). We will use the inequality for the kernel

1 1 1 |n|?
L e e ) e

z,y,h € R", |z —y| > 2|h|, M is constant.

We have an estimate

+oo

dp(y) 2 / dp(B(z,1))
Iy < M|h)? = M|h
’ 4‘ - ‘ ’ / ‘x _ y’n+2—a ‘ ’ tn+2—o
lz—y|>2|h| 2[h|
+o0 (B( t)) Jroodt
w(B(z,t))
< M(n+2—a)lhf / oot 2dt < Mc(n+2 — a)|h)? / 2 = Cylh|.
2|h| 2|h
Combining all the estimates, we end up with the relation
|R(xz,h)| < C|h|,Vz,h € R".
Thus, the potential U/’ (z) belongs to the Zygmund class. The theorem is proved. O

An analogue of Theorem 2 is also true in the case of a logarithmic potential.

Theorem 3. Let p be a positive finite Borel measure with compact support jin R? such that the
inequality

w(B(z,r)) <cr (9)
is satisfied for Vo € R? and all C. Then, the logarithmic potential

U(z) = [ nfo - ylduty)

belongs to the Zygmund class Ay (R?).

In fact, this theorem was proven in [13, Lemma 1].

Next, we give an example of a logarithmic potential for which conditions (9) are satisfied, but the
potential itself does not belong to the Lipschitz class Lip; (R?).
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Example. Let £ C C=R? be a Cantor set such that the Hausdorff measure is finite, i.e.,

0 < H1(E) < +o0 and the analytic capacity is zero (see [30]). Consider the following logarithmic
potential

u(z) = /1n|z — wldp(w),

where z = 1 + ix9, w = y1 + iy2, du = dHy, i.e., suppu C E. Itis clear that u(z) ¢ Lip;(C). Because
the function

i) _ [ dutw

0z Z— W

is holomorphic in the domain C \ E and is not bounded.
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