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Novolterra kvadratik operator dinamikasi

Mazkur maqolada ikki o‘lchamli simpleksda aniglangan
novolterra kvadratik stoxastik operatorining dinamikasi
o‘rganilgan. Ushbu operatorlar uchun davriy va qo‘zg‘almas
nuqtalar to‘plamlari topilgan hamda trayektoriyalarning limit
nugtalari to‘plamlari tavsiflangan.
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JnnaMyKa HEBOJIBTEPOBCKOI'O KBa/IPATUYHOIO OIePaTopa

B crarbe usydena nauHaMUKa HEBOJBTEPOBCKOT'O KBAPATUIHO-
ro omepaTopa B ABYMepHOM cuMiutekce. st Takoro omeparopa
Hali/IeHbl MHOKECTBA I1€PUO/IMIECKUX U HEIIOJBUKHBIX TOYEK, &
TaK>Ke ONUCAHBI MHOXKECTBA MPEACIbHBIX TOUEK TPACKTOPHUIL.
KuroueBbie cioBa: KBaIpATUYHBIN CTOXACTUIECKUN OIEPaATOpP;
BOJITEPPOBCKHII OllepaTop; HEBOJILTEPPOBCKUI OIIEpaTop; Tpa-

EeKTOpus.
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Introduction

The evolution of a population can be studied by a dynamical system of a quadratic stochastic operator [15].
Such evolution operators frequently arise in many models of mathematical genetics, namely theory of heredity
(see e.g. |1, @, 5, [7, B, @] (10} [T}, 12, 13} 14} [15]).

Let E = {1,...,m} be a finite set and the set of all probability distributions on the set E

sm—1 ={x=(z1,22,...,2m) E R : z; ZO,in =1}
i=1

the (m — 1)-dimensional simplex. A quadratic stochastic operator (QSO) is a mapping V : S™~1 — S™~1 given
by

m
Vizg, = Z Dij ki, k€E (1)
ij=1
and the coefficients p;; 1 satisfy
m
Pijk =Pjin =0, > pijx=1, i,j,k€E. (2)
k=1
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The trajectory {x(”)}n>0, of QSO V for an initial point x(°) € ™~ is defined by
X =V (x) = v (xO) =012,

Denote by wy (x(?)) the w— limit set of the trajectory {x(™},>0.

The main problem in mathematical population genetics consists of the study of the asymptotical behaviour
of the trajectories for a given QSO (see e.g. [15],[16]). In other words, the main task is the description of the
set wy (X(O)) for any initial point x(© € §™~1 for a given QSO. This problem is an open problem even in
two-dimensional case. This problem deeply studied for the Volterra QSOs (see [5l [6]).

Definition 1. A quadratic stochastic operator V' is called Volterra if

pije =0, forany k¢ {i,j} i,5,k=1,....,m.

A QSO V is called regular if there is the limit lim V"(x) for any initial x € S™~1.
n—oo

Let the set S™~! = {x € S™~1 : z; = 0 for at least one i € E} be the boundary of the simplex S™~1;
the set int S™ ! = {x € S™ 1 : 21wy 2, > 0} the interior of S™~ ! and e; = (014, 62i,--,0mi) € S™ L, i =
1,...,m, the vertices of the simplex S™~!, where §;; is the Kronecker delta.

In the present paper we consider a non-Volterra quadratic stochastic operator which depend of parameter
6 € [0,1]. Namely we consider the following quadratic stochastic operator defined on the 52

oy = (1 —0)a? + 023 + x122 + 1173,
Vg ah=(1-0)z3+02% + z179 + 2073, (3)
ol = (1 - 0)2% + 023 + x123 + 2273,

where 0 < # < 1. Note that the operator is a non-Volterra QSO.

We proved that the center of the simplex is a unique fixed point for this operator. Also therein we proved
that if # = 1 then there is a unique periodic point with the period three. We showed that for any initial point
except the periodic points when 6 = 1 the trajectory of the operator approaches to the center of the simplex.

The uniqueness of a fixed point

A point x* € S™~1 is called a periodic point of V' if there exists an n so that V" (x*) = x*. The smallest positive
integer n satisfying the above is called the prime period or least period of the point x*. A period-one point is
called a fized point of V.

Denote the set of all fixed points by Fix (V') and the set of all periodic points of (not necessarily the smallest)
period n by Per,, (V). Evidently that the set of all iterates of a periodic point form a periodic trajectory (orbit).

In this subsection we shall examine the type of the fixed point x* = x*(0) = (7, x5, 23).

Definition 2. [3] A fixed point x* is said to be an attracting fixed point for V' if there is a neighborhood U
of x* such that if x € U, then V"(x) € U for all n > 0, and in fact V" (x) — x* as n — oo.

Definition 3. [3] A fixed point x* is said to be an repelling fixed point for V" if there is a deleted neighborhood
U of x* such that such that if x € U, then V" (x) ¢ U for some n > 0.

This means that an orbit with an initial condition starting even very close to x* will eventually need to
move away from x*. Note that the orbit doesn’t have to go to infinity or anywhere in particular, it just has to
move away from x*.

Let DV (x*) = (8V;/0z;(x*))"" _, be the Jacobian of V at the point x*.

i,j=1
Definition 4. [3] A fixed point x* is called hyperbolic if its Jacobian DV (x*) has no eigenvalues on the unit
sphere. It maybe that a hyperbolic fixed point x* is attracting, repelling, or neither.
Theorem 1. Suppose that x* is a hyperbolic fized point for V. Then x* is:

(i) attracting if all the eigenvalues of the Jacobian DV (x*) are inside the unit ball;
(i) repelling if all the eigenvalues of the Jacobian DV (x*) are outside the unit ball;
(#ii) a saddle otherwise.

Theorem 2. For the operator V the following statements are true:

(i) if @ = 0 then Fix (V) = S%;
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(i) if 0 < 0 <1 then Fix (V) = {c};
(iii) if @ =0 then c is a non-hyperbolic point and it is an attracting point when 0 < 6 < 1.
(iv) if 0 =1 then {e;1,es,e3} C Pers(V).
Proof. (i) Obviously.
(ii) A fixed point of the operator is a solution of the equation V(x) = x or, in other words, of the system

1 = (1 —0)2? + 023 + x129 + 2173,
xy = (1 — 0)23 + 023 + 2122 + 2273, (4)
r3 = (1 —0)2% + 022 + x123 + 2273,

where 0 < 6 < 1.
From the first and second equations of the system we have

z1— a0 =(1—0) (27 —23) + 0 (23 — 23) + 23(21 —22) =
(.Tl — .TQ) (1 — (1 — 9)(%‘1 + 352) — .Tg) = 9(.’1?2 — l‘g)(l‘g + 1‘3) =

(x1 — x2) (21 + 22) = (22 — x3) (22 + 23).

Similarly from the second and third equations of the system we obtain
(o — x3) (T2 + 23) = (23 — 21) (22 + T3).
Analogously from the third and first equations of the system we obtain
(x5 —21)(23 + 1) = (T1 — 22) (21 + T2).
Therefore the system (4)) can be written in the following form
(1 — @2)(21 + 22) = (¥2 — 23) (22 + 73),
(22 — x3) (22 + 23) = (23 — 71) (22 + 23), (5)
(3 — 1) (23 + 21) = (21 — 22) (21 + 22).
Suppose that x* = (z7, x5, z%) be a fixed point and 27 > a3 > 3 then from the system one has that
Ty >xy>x3>x] = x] =T5 =3
As 23 + a3+ 2% = 1 it follows that 7 = x5 = 2§ = 1/3. Hence we have that x* = c is the center of the simplex.

(iii) To find the type of a fixed point of the operator (3|) we write as follows:

rhy =023 — 023 + 14 (6)
rh = 0x3 + 2071709 — 2021 + (1 — 20)25 + 0,

where (z1,22) € {(z,y) : 2,y >0, 0 <z +y < 1} and x1, x2, are the first two coordinates of a point lying in
the simplex S2.

oz’ oz’
aii =1- 29]}1, ai; = 29372
ozt o,

= 29%1 + 201’2 — 29,
oxy T2

The Jacobi matrix of the (3]) at the center has the form

= 20z, + (1 — 20)

3-20 20
3 3
WEO=1 9 3 4 | @

3 3
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One has that the Jacobi matrix @ has the eigenvalues

0
ul,gzl—ﬁﬂ:—i

V3

and |p1 2] <1 when 6 € (0, 1]. It is clear that if § = 0 then |y 2| = 1.
Consequently we have that the center

non-hyperbolic  if 6 =0,

¢ has type { attracting if 0<6<1.

(iv) Tt is easy to see that V3(e1) = V2(e3) = V(es) = e;.
The theorem 2 is proved. a

The w - limit set

The problem of describing the w - limit set of a trajectory is of great importance in the theory of dynamical
systems.

Let x(0) = (argo),mgo),xéo)) € S? be the initial point and let {x(™},>¢ be the trajectory of x(*) under the
action of the operator ; that is,

x(") = (ﬂcgn),xén),mgn)> =V (x("_l)) , n=12,..
Let ¢ = (1/3,1/3,1/3) be the center of the simplex S2.

Recall that a continuous function ¢ : S™~! — R is called a Lyapunov function for a QSO V if there exists
the limit lim @(x(™) for all x € S™1.
n—oo

Theorem 3. Let 0 < 8 < 1. Then for the non-Volterra QSO the following assertions are true:
(i) the function o(x) = |x1 — T2| + |x2 — x3| + |23 — 21| 45 a Lyapunov function;

(ii) the function (x) = I{I}azxs} |x; — 1/3| is a Lyapunov function.
1€{1,2,3

Proof. Since for any x € 952 it follows that V (x) € int S? we without loss of generality we assume that
X € int S2.
(i) Let 0 < # < 1. From we have the following differences

zy —ah=(1-0) (27 —23) + 6 (23 — 23) + z3(x1 — 22) = (21 — 22)(1 — O(z1 + 22)) + O(22 — 23) (22 + 23),
ah—aly=(1—-0) (23 —23) + 0 (25 — 27) + 21 (22 — 23) = (22 — 23)(1 — O(22 + 23)) + 0(23 — 21) (21 + 23),
ahy—z) = (1-0) (23 —27) + 0 (2] — 23) + 22(23 — 21) = (23 — 21)(1 — O(z1 + 23)) + O(21 — 22) (T1 + T2).

Then using 0 < § < 1 for any x € int S? one has that

|21 — @] < 21 — 22| (1 — 021 + 22)) + O]z — 23](22 + 23)
|25 — 23] < |zg — x3|(1 = O(zg + x3)) + Olzs — x1[(21 + 23) (8)
|25 — 2| < |wg — 21| (1 = 0(zy + 23)) + Olzy — 22| (21 + 22)

But for any x € int $? \ {c} using 0 < 6 < 1 from (8) we have

|2} — 2b| < |x1 — 22|(1 — (21 + 22)) + 0|22 — 23| (T2 + 73)
|25 — | < lz2 — @3](1 — 022 + x3)) + 0|23 — 21| (21 + 23) (9)
|z — 2| < |xg — 21|(1 — (21 + x3)) + 0|21 — 22| (T1 + T2)

Consider the function ¢ : S — R defined as follows

o(x) = |r1 — T2| + |22 — 23| + |23 — 21|, X E S2.
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For any x € int $? from (9) we have ¢ (V(x)) < ¢ (x). Thus ¢(x) is Lyapunov function for the operator V.

(ii) Let 0 < # < 1 and x € S? then one has that

1 1 1 1 1
x'1—3:xl—3+9(x2—x1)(m2+x1)=331—3+9(a:2—3> (m2+x1)—9(sc1—3) (2 +21)

= (m1-3) 00+ e) 40 (- § ) a b,

/

1 1 1 1 1
x239323+9(x3x2)(1'3+1’2)xg3+0(5E33>(x3+x2)9(x23>(173+x2) (10)
1 1
:(332—3)(1—9(.133+$2))+0(l‘3—3)(.133+$2),
- g = as— 3 0 —as) (e ag) = a5 +0 (w1 — 3 ) (e +as) =0 (2 — 5 ) (0 +20)
T3 3 = X3 3 X1 xr3) (L1 Ir3) = X3 3 T1 3 T I3 X3 3 T I3
1 1
:(x3—3>(1—9(x1+x3))+9<x1—3)(x1+x3).
Then using 0 < f < 1 and x(") € §2 fromwe have

, 1 { 1 1
xl—g <maxq |Try — =|,|xa—=| ¢,

3 3
o — 2 < max d|os — <, g — 2 (11)
2 3= 2 3 s (43 3 )

x’1<maxx lx 1
33_ 3371

Consider the function v : S? — R defined as follows

= - S,
) ey |3 X €

For any 0 < < 1 and x(™ € S? from we have 9 (V(x)) < ¢ (x), that is the function ¥(x) is Lyapunov

function for the operator V.

The theorem 3 is proved. O
Theorem 4. For the non-Volterra QSO the following assertions are true:

(i) If 6 = 0 then the operator V is identity map;

(ii) If 0 < 6 < 1 then lim V"(x) = c for any x € S?;
n— oo

(iii) If 0 = 1 then for any x € S?\ {e1, eq, e3,c} we have lim V" (x) =c.

n—0o0
Proof. (i) Obviously.
1
(ii) By Theorem 3 the function ¥ (x) = I{nax , i~ g is a Lyapunov function. It is clear that ¢ (x) is a
i€{1,2,3

continuous function and ¥(x) = 0 iff x = c in the simplex S2.
For any 0 < @ < 1 and for any initial x(*) € int S?\ {c} from we have

" (x<"+1>) < (Xm)) << <X<o>) _

Therefore we have that the sequence {w (x(”)) }n>0 is a strictly decreasing and bounded sequence. So it follows

that there exists the limit li_>m P (x(")) =0. Sur;pose the converse. Suppose that {w (X("))} has a limit, but
n (oo}
lim o (x(”)) #0,ie lim v (x(”)) = 7 > (. Then there is a sequence {xﬁz)} such that the coordinates satisfy
n—oo

n—0o0
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n 1
¥ (x) and it follows that {x( )} -3

1
{z; (ns )} and {x(n’)} such that {m(" )} - = + 7 and {x("t)} — g7 as i,t — 0o. Then using x1 + 23 + 23 = 1

+ 7 as n — oo. Therefore from {.1‘5:)} we can choose the subsequences

(ne) _

n; 1 n ng 2 .
from {x( Y 3 + 7 it follows that {x( ’)} + {x( "} = 5 —7asi— oo If we denote |z; 3’ = Tn,,

3
w1 w1
xg-m’) — 3’ =7, and xgl d_ 3’ = 7,/ then we have 7,, — 7 and 7,,_ + 7/ — 7 as n — co. We claim that from
1 v
{z; (ns )} =3 + 7 it follows that {x(m)} = + Tniy 1T EZ:)} = - — ), and {x Z)} = - — 7,/ that is, we obtain

n 1 n 1 n 1
that if {x 1)} = > 0 then {x 1)} - < 0 and{x 1)} <0.
Indeed, suppose on the contrary: (ua) if with the mequahty {x(M)} = >0 it hold {x(n’)} = >0 and

{ )} = > 0 then we get {x(m P+ {xyi }+ {ac;)} > 1. The last 1nequahty is true only at the center ¢ of
the S2, but this impossible by assumption lim P (x(")) #0.

1
(iip) if with the inequality {l’( l)} - > 0 for example say, it holds {x(m)} > 0 and {m(" )} 3 < 0 then we

n;g n;g n n;g 1
have that {x( ’ }—i—{x( Y= §+Tn +7,,. and using {x 1)}4—{36 )}—l—{x( ’ }— 1 we get {33 )} = *—(Tnt-i-Tm)

n, 1 n, 1
Therefore it follows that |{z; ¢ ‘)} - 3= + 75, But the last is a contradiction to the fact that |{x; ¢ ‘)} - 3‘
in the maximum.
. n 1 ; 1
Similarly can be showed the case {xgk’)} —3 <0, {xgn )} < 0 and {m("’)} > 0.

(n)

Another word we proved that if |z in the maximum then one has that the coordinate xﬁz) lies one

1
side from the point 3 and the coordinates 2\, z(™

1
im @y, lie to the another side from the point 3"

From lim v (x(”)) =7 > 0 it follows that there is the following limit

n— oo

)y 1 (W) 4 5 () _ 1 (n) , .(n)
(acj — 3) (1-6(z z; T ) ( — 3) G(xjm + 5, )

We consider all possible cases:

n n n 1 n 1
a) Suppose that ( ) -3 < gk) —| and xgl ) 3’ < xgk) — 3’. Then from one has
m _ 1 ORI m _ 1 ) )
. (xjm_3> (1_9(%m+% ))JF(% _3>9( Ljp +Tj, )
b= Lm 1
Ik 3

n—00 (n)

n— 00 (n)

1
< Jm |23,
3
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n) 1 m 1 m 1
L. 73 Ti T3 i T3
where we have used the following assumption - :i’ < o Ll Since o 1 < 1 we have
Tie — g Tie — g Ty — g
L1
. Ji 3
1 — =1 13
nsoo my 1 (13)
ik 3

(n)

1 1
Since |z; 7 — 3‘ maximum it follows that the coordinate IE‘:) lies one side from the point — and the coordinates

1
mEZ),xxl) lie to the another side. Otherwise we get the contradiction to the fact x;:) -3 is the maximum.

Therefore using the ji # j; we have that

N 1. .
From the last it follows that {x;m’)} 3 Using it from the equation we have

| niy 1
g 2 g
1= lim ]’”7? (1- 9(x§:1) + xg:h))) + JL713 9($§::) + m;:%))
i—00 z(ni) 4t 1.(") J—
Jk 3 Jk 3
20 _ 1 o) _ 1
. Jm ng n; g ng n;
< 1 Tsls (1 -0 + 20y + Ti) 0\ + 2"y
gk 3 T T 3

= lim (1 — 0(z") +2\")).

i—00 J
Using the last relation and 6 > 0 it follows that x;?n) + xgln) — 0 as i — oo. But this contradicts to the fact
n 1 .
{asgm)} — g asi—oo.

n 1 n 1 . . .
b) Suppose that j,, = jr and :r;l ) 3' < x;k) — 3‘. Then from we have the following contradiction
m 1 (n) | (n) m 1 (n) | (n)
Tie — 3 (1- e(xjk +z; ) + Ty " 3 e(xjk + 1z, )
1= lim T
n—00 .T(n) 4
Ik 3
m 1
1 (n) (n) st 3 g(..(7) (n)
_nh_)rr;o 1=0(z;, +z;,7) + " 10(;vjk +z;,7)
T — 3
m _1
_ (n) (n) st 3
= 7}1_)11;0 1+0(z;,” + ;") w1 11<1,
Tie — 3
L1
where we have used the following inequalities 0 < (335:) + x;:l)) <land -1< H <0.
vy = 3

1 1
The case j; = jx and mE") — 3‘ < x§:) —3 can be considered in a similar manner.

m
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n n n ]' n ]- .
c¢) Assume that j,, # Jjk, acg»m) — 3’ gk) —| and m(-l) — 3’ < "T;'k) — 3’. Then from the equality
it follows that
1 1
< m _ 3) (1 -6\ +25)) + (x§7> - 3) ozl + 2y
1= lim
n—00 (n) 1
L T3
m _ 1
. Ji
= lim |—(1- 0\ + 2 M) + = 20(2") +2)")
T T3
m _ 1
lim |—1+ 0@\ 20y [ 2 341
n—00 x(n) 1
Jk 3
oM 1
In this case it is hold 0 < (xgz) +x ( )) <land —1< Zl : i{’ < 0. Consequently, we have
Tjy, — g
L1 L1
lim [ 22— 3| =1, thatis lim SN
Tie — 3 Zj T3
Thus we obtain that
1 1
lim (2™ — 2| = lim [z - 2| = lim [z™ =T
n—oo | Jk 3 n—oo | J n—oo | Jm
and it contradicts to lim (xx) + xxl) + x;’”) =1.
n—o00 m
1 1
Similar result can be proved for the case j; # jp, xxl) - 3‘ = x;f) 3 and xﬁ?n) 3’ < ac;:b) — 3‘.
m _ 1) _ | m () _ 1 () -
d) Suppose that z; 0= 3| = T —3 and T, 3| = T =5 and jg, jm,Ji are different coordinates
Then in this case we have that
fim 1™ — L C i L™ Z L Z o [ 1]
i T T g T e T A =T
and it contradicts to li_>m ( (n) + x(n) + x(n)) =1.
m _ 1 am e L e
e) Suppose that z; 3| = z;, 3] z;, 3= z;, and ji = J,. In this case from one has

the following contradlctlon

=™ _ ) (1- 6(m§k) —&—x;L ))) + <x( ) _ ) Q(x( ) +x;l ))

Ik N Ik
1= lim 3 3 _
Jk g
lim ‘1 - (") + x(")) - G(xg-n) ‘ = lim ‘1 —20(x )+ x(")) <1,
n—oo n—o0

where we have used 0 < (z; (n) + x( )) <1

) 1 2 L] )
xjm_3‘ n T3 T, 3'_‘Tjk T3

Thus we have that 7 = 0 and it follows that lim (x(”)) =0, that is, lim V"(x) =c.
n—oo n—00

(n) 1

The case and jr = 7; can be considered in a similar manner.

)
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(iii) Due to Theorem 2 in the case § = 1 there is a unique periodic trajectory {e;, ez, es}, that is

V3(e1) = V2(83) = V(eg) = €.

If = 1 and for any x € S?\ {e;, e, e3,¢c} we have lim V"(x) = c. This can be proved as in the previous case.
n—oo

The theorem 4 is proved. O
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