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1. INTRODUCTION

The well-known theorem of Cartan [1] (see also [2, p. 231] on the continuity of Riesz potentials

Uμ
n−α(x) =

∫
dμ(y)

|x− y|n−α
, 0 < α < n,

states that for any ε > 0, there exists an open set Gε ⊂ R
n of capacity Cn−α(Gε) < ε, such that Uμ

n−α(x)
is continuous in the complement Rn. Note that Cartan’s theorem is also true in the case of a logarithmic
potential

Uμ
0 (x) =

∫
ln |x− y|dμ(y), n = 2.

This theorem is an analogue of Luzin’s theorem on the almost everywhere continuity (C-property) of
measurable functions. According to the theorem on the Riesz representation for subharmonic functions
(see, for example, [2, 3]) and Cartan’s theorem, for a subharmonic function u(x) in the domain D ⊂ R

n

there exists an open set Gε ⊂ D, with Newtonian capacity Cn−2(Gε) < ε such that u(x) is continuous
in the complement D \Gε for any ε > 0.

In the work of Sadullaev and Madrakhimov [4], the smoothness of subharmonic functions outside a
set thicker than a set of small Newtonian (logarithmic) capacity is established. It was shown that for any
ε > 0, there exists an open set Gε ⊂ D such that the Hausdorff coverage of Ĥn−2+p(Gε) < ε, 0 < p ≤ 2
and u(x) belongs to the Lipschitz class on compact subsets of the difference D \Gε.

In [5, 6], the smoothness of subharmonic functions was studied on the basis of the theory of
Calderon–Zygmund singular integrals [7, 8] and potential theory, which made it possible to obtain
relatively definitive results. For a subharmonic function u(x) defined in the domain D ⊂ R

n, it was
shown that for any ε > 0, there exists an open set Gε ⊂ D with Lebesgue measure m(Gε) < ε, such
that u(x) belongs to the class C2 of twice continuously differentiable functions on compact subsets of
the difference D \Gε. For an analytic continuation of functions of several variables that are R-analytic
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along a fixed direction (see [9]). Obtaining estimates for subharmonic functions plays an important role
in the theory of potentials. Depending on the potential and the considered sets, various estimates were
obtained for subharmonic functions (see, for example, [10–12]).

A subharmonic function, in general, does not belong to the Lipschitz class Lip1 outside the set of
small Hausdorff coverage Ĥn−1. The question arises: what is the description of the “thinnest” set outside
which a subharmonic function belongs to the class Lip1 and is defined as the set of small Hausdorff
coverage Ĥn−1+0, where Ĥn−1+0 = supε>0 Ĥn−1+ε. However, there is a stronger statement than this,
for any ε > 0, there exists an open set Gε ⊂ D with capacity Cn−1(Gε) < ε, such that u(x) defined
on the domain D ⊂ R

n belongs to the C1−class of continuously differentiable functions on compact
subsets of the difference D \Gε.

It is known that a set of small Cn−1-capacity is “thinner” than a set of small Hausdorff coverage
Ĥn−1+0, but “thicker” than a set of small Hausdorff coverage Ĥn−1 (see [2, 3, 13]).

An important subclass of the set of subharmonic functions is the class of convex functions. Studying
properties of convex functions and their differentiability has been and still is one of the main subjects
in the theory of convex surfaces and convex analysis [14–21]. Reshetnyak in [14] showed almost
everywhere twice differentiability of convex functions, i.e., if u(x) is a convex function in the domain
D ⊂ R

n, then

u(x+ h)− u(x)−
n∑

i=1

∂u(x)

∂xi
hi −

1

2

n∑
i,k=1

∂2u(x)

∂xi∂xk
hihk = 0

(
|h|2

)
,

almost at all points x ∈ D. In general, this statement does not hold in the case of subharmonic functions.
For example, for a subharmonic function that becomes −∞ on an everywhere dense set of points, such
a statement is not true. In a recent paper [21], it was shown that for a convex domain D ⊂ R

n, locally
strictly convex function u : D → R and for any continuous function ε(x) : D → (0, 1], there exists a
locally strictly convex function ϑ(x) from the class C2(D), such that m{x ∈ D : u(x) �= ϑ(x)} < ε0
for any ε0 > 0 and |u(x)− ϑ(x)| < ε(x), ∀x ∈ D. Furthermore, it was proven that for the Hausdorff
measure, it holds that Hn(Γu � Γϑ) < ε0, Γu = (x, u(x)) ∈ R

n+1 : x ∈ D. Some more results on Riesz
potentials and on their differentiability with respect to capacities were given in the works [22–24].

2. CAPACITY, COVERAGE, AND HAUSDORFF MEASURE
2.1. Capacity

First, we define Cn−α−capacity (0 < α < n) (see [2]). By Mn, we denote the set of all Borel measures
in R

n, n ≥ 2, and let

Uμ
n−α(x) =

∫
dμ(y)

|x− y|n−α
, x ∈ R

n.

The capacity of a compact set K ⊂ R
n is denoted by Cn−α, i.e.,

Cn−α(K) = sup
{
μ(Rn) : μ ∈ Mn, suppμ ⊂ K; Uμ

n−α(x) ≤ 1, x ∈ suppμ
}
.

For an arbitrary set E ⊂ R
n, the quantities

Cn−α(E) = sup{Cn−α(K) : K is compact, K ⊂ E}
and

Cn−α(E) = inf {Cn−α(G) : G is open, E ⊂ G}
are called, respectively, internal and external capacities. If Cn−α(E) = Cn−α(E), then the set E will
be called C-measurable (measurable by capacity) and we will write Cn−α(E) instead of Cn−α(E) or
Cn−α(E).

It is known that all Borel sets are C−measurable (see [2, p. 196]. Let us indicate some properties:
1) For any finite or countable family of C−measurable sets Ei, such that E ⊂

⋃
iEi, we have

Cn−α(E) ≤
∑
i

Cn−α(Ei).

2) Cn−α(B(x, r)) = A(n, α)rn−α, where B(x, r) = {y ∈ R
n : |x− y| < r}, where A(n, α) is a con-

stant depending only on n and α.
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2.2. Coverage and Hausdorff Measure

Let E be a set from R
n. Consider a covering of set E by a finite or countable set of convex sets Vi

with diameter Vi and set

Ĥα(E) = inf
∑
i

dαi ,

where inf on the right-hand side is taken over all such coverings. Ĥα(E) is called a Hausdorff coverage
of order α. We denote the corresponding exact lower bound by Hε

α(E). Then Hε
α is an everywhere finite

and non-increasing function of the variable ε, i.e., Hε1
α (E) ≥ Hε2

α (E) for ε1 < ε2. The limit Hα(E) =
limε→0H

ε
α(E) is called the outer α-Hausdorff measure of the set E. Note that in this definition, instead

of convex sets, it is sufficient to consider balls.

Below, we present some properties of the quantities Ĥα and Hα that we will use

1) Ĥα(E) ≤ Hα(E);

2) Ĥα(E) and Hα(E) vanish simultaneously;

3) Ĥα(E) ≤
∑

i Ĥα(Ei) and also Hα(E) ≤
∑

iHα(Ei) for any finite or countable family {Ei} such
that E ⊂

⋃
iEi. The set E ⊂ R

n is called Hα-measurable if

Hα(E) = Hα

(
E

⋂
A

)
+Hα(A \ E)

for any A ⊂ R
n. If the set E is Hα-measurable, then Hα(E) is called the Hausdorff measure of E.

4) Let E1, E2, ..., Ei, ... be pairwise disjoint Hα-measurable sets, then

Hα

(⋃
i

Ei

)
=

∑
i

Hα(Ei),

i.e., Hα is a countably additive measure;
5) Every Borel set is Hα-measurable.
Now, we present two lemmas.
Lemma 1. For any C-measurable set E ⊂ R

n and for any ε > 0, the inequality holds

a1

[
Ĥn−α+ε(E)

] n−α
n−α+ε ≤ Cn−α(E) ≤ a2Ĥn−α(E),

where a1 > 0 and a2 > 0 are constants depending only on n, α and ε. Moreover, there exist sets E1

and E2 such that for any ε > 0 Ĥn−α+ε(E1) = 0, Cn−α(E1) > 0 and Cn−α(E2) = 0, Ĥn−α(E2) > 0.
In fact, this is a well-known lemma. However, it has never been formulated in this form. Inequality

a1

[
Ĥn−α+ε(E)

] n−α
n−α+ε ≤ Cn−α(E)

follows from the following statement: let E ⊂ R
n be a set for which 0 < Cα(E) < ∞. Then, for any

ε > 0 it can be covered by a system of balls of radius ri, where

a(n, α, ε)

(∑
i

rn−α+ε
i

) n−α
n−α+ε

≤ Cn−α(E)

(see [2, p. 253]), and inequality

Cn−α(E) ≤ Ĥn−α(E)

follows from the above-mentioned properties 1) and 2) of Cn−α-capacity. For the existence of a set E1

and E2, satisfying the last statement (see [13]).
Lemma 2. Let μ be a finite Borel measure with compact support suppμ ⊂ R

n. Then, for any
ε > 0, there exists an open set Gε ⊂ R

n with capacity Cn−α(Gε) < ε, such that
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I) the family of functions ∫
|x−y|<δ

dμ(y)

|x− y|n−α

converges uniformly to zero as δ → 0 on the set Rn \Gε;

II) the family of functions

μ(B(x, t))

tn−α

converges uniformly to zero as t → 0 on the set Rn \Gε.

Proof. I) Since ∫
|x−y|<δ

dμ(y)

|x− y|n−α
=

∫
dμ(y)

|x− y|n−α
−

∫
|x−y|>δ

dμ(y)

|x− y|n−α
,

then it suffices to show that outside some set with small Cα-capacity, the family of functions∫
|x−y|≥δ

dμ(y)

|x− y|n−α
(1)

uniformly converges to the potential Uμ
n−α(x) as δ → 0.

It is obvious that for each δ > 0, the function (1) is continuous in x in R
n and for each x ∈ R

n, it is
monotonically increasing and converges to the potential Uμ

n−α(x) as δ → 0. In addition, for any ε > 0,
as Cartan’s theorem ([2, p. 231]) asserts, there exists an open set Gε ⊂ R

n with capacity Cn−α(Gε) < ε
such that the potential Uμ

n−α(x) is continuous on the set Rn \Gε. Therefore, according to Dini’s theorem
(on uniform convergence, see, for example, [25]) and the compactness of the support of the measure μ,
the family of functions (1) uniformly converges to the potential Uμ

n−α(x) as δ → 0 on the set Rn\Gε.

II) Consider the equality

μ(B(x, δ0))

δn−α
0

+

δ∫
δ0

dμ(B(x, t))

tn−α
=

μ(B(x, δ))

δn−α
+ (n − α)

δ∫
δ0

μ(B(x, t))

tn−α+1
dt,

where δ > δ0 > 0. This equality is obtained as a result of integration by parts of the integral located on
the left-hand side. Considering the lower limit in this equality as δ0 → 0, we obtain

lim
δ0→0

μ(B(x, δ0))

δn−α
0

+

δ∫
0

dμ(B(x, t))

tn−α
=

μ(B(x, δ))

δn−α
+ (n− α)

δ∫
0

μ(B(x, t))

tn−α+1
dt. (2)

Since the integral on the left side of equality (2) is the remainder of an improper integral (potential)

Uμ
n−α(x) =

∞∫
0

dμ(B(x, t))

tn−α
,

then outside the union of the sets

S1 =

{
x : lim

t→0

μ(B(x, t))

tn−α
= +∞

}

and

S1 = {x : Uμ
n−α(x) = +∞}
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both sides of equality (2) are finite and, therefore, the integral

δ∫
0

μ(B(x, t))

tn−α+1
dt (3)

is also finite outside the set S = S1
⋃
S2. From the finiteness of the integral (3) it follows that

lim
t→0

μ(B(x, t))

tn−α
= 0

for x ∈ R
n \ S. Therefore, equality (2) has the following form

δ∫
0

dμ(B(x, t))

tn−α
dt =

μ(B(x, δ))

δn−α
+

δ∫
0

μ(B(x, t))

tn−α+1
, x ∈ R

n \ S. (4)

In [4], it was proven that Ĥn−α(S1) = 0, and this means Cn−α(S1) = 0 (see Lemma 1). It is known
that the set S2 also has zero Cn−α-capacity (see, for example, [2, p. 222]).

Since Cn−α(S) = 0, (S = S1
⋃

S2), then for any ε > 0, according to the first part of the lemma, there
exists an open set Gε, S ⊂ Gε, with capacity Cn−α(Gε) < ε such that the left-hand side of equality (4),
and, hence, the right-hand side as well, uniformly converges to zero as δ → 0 on the set Rn \Gε. Thus,
from the non-negativity of the terms on the right-hand side of equality (4), we obtain that the family of
functions μ(B(x,t))

tn−α uniformly converges to zero as t → 0 on the set Rn \Gε. The lemma is proved. �

3. MAIN RESULTS

Using Lemmas 1 and 2 for any non-integer number p : 0 < p < 2, similarly to the proof of [6,
Theorem 1.4], one can prove that if u(x) is a subharmonic function in the domain D ⊂ R

n, then for
any ε > 0, there exists an open set Gp,ε ⊂ D with capacity Cn−2+p(Gp,ε) < ε such that u(x) belongs to
the class Cp on compact subsets of the difference D\Gp,ε. Therefore, combining all the above formulated
results, we obtain the following general theorem.

Theorem 1. Let u(x) be a subharmonic function in the domain D ⊂ R
n. Then, for any number

p : 0 ≤ p ≤ 2 and for any ε > 0, there exists an open set Gp,ε ⊂ D with capacity Cn−2+p(Gp,ε) < ε
(for p = 2 with Lebesgue measure m(G2,ε) < ε) such that u(x) belongs to the class Cp on compact
subsets of the difference D \Gp,ε.

Proof. We carry out the proof as in the proof of the main theorem in [5] for n = 2, 0 < p < 2. The
case n > 2 is proved similarly. We will also study the differentiability of the potential

u(x) =

∫
ln |x− y|dμ(y)

for a finite Borel measure μ concentrated in the unit circle B =
{
x ∈ R

2 : |x| < 1
}
, suppμ ⊂ B.

For any ε > 0 and p : 0 < p < 2, as Gp,ε ⊂ B, we take an open set with capacity Cp(Gp,ε) < ε such
that for some monotonically non-decreasing function γ(t) > 0, t ∈ (0,+∞), γ(t) → 0, the following
inequalities hold as t → 0,

a) μ(B(x, t)) ≤ γ(t) · tp, x ∈ B \Gp,ε,

b)
∫
|x−y|<t

dμ(y)
|x−y|p ≤ γ(t), x ∈ B \Gp,ε.

The existence of a set Gp,ε satisfying conditions a) and b) follows from Lemma 2.

Case 0 < p < 1. On the compact set B \Gp,ε, we estimate the difference

R(x, h) = u(x+ h)− u(x), x, x+ h ∈ B \Gp,ε
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i.e.,

R(x, h) =

∫
|x−y|<2|h|

[ln |x− y + h| − ln |x− y|] dμ(y)

+

∫
|x−y|≥2|h|

[ln |x− y + h| − ln |x− y|] dμ(y) = I1(x, h) + I2(x, h).

Hence, we have

I1(x, h) =

∫
|x−y|<2|h|

[ln |x− y + h| − ln |x− y|] dμ(y)

≤
∫

|x−y|<2|h|

ln
|x− y + h|
|x− y| dμ(y) ≤

∫
|x−y|<2|h|

ln(1 +
|h|

|x− y| )dμ(y).

According to Lemma 2 from [4], the latter can be rewritten as follows
2|h|∫
0

ln(1 +
|h|
t
)dμ(B(x, t)) = ln

3

2
· μ(B(x, 2|h|)) +

2|h|∫
0

|h|
t+ |h|

μ(B(x, t))

t
dt

≤ 2γ(2|h|)|h|p +
2|h|∫
0

(
μ(B(x, t)

tp
)tp−1dt ≤ 4

p
γ(2|h|)|h|p = α′

1(h)|h|p (5)

and α′
1(h) → 0 as h → 0. In a similar way, it can be shown that

−I1(x, h) ≤ α
′′
1 (h)|h|p, (6)

where α′′
1(h) → 0 at h → 0. Combining inequalities (5) and (6), we obtain

|I1(x, h)| ≤ α1(h)|h|p, x, x+ h ∈ B\Gp,ε,

where α1(h) = max {α′
1(h), α

′′
1(h)}.

Next, we estimate the value of I2(x, h). To do this, we use the following inequality for the kernel

|ln |x− y + h| − ln |x− y|| ≤ C
|h|

|x− y| ,

x, y, h ∈ R
n, |x− y| ≥ 2|h|, C is a constant.

For sufficiently small |h|, we have

|I2(x, h)| ≤ C|h|
∫

|x−y|≥2|h|

dμ(y)

|x− y| = C|h|
+∞∫

2|h|

dμ(B(x, t))

t

≤ C|h|
+∞∫
1

μ(B(x, t)

t2
dt+ C|h|p|h|1−p

1∫
2
√

|h|

γ(t)

t2−p
dt

+ C|h|p|h|1−p

2
√

|h|∫
2|h|

γ(t)

t2−p
dt ≤ Cμ(B(0, 2))|h|

+
C

1− p
|h|p|h|1−p

1∫
2
√
h

1

t1−p
dγ(t) +

C

1− p
|h|p|h|1−p

2
√

|h|∫
2|h|

1

t1−p
dγ(t)
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≤ Cμ(B(0, 2))|h| + C

1− p

√
|h|1−p

(
γ(1) − γ

(
2
√

|h|
))

|h|p

+
C

1− p
(γ

(
2
√

|h|
)
− γ(2|h|))|h|p = α2(h)|h|p,

where α2(h) → 0 as h → 0. As a result, we obtain the estimate

|R(x, h)| ≤ α(h)|h|p, x, x+ h ∈ B \Gp,ε,

where α(h) → 0 as h → 0.

Case 1 ≤ p < 2. Next, on the compact B \Gε, we estimate the difference

Rj(x, h) = u(j)(x+ h)−
∑

|j+l|≤1

u(j+l)(x)

l!
hl, |j| ≤ 1.

Let’s consider the case of j = 0, then

R0(x, h) =

∫
|x−y|<2|h|

[ln |x− y + h| − ln |x− y|] dμ(y)−
2∑

i=1

hi

∫
|x−y|<2|h|

∂

∂xi
ln |x− y|dμ(y)

+

∫
|x−y|≥2|h|

[
ln |x− y + h| − ln |x− y| −

2∑
i=1

hi
∂

∂xi
ln |x− y|

]
dμ(y)

= I1(x, h) − I2(x, h) + I3(x, h).

Here the value I1(x, h) is estimated in exactly the same way as in the case of p < 1.

The value I2(x, h) is estimated using condition b):

|I2(x, h)| ≤ 2|h|
∫

|x−y|<2|h|

dμ(y)

|x− y| ≤ 2|h|p
∫

|x−y|<2|h|

dμ(y)

|x− y|p ≤ α2(h)|h|p,

where α2(h) → 0 as h → 0.

It remains to estimate I3(x, h). We use the inequality for the kernel∣∣∣∣∣ln |x− y + h| − ln |x− y| −
2∑

i=1

hi
∂

∂xi
ln |x− y|

∣∣∣∣∣ ≤ C
|h|2

|x− y|2 ,

x, y, h ∈ R
n, |x− y| ≥ 2|h|, C is constant.

So, we have

|I3(x, h)| ≤ C|h|2
∫

|x−y|≥2|h|

dμ(y)

|x− y|2 ≤ C|h|2
∞∫

2|h|

dμ(B(x, t))

t2
.

Integrating by parts of the last integral and using condition a), we obtain

|I3(x, h)| ≤ α3(h)|h|,

α3(h) → 0 as h → 0. As a result, we obtain the estimate

|R0(x, h)| ≤ α(h)|h|, x, x+ h ∈ B \Gε, α(h) → 0 as h → 0.

The differences Rj(x, h), |j| = 1 are estimated in exactly the same way. Thus, potential u(x) belongs to
class Cp(B \Gε). �
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Next, let us give definitions of classes Ck(E) and Lipk(E) (see [8, 26, 27]). We say that a function
u(x) defined on an arbitrary closed set E ⊂ R

n belongs to the class Ck(E), k ≥ 0, if there exist functions
u(j), |j| ≤ k defined on E such that u(0) = u and

|u(j)(x+ h)−
∑

|j+l|≤k

u(j+l)(x)

l!
hl| ≤ γ(h)|h|k−|j|,

where x, x+ h ∈ E, 0 ≤ |j| ≤ k, γ(h) → 0 and h → 0.
A function u(x) defined on E belongs to the class Lipk(E), k > 0, if there exist functions u(j), |j| < k

defined on E such that u(0) = u and

|u(j)(x+ h)−
∑

|j+l|<k

u(j+l)(x)

l!
hl| ≤ M |h|k−|j|,

where x, x+ h ∈ E, |j| < k. Everywhere j = (j1, j2, ... , jn) and l = (l1, l2, ... , ln) are multi-indices,
|j| = j1 + j2 + ... + jn, l! = l1!l2! ... ln!, h

l = hl11 h
l2
2 ... h

ln
n .

Note that in the case of E = R
n, the space Ck(Rn) has a simple differential property: it consists of

functions that have continuous partial derivatives up to the mth order. The following theorem by Uitney
[26] (see also [27]) on the extension of differentiable functions establishes a connection between Ck(E)

and Ck(Rn) : let ⊂ R
n be a closed set and u(x) ∈ Ck(E). Then, u(x) extends to the whole space R

n as
a function of class Ck(Rn), i.e., there exists a function F (x) ∈ Ck(Rn) such that F (x) ≡ u(x).

A sufficient condition was established for the Riesz potential Uμ
n−α(x) to belong to the Lipschitz class

in [29]. It was shown that the Riesz potential Uμ
n−α(x) belongs to the Lipschitz class Lipβ(Rn) of order

β if for any real numbers α and β, with 0 < α < n, 0 < β < 1 and for μ, the finite Borel measure with
compact support on R

n, the following inequality is satisfied

μ(B(x, r)) ≤ const · rn+β−α, (7)

where B(x, r) is a ball centered at x ∈ R
n of radius r > 0.

Later, Wallin [28] proved that this condition is not only sufficient but also a necessary condition.
Note that for β = 1, the condition (7) is generally not sufficient. Later on, we will construct an

example of a potential for which condition (7) is satisfied, but the potential itself does not belong to
the class Lip1(R

n). Here we present our second theorem, which complements the results given in [29].
Theorem 2. Let 1 ≤ α < n and μ be positive finite Borel measures with compact support in R

n

such that the inequality

μ(B(x, r)) ≤ const · rn+1−α (8)

is satisfied for all x ∈ R
n and all r > 0. Then, the Riesz potential Uμ

n−α(x) belongs to the Zygmund
class Λ1(R

n), i.e., for all x, h ∈ R
n∣∣Uμ

n−α(x+ h)− 2Uμ
n−α(x) + Uμ

n−α(x− h)
∣∣ ≤ C|h|,

where C is a constant number.
For examples of functions satisfying condition (8) see [8, p. 307].
Proof. Let the potential Uμ

n−α(x), 1 ≤ α < n and μ be a finite Borel measure with compact support,
which has the following condition

μ(B(x, r)) ≤ c r(n+1−α),

for any x ∈ R
n and r > 0, where c is a constant. We estimate the following difference

R(x, h) = Uμ
n−α(x+ h)− 2Uμ

n−α(x) + Uμ
n−α(x)

for all x, h ∈ R
n, i.e.,

R(x, h) =

∫
|x−y|<2|h|

dμ(y)

|x− y + h|n−α
− 2

∫
|x−y|<2|h|

dμ(y)

|x− y|n−α
+

∫
|x−y|<2|h|

dμ(y)

|x− y − h|n−α
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+

∫
|x−y|≥2|h|

[
1

|x− y + h|n−α
− 2

1

|x− y|n−α
+

1

|x− y − h|n−α

]
dμ(y)

= I1(x, h) + I2(x, h) + I3(x, h) + I4(x, h).

We have an assessment of

I1(x, h) =

∫
|x−y|<2|h|

dμ(y)

|x− y + h|n−α
≤

∫
|x−y+h|<3|h|

dμ(y)

|x− y + h|n−α

=

3|h|∫
0

dμ(B(x+ h, t))

tn−α
=

μ(B(x+ h, 3|h|))
(3|h|)n+1−α

3|h|

+ (n− α)

3|h|∫
0

μ(B(x+ h, t))

tn+1−α
dt ≤ 3c(n + 1− α)|h| = C1|h|.

So, 0 ≤ I1(x, h) ≤ C1|h|, ∀x, h ∈ R
n.

The values I2(x, h) and I3(x, h) are estimated in exactly the same way:
0 ≤ I2(x, h) ≤ C2|h|, ∀x, h ∈ R

n, where C2 = 2c(n + 1− α) and
0 ≤ I3(x, h) ≤ C3|h|, ∀x, h ∈ R

n, where C3 = 3c (n+ 1− α).
Now it remains to evaluate I4(x, h). We will use the inequality for the kernel∣∣∣∣ 1

|x− y + h|n−α
− 2

1

|x− y|n−α
+

1

|x− y − h|n−α

∣∣∣∣ ≤ M
|h|2

|x− y|n+2−α
,

x, y, h ∈ R
n, |x− y| ≥ 2|h|, M is constant.

We have an estimate

|I4| ≤ M |h|2
∫

|x−y|≥2|h|

dμ(y)

|x− y|n+2−α
= M |h|2

+∞∫
2|h|

dμ(B(x, t))

tn+2−α

≤ M(n+ 2− α)|h|2
+∞∫

2|h|

μ(B(x, t))

tn+1−α
t−2dt ≤ Mc(n+ 2− α)|h|2

+∞∫
2|h|

dt

t2
= C4|h|.

Combining all the estimates, we end up with the relation

|R(x, h)| ≤ C |h|,∀x, h ∈ R
n.

Thus, the potential Uμ
n−α(x) belongs to the Zygmund class. The theorem is proved. �

An analogue of Theorem 2 is also true in the case of a logarithmic potential.
Theorem 3. Let μ be a positive finite Borel measure with compact support μ in R

2 such that the
inequality

μ(B(x, r)) ≤ c r (9)

is satisfied for ∀x ∈ R
2 and all C. Then, the logarithmic potential

Uμ
0 (x) =

∫
ln |x− y|dμ(y)

belongs to the Zygmund class Λ1(R
2).

In fact, this theorem was proven in [13, Lemma 1].
Next, we give an example of a logarithmic potential for which conditions (9) are satisfied, but the

potential itself does not belong to the Lipschitz class Lip1(R
2).
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Example. Let E ⊂ C ∼= R
2 be a Cantor set such that the Hausdorff measure is finite, i.e.,

0 ≤ H1(E) ≤ +∞ and the analytic capacity is zero (see [30]). Consider the following logarithmic
potential

u(z) =

∫
ln |z − w|dμ(w),

where z = x1 + ix2, w = y1 + iy2, dμ = dH1, i.e., suppμ ⊆ E. It is clear that u(z) /∈ Lip1(C). Because
the function

∂u(z)

∂z
=

∫
dμ(w)

z − w

is holomorphic in the domain C \ E and is not bounded.

FUNDING

This work was supported by ongoing institutional funding. No additional grants to carry out or direct
this particular research were obtained.

CONFLICT OF INTEREST

The authors of this work declare that they have no conflicts of interest.

REFERENCES
1. H. Cartan, “Theori du Potential newtonien: Energie, capacite, suites de potentials,” Bull. Soc. Math. France

73, 74–106 (1945).
2. N. Landkof, Foundation of Modern Potential Theory (Springer, Berlin, 1972).
3. K. Heyman and B. Kennedy, Subharmonic Functions (Academic, London, 1976).
4. A. S. Sadullaev and R. M. Madrakhimov, “Smoothness of subharmonic functions,” Math. USSR-Sb. 69,

179–195 (1991). https://doi.org/10.1070/SM1991v069n01ABEH001935
5. S. A. Imomkulov, “Twice differentiability of subharmonic functions,” Russ. Acad. Sci., Izv. Math. 41, 157–

167 (1993). https://doi.org/10.1070/IM1993v041n01ABEH002184
6. S. A. Imomkulov, “Differentiability of subharmonic functions,” Uzbek. Mat. Zh., No. 1, 35–40 (1994).
7. A. P. Calderón and A. Zygmund, “On the existence of certain singular integrals,” Acta Math. 88, 85–139

(1952). https://doi.org/10.1007/BF02392130
8. M. E. Stein, Singular Integrals and Differentiability Properties Functions (Princeton Univ. Press, New

Jersey, 1970).
9. A. S. Sadullayev and S. A. Imomkulov, “Real-analytic continuation along a fixed direction,” Lobachevskii

J. Math. 44, 1464–1470 (2023). https://doi.org/10.1134/S1995080223040236
10. B. N. Khabibullin, “Integrals with a meromorphic function or the difference of subharmonic functions over

discs and planar small sets,” Lobachevskii J. Math. 42, 1175–1182 (2021).
11. B. N. Khabibullin and E. B. Menshikova, “Preorders on subharmonic functions and measures with applica-

tions to the distribution of zeros of holomorphic functions,” Lobachevskii J. Math. 43, 587–611 (2022).
12. B. N. Khabibullin, “The Harnack distance and separatedness of sets as a basis for estimates of subharmonic

functions from below,” Lobachevskii J. Math. 44, 3358–3366 (2023).
13. L. Carleson, Selected Problems on Exseptional Sets (Mineographed, Uppsala, 1961).
14. Yu. G. Reshetnyak, “Generalized derivatives and differentiability almost everywhere,” Mat. Sb. 3, 323–334

(1958).
15. G. Alberty, “On the structure of singular sets of convex functions,” Calc. Var. 2, 17–27 (1994).
16. F. G. Avkhadiev and K. J. Wirths, “On the coefficients of quasiconformality for convex functions,”

Lobachevskii J. Math. 31, 323–325 (2010).
17. M. A. Sevodin, “Some generalizations of the class of functions convex in one direction,” Lobachevskii

J. Math. 38, 364–370 (2017).
18. G. Bianchi, A. Colesanti, and C. Pucci, “On the second differentiability of convex surfaces,” Geom. Dedic.

60, 39–48 (1996). https://doi.org/10.1007/BF00150866
19. S. A. Abed, “An inequality for projections and convex functions,” Lobachevskii J. Math. 39, 1287–1292

(2018).

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 46 No. 2 2025



682 IMOMKULOV, GADAEV

20. D. Azagra and P. Hajlasz, “Lusin-type properties of convex function and convex bodies,” J. Geom. Anal. 31,
11685–1170 (2021). https://doi.org/10.1007/s12220-021-00696-z

21. D. Azagra, M. Drake, and P. Hajlasz, “C2−Lusin approximation of strongly convex functions,” Invent. Math.
236, 1055–1082 (2024). https://doi.org/10.48550/arXiv.2311.03481

22. J. Verdera, “Capacitary differentiability of potentials of finite Radon measures,” Ark. Mat. 57, 437–450
(2019). https://doi.org/10.4310/ARKIV.2019.v57.n2.a10

23. J. Cufi and J. Verdera, “Differentiability properties of Riesz potentials of finite measures and
non-doubling Calder’on–Zygmund theory,” Ann. Scuola Norm. Sup. 18, 1081–1123 (2018).
https://www.researchgate.net/publication/302945702
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