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Abstract

The present article deals with dynamics of a non-Volterra quadratic stochastic operator
defined on the two-dimensional simplex. We showed that it has at least four fixed points and
we found the types of all fixed points. Also we proved that for any values the parameters the
trajectory of an arbitrary initial point approaches to a fixed point.
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1. Introduction

The evolution of a population can be studied by a dynamical system of a quadratic stochastic operator [I].
Such evolution operators frequently arise in many models of mathematical genetics, namely theory of heredity
(see e.g. |21 B, 4L Bl 6] 7, ), @, 10, 111, 12, 13| 14, 15, 16, 17]).

Let E,, = {1,...,m} be a finite set. The set of all probability distributions on E,, is

Sgm—l = {x:(azl,xg,...,xm) eR™: x; >0, for any ¢ and Z$i=1}7

i=1
the (m — 1)-dimensional simplex.

A quadratic stochastic operator (QSO) is a mapping V: S™~! — S™~1 of the simplex into itself, of the form
V(x) =x" € S™7!, where

Vi, = Z DijkTiZj, VkeE, (1)
4,j€Em
and the coefficients p;; j satisfy
m
Pijk =Djik =0, Y piyx=1, forall ijke Ep. (2)
kEEm

For an initial point x(?) € $™~! the trajectory {x(™},—0 12 . of x(*) be of under action of V is defined by
x(nt1) — V(x(”)) =yntl (x(o)), n=0,1,2,...
Denote by wy (X(O)) the set of limit points of the trajectory {X(n)}nzo’l}g’”,.

One of the main problems in mathematical biology consists in the study of the asymptotical behaviour of
the trajectories for a given QSO (see e.g. [I]). In other words, the main task is the description of the set
wy (x(o)) for any initial point x(*) € §™~1 for a given QSO. This problem is an open problem even the in
two-dimensional case.
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This problem was solved for the Volterra QSOs defined by , and by the additional assumption
piji =0 if k¢ {i,j}, 1,5,k € En. (3)

The biological treatment of conditions is rather precise: the offspring repeats the genotype of one of its
parents.

In [7, ?] the theory of Volterra QSOs was developed using the theory of the Lyapunov functions and
tournaments. But in dynamical systems generated by non-Volterra QSOs, many questions remain open and
there seems to be no general theory available. To the best of our knowledge, there are few papers devoted to
such operators. For a recent review on the theory of quadratic stochastic operators see [§].

In the present paper, we consider discrete-time dynamical systems generated by a non-Volterra quadratic
stochastic operator. The article is organized as follows. In section 2 we provide necessary definition and
notations from theory of QSOs. Also there in we gave the form of the non-Volterra QSO , which will be
investigated in the next sections. In section 3 we found all fixed points of the QSO (4) and define their types.
In section 4 for the QSO . we show that for an initial point the set of limit pomts is singleton.

2. Preliminaries

Let V be a quadratic stochastic operator. A point x € S™~! is called a periodic point of V if there exists
an n such that V"(x) = x. The smallest positive integer n satisfying the above equation is called the prime
period or least period of the point x. Denote the set of all periodic points (not necessarily prime) of period n
by Per, (V). A period-one point is called a fized point of V' and we denote the set of all fixed by Fix(V).

Let DV (x*) = (0V;/0z; (x*))i;i1 be the Jacobi matrix of V at the point x*.

A fixed point x* is called hyperbolic if its Jacobi matrix DV (x*) has no eigenvalues 1 in absolute value.
A hyperbolic fixed point x* is called attracting (resp. repelling) if all the eigenvalues of the Jacobi matrix
DV (x*) are less (resp. greater) than 1 in absolute value; it is called a saddle if some of the eigenvalues of
DV (x*) are less than 1 in absolute value and other eigenvalues are greater than 1 in absolute value (see [18]).

A continuous function ¢: S™~1 — R is called a Lyapunov function for an operator V if there is the limit
lim ¢ (x(™) for all x € S™~1.
n—oo

A QSO V is called regular if there is the limit lim V"(x) for any initial x € S™~1.

n—oo
A QSO V is said to be ergodic if the limit

1 n—1
lim — k
Jim 5 2 V)
k=0
exists for any x € S™~1,

It is evident that a regular QSO V is ergodic; however, regularity does not follow from the ergodicity.
The followmg notations will be used in this paper. Let the interior of S™~1 be the set int S™~! = {x € §™~ ! :
X1+ Ty > 0} let S™1 = S™=1\ int S™~1 denote the boundary of S™~!; a face of the simplex S™~ L
be the set 'y = {X eSS, =0 k¢0CE, }, let €; = (014,902,455 -+ Om.i ) € Sm~1 { e E,,, denote the
vertices of the simplex S™~!, where d; ; is the Kronecker delta.
Consider the following quadratic stochastic operator defined on the S2

oy = ba? + B3 + x110 + 1173,

Vi ah = axd+ cxd + 1120 + w273, (4)

rh = ax? + dr3 + v1x3 + 1273,
where 0 < a,b,a,8,c,d<1l,anda+b=c+d=a+ 5 =1.
Using 1 + 22 + 3 = 1 we rewrite the QSO in the form

— 2
Ty = +ﬂx2 — aacl
/
Vi< zh=x9+ cx% ﬁx2 (5)
T3 = x3 +ax] — cxg,

where 0 < a,8,c<landa+b=a+B=c+d=1.
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Notice that if a = 8 = ¢ = 0 then corresponding QSO it the identity map and otherwise it is a non-Volterra
QSO. So the case be all parameters are equal was studied in [19]. Hence in the below we consider the cases
when at least one of the coefficients a, 3, ¢ is non-zero and all parameters don’t equal.

3. Fixed points

A fixed point of is a solution of the equation V(x) = x or, in other words, of the system

T = z1 + B3 — ax’,

Ty = ¥ + cx5 — B3, (6)
r3 = I3+ a:c% — cx%.

For \/Bc + v/ac + +/aB > 0 we denote x* := x*(a, B, ¢) = (z7, 23, x5), where

B v e I
T VBt Vac+ap T Ve vac+ vaB T VBet vac+ vap

Theorem 3.1. For the QSO the following statements are hold:
i)

F{273}, a>0, 8=c=0,

Fpizy,, B>0,a=c=0,

1—‘{1)2}, c>0, a=p=0,

Fix (V) =4¢ {ei}, a=0, ¢,f>0, (7)
{e2}, B8=0, a,c >0,

{es}, c=0, a,8>0,

{x*}, a>0,8>0,¢>0;

it) If a > 0,8 > 0,¢ > 0 then xX* is an atlracting fixed point, in other cases any fixed point has the

non-hyperbolic type.

Proof. i) Let a > 0,8 = ¢ = 0 then the system @ has following form

1 =21 —ax%

To = Tg (8)
r3 = T3 + ax%.

It is easy to see that the first (third) equation of has a unique solution xz; = 0. Therefore it follows that
any point of the face I'fz3y is a solution of the system .

The casesa =c=0, § #0 and a = =0, ¢ # 0 can be considered similarly.
Let a =0, 8> 0,c > 0 then the system @ has following form

x1 =z + B3,
Ty = X9 + cx5 — B3, (9)
Tr3 = T3 — CLE%.

It is easy to see that the solution of the system @D isxo =wx3 =0, x;1 =1, i.e. we get the vertex e;.

The cases =0, a > 0,¢ >0, and ¢ =0, a > 0,8 > 0 can be considered similarly.

Let af+ac+ e > 0 then it follows that at least two of the coefficients a, 3, ¢ are non-zero. For the definiteness
we suppose that ¢ > 0 and 8 > 0. Then from the system @ we have

c [c
ax? = Pri=cri = a1 = \/;:rg, Ty = Bl’g.

Substituting them to x1 + x2 + 3 = 1 one has

N B
\/;xg-f—\/;wg-i-xg,—l = x3—\/ﬁ+\/ﬁ+m.
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Therefore it follows

= m and zo = \/ﬁ
VBe+ ac + vaB >~ Be+ ac+ aB

1

Similarly the same results one has in the cases a > 0,¢ > 0 and 8 > 0,¢c > 0.

Hence in this case we have x* = (z}, 23, x3) is a unique solution of the system (6).

ii) Now we are going to find the types of the fixed points of the QSO . To find the type of a fixed point of
the QSO we rewrite it as follows:

Ty =1 + fr3 — ax? (10)
rh = cx? + 2cryx9 + (¢ — B)a% — 2cx1 + (1 — 2¢)22 + 4

here, (z1,22) € {(x,y) : 2,y >0, 0 < z+y < 1}, and 21, 25 are the first two coordinates of a point belonging
to the simplex S2.
The Jacobi matrix has the form

B 1—2ax; 2Bx2
DV(x) = < 2cxy + 2cx9 — 2¢ 2cx1 4+ 2(c— Bl +1—2¢ ) : (11)

One has that the eigenvalues of the Jacobi matrix are

AMz2=1—ax; — Py —cr3s £ \/57 where

D = D(a, B, ¢) = a*x? + B%3 + *a3 — 2aBx170 — 2acw w3 — 2Bcraws3.

Therefore from the last in the case a = 0, Bc > 0 for the vertex e; we have the eigenvalues A; o = 1. Similarly
if 3 =0, ac > 0 (resp. ¢ = 0, a8 > 0) then for the vertex e, (resp. e3) it follows the eigenvalues A\; 2 = 1.
Consequently we obtain that the vertex e; (resp.es,e3) is a non-hyperbolic fixed point when a =0, ¢8 > 0
(resp. 8 =0,ac>0,c=0, a > 0).

In the case a = 8 = 0,c > 0 any point of the face I'(; 5} is a fixed point of the QSO . For these fixed
points the Jacobi matrix has the eigenvalues A\; 2 = 1. Therefore any fixed point from the face I'(; o} is a
non-hyperbolic point.

Similarly in the case a > 0,3 = ¢ =0 (resp. > 0,a = ¢ = 0) any point of the face I'r5 3} (resp. I'r; 53) is a
fixed point of the QSO and one can show that this fixed point is a non-hyperbolic point.

In the case a > 0,8 > 0,c > 0 the point x* is a unique fixed point of the QSO in the int S2. So at the
fixed point x* the Jacobi matrix has the following eigenvalues

=1- vape a c
Gk \/@+\/%+\/%<‘[+\/B+\[)

im+Vj:%c+\/E\/a+5+02\/a>ﬂ2ﬁ2\/@

=1— W a C a C — ap — ac — C
=1 M+ﬁ+%<f+ﬂ+fi\/+ﬁ+ 2v/af - 2y/ac 2ﬁ).

The last equation shows that if one of the parameters a, 3, ¢ is zero then x* is a non-hyperbolic point.

Let a > 0, 8> 0, ¢ > 0. Denote B(a,3,¢) = a+ 8+ c— 2v/aB — 2\/ac — 2+/Bc. Tt is easy to verify that if
a = =c> 0 then we have B(a,a,a) = —3a < 0. Also if we choose a = 1/4, 8 = ¢ = 1/256 then it follows
that B(a,8,c¢) = 3/16 > 0. Thus, B(a, 8, ¢) may assume both negative and non-negative values.
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a) Assume that B(a, 3,¢) < 0 then it holds that 0 < |A1 2| < 1. Indeed, evidently that the eigenvalues A; o
are complex numbers. Therefore we get

2 vape 2
sl = (1= Zrr e (Ve + VA +v9))
vapce 2
+(m+m+\/@\/a+ﬂ+c—2\/ﬁ—2\/@—2\/@) > 0.
2 2v/aBe
hal’ = 1= S (Va+ VB + Vo)
aBc
2 2 2
" (VaB + yae 1 Vo) (40w evavaavac 2/5)
afc
-2 -2 -2
T (VaB + az + B A G D
_ 2v/afBc
_1_m+ﬁ+%<ﬁ+\/§+ﬁ>
2a8c
+ s(a+B+c) =
(VaB + Vac+ /Be)
- 2/afe VaBe
Pl _1_\/@+\/€c+m<ﬁ+ﬁ+‘/€‘m+m+\/@(“ﬁ+c>)<l’
where we have used the relation
Vape B B a+\/Be
“Mﬂ*ﬁ‘mwm\//%(”ﬁ“)‘ﬁ@ mwmm)
B Bac ) < B cvap )
B (1 e rvm) T e )
Because, for all a, 3, ¢ € (0,1] it hold
a+/Be Bv/ac cvaB
0<\/@+\/ﬁ+\/@<1’ 0<\/<ﬁ+\/&+\/%<1’ 0<\/ﬁ+ﬁ+\/ﬁ<l' (12)
Indeed from inequalities 0 < ¢ < 1 and 0 < M+\/\/§+\/ﬁ<lwe have 0 < m—l—a\\/ﬁaﬁf—i—\/@<1'
Similarly can be proved the inequalities 0 < m_fg_’_ NGE < land 0 < \/@‘:\/\/g‘f' NGE <1

Consequently we obtain 0 < |A1 2| < 1 which imply that the unique fixed point x* is an attracting point
when B(a, §,¢) < 0.

b) Suppose that B(a,3,¢) = 0 then it holds a + 8+ ¢ =2 (\/aﬂ + vac+ \/Bc) and using it we have

Vvape
/\1,21m_|_\/£+\/@(\/g+\/§+\@)

J—mJXgJF%(\/@Jr\/%er)

=1—+/afc < 1.

Using (|12) it is easy to verify that

aV/BC+ BVaEt ev/aB | a/Bet By/at+ eVaB  aB +ac + VB

VaB + \Jac +/Be ~ VaB+ac+Be  aB+ ac+\/Be

__(a=DVBe . (B=lvee _ (c=1VaB _ _,
VaB +ac++/Be - Vap+ac+VBe  VaB+ac+ Be T
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for all a, 3, c € (0,1]. It is easy to check that the equality holds if and only if when a = 8 = ¢ = 1. But in the
case a = 8 = ¢ = 1 one has that B(a,3,¢) = —3 < 0 and it contradicts to our assumption B(a,,c) = 0.
Therefore the equality case impossible and we have that

Nag—1_ ay/Be Bvac cv/ap
’ VaB+ac+VBe  aB+ac+VBe aB+ac+Be
Hence we obtain 0 < |A1,2| < 1 and it follows that the fixed point x* is an attracting point when B(a, 8, ¢) = 0.
¢) Suppose that B(a,,¢) > 0 then it holds a+ 5+ ¢ > 2 (\ﬁ—i— Vac+ \ﬁ) It is easy to see that
\/@+\/g+\/@ (\/&+ VB+ e+ \/a+ﬁ+c2\/@2\/a’2\/@) >0
for all a, 8, ¢ € (0,1]. Since a + B+ ¢ > 2 (vVap + /ac + /Bc) it follows that

\/m — ap — ac — C
M+\@+ﬁ7<\/&+\/§+\/€+\/a+6+c 2\/ap — 2\/ac 2ﬁ><1

where we have used

Vape
x/@ﬁ/%m/@<ﬁ+\/g+ﬁ+\/a+5+c—2\/@—2ﬁ—2\/@>

r;\;ﬁ:r(\/&+J5+ﬁ+\/a+ﬁ+c+2\/@+2\/@+2\/ﬁ)
B 2¢/afc
= JaF varr v (Ve VA VE)
( av/Be N Bvac cv/ap )
VaB + vac+/Be | JaB+vac+Be | aB + vac + VBe
for all a,,c € (0,1] and the last equality holds if and only if when a« = 8 = ¢ = 1. But in the case

a = 3 =c =1 one has that B(a,,¢) = —3 < 0 and it contradicts our assumption B(a, 3,c) > 0. Therefore
it follows that —1 < A\; < 1 and we have 0 < [\] < 1.

For all a, 3,c € (0,1] it holds

(\/6+\/B+\/6)2—(a+ﬂ+c—2\ﬁ 2v/ac - 2y/Be) = 4 (/aB + Vac + v/e) > 0

and consequently it follows

Vape
ey (Y VB VE Voo ayaR -2 2Ve) >0

Since a + 8+ ¢ > 2 (vaB + ac + v/Bc) we get
Vafe (\/5+\/B+ﬁ—\/a+5+c—2M—2\/cT—2\/@)<1

<2.

Vap ++/ac+ +/Be
where we have used
VaBe (Va+ VB +Ve- VadBre— 3B 3a - R)  ame
VaB 1 ac t Ve < T Va VB ve)

ay/Be N Bvac N cvap 1
" VaB+ac+VBe | VaB+ac+\/Be | VaB+Jac+/Be -

for all a, 8, c € (0,1]. Therefore it follows that 0 < A2 < 1 and we have 0 < |A2] < 1. Consequently we obtain
0 < |A12] <1 and it follows that the unique fixed point x* is an attracting point when B(a, 8,¢) > 0

Thus we have that if a > 0,8 > 0,c¢ > 0 then the unique fixed point x* is an attracting point.
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The proof of Theorem 3.1 is complete. O
4. The w - limit set

The problem of describing the w - limit set of a trajectory is of great importance in the theory of dynamical
systems. In this section we solve this problem for the QSO .

Let x(© = x&o),xgo),xéo) € 52 be the initial point and let {X(n)}n:oy]’zm be the trajectory of x(©) under
the action of the operator , that is,

x(M = (xgn),xén),xgl)) =V (x("*1)> , n=12..
Theorem 4.1. For the QSO we have
{(xﬁo),l—m?),O)}, if a=p=0,¢>0, x(0¢cS82\Ty,
{(1fz§°),o,z§°))}, if a=c=0,6>0, x(O¢cS82\Ty3,

{(07935()),1—:650))}, if B=c=0,a>0, x© 8§\ Iy,

wv (X(O)>: {e1}, if a=0,8>0,c>0, x©¢cs52
{ea}, if =0,a>0,c>0, x© e 82,
{es}, if ¢c=0,a>0,8>0, x© ¢ §2,
{x*}, if a>0,8>0,¢>0, x© ¢ 82

Proof. i) Let a = 8 =0, ¢ > 0. Then the QSO has the following form

-
Ty = 1,

V< ah=x9+cal, (13)
rh = x3 — cxl.
Due to Theorem 3.1 any point of the face I'f;5| is a fixed point and this fixed point is a non-hyperbolic point.
It is easy to see that
vy =1y, xh>xe, i<z forall xeS5?
So for any initial point x(*) € S we have
+1) _ _(0)

)

:Cg :Cén+1) > xén)7 xénﬂ) < xgn), n=20,1,2,...

Therefore it follows that the sequence {xé")} (resp. {xé”)} ) is a decreasing (resp. an
n=0,1,2,... n=0,1,2,...

increasing) and bounded from the below (resp. above) sequence. Consequently there are the following limits

: (n) _ .(0) : (n) _ ; (n) _
J =l 0 =l =

We claim that 1 = 0. Suppose on the contrary, that is let > 0. Then one has

(nt1)
1= lim 2 = lim (1-cf”) =1-ep<1.
n—o0 mg") n— oo

The last relation is a contradiction. Therefore it follows that
(n) (0) (n) (0) " _ .

lim ;7 =2y, limxzy =1-—27’, lim x4
n—oo n—oo n—oo

Thus we obtain that for any initial point x(©) = (x(lo),xgo),xéo)) € 5%\ 'z the trajectory {X(n)}nzo,l’z)m

converges to the fixed point (mgo), 1-— xgo), 0), that is

lim x(™ = (;vgo), 1-— xgo),O) .

n—oo
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ii) Let a = ¢ =0, > 0. Then the QSO has the following form

xll =+ ﬂ‘xga

vV x% = 9 — B3, (14)

T3 = X3.
Due to Theorem 3.1 any point of the face I'13 is a fixed point. Moreover any fixed point is a non-hyperbolic
point.
Repeating the methods and techniques of the part i) one can prove that for any initial point x(0 =
(xi”, xéo), xg0)> € 5%\ T3 the trajectory {x(")}n:m)gw converges to the fixed point (1 - xéo), 0, xéo)), that
is

lim x(™ = (1 — a:go),O,x:gO)) .

n—oo

iii) Let § = ¢ =0, a > 0. Then the QSO has the following form

Ty =1x1 —ax?,
. A
V . IIQ — 1:2, 9 (15)
T3 = x3 + axy.

Due to Theorem 3.1 any point from the face I'o3 is a fixed point. Moreover any fixed point is a non-hyperbolic
point.

Repeating the methods and techniques of the part i) one can show that for any initial x(0) = (mg)), xgo), xéo)) €

52\ T'a3 the trajectory {X(n)}n:071727_“ converges to the fixed point (07 xéo), 1-— xéo)), that is

lim x(™ = (0, $(20)7 1-— xéo)) .

n—oo

iv) Let a = 0,8 > 0,¢ > 0. Then the QSO has the following form

T =11 + B3,
Vi xh=x9+ cxi— Bad, (16)
xh = x3 — cxi.
Due to Theorem 3.1 it follows that the vertex e; is a unique fixed point and it is a non-hyperbolic point.
It is easy to see that 2} > z1, 24 < z3 for all x € S?. So for any initial point x(9) € §2 we have

x§n+1) > Z‘Yl)

)

2 <M n=0,1,2,...
Therefore it follows that the sequence {xén)} (resp. {xgn)} ) is a decreasing (resp. an increasing) and bounded

from the below (resp. above) sequence. Consequently it follows the existence the following limits

lim xgn) =¢, lim xgn) =n = lim xén) =1-— lim xgn) — lim xén) =1-&—n.
n—r oo n—roo n—oo n—oo n—roo
Using the latter from we have
£=E6+B1-¢—n)? , ,
1——n=1-¢—n+ep = B1-¢—n), (17)

n=n-—cn’.
The third equation of imply that » = 0 and using it from the first equation of we have £ = 1. Thus

we obtain that for any initial point x(0 € 52 the trajectory {X(n)}n:())l’z,m converges to the vertex eq, that is

lim x™ =e; = (1,0,0).

n—oo

v) Let 8 =0,a > 0,c¢ > 0. Then the QSO has the following form

/o 2
x) = x1 — axi,
V(¢ abh = a9+ cad, (18)

I 2 2
T3 = x3 +ax] — cx3.
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Due to Theorem 3.1 the vertex e; is a unique fixed point and it is non-hyperbolic point.

Repeating the methods and techniques of the part iv) one can show that for any initial point x(0) ¢ §2 the
trajectory {x(™},_¢ 1. converges to the vertex ey, that is

sl

lim x™ = e, = (0,1,0).

n—oo

vi) Let ¢ = 0,a > 0,8 > 0. Then the QSO has the following form
ry = x1 + fr3 — axi,

Vi{ ah=x9 — B3, (19)
Th = 3 + axi.

Due to Theorem 3.1 the vertex es is a unique fixed point and it is a non-hyperbolic point.

Repeating the methods and techniques of the part iv) one can show that for any initial point x(0 ¢ §2 the
trajectory {x(”)}nzo,mw converges to vertex es, that is

lim x™ =e; = (0,0,1).

n— oo

vii) Let @ > 0,8 > 0,¢ > 0. Then the QSO has the following form

r_ 2 2
=2 +6m2—ax1

W ah =z + cwg B3 (20)

xh =x3+ axl — cx%.

Due to Theorem 3.1 the point x* is a unique fixed point. Besides, the fixed point x* is an attracting point. It

is easy to see that
(228 Vacs
Va' VB Ve VBe+ Vac+/ap

Consider the following function
e(x) = max {Valz, — 21|, /B |z — a3] . Ve los — 3]}
Let x(9) € §2. Then for n-th step of the trajectory we have

© (x(”)) = max {\/5 ‘xgn) — ]

) , where C =

* (’ﬂ) *
x5, Ve ‘x?) —

B s — }oon=012

Consider the following differences
#{" — ot = xﬁ”’ — ot + (VB - var”) (VBal + va!")
— ol i+ (VB —0) — (Vs — ) (VA + vaal?)
(1= va(VBal? + Vaal™) ) + (28" = w3) VB (V2L + Vaal™),  (21)
(

Vel - Baf?) (Vs + )
(ﬁmé") - C) - (ﬂxén) - C)) ( cwén) + fx(n )
1= VB (Veal” +v/Baf”) ) + (2§ = 3) ve (Vaal + VB ), (22)

~~
B
&
o~

) (v )
(var? =€) = (Ve = €) ) (Var(" + verl?)
1—+c (\/ax(ln) + ﬁxé"))) + (x({‘) — x*{) Va (\/Ez§") + ﬁxén)> . (23)
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From the differences and (| we have

‘ (n+1)

~ a3},
}
i}

_x”l‘ <

(vals >

ax {\/B‘xén) — x5,

{ ’ (n) *
Let us show the first one
V™t —ai| = Va ol - ai + VBl - Vaal”) (VBal? + vazl) |
= (5 ) - (v —)) (v
= Va (w&” —at) (1= va (VBel + var(")) + (o8 — 23) VB (VBal” + Vaal?)|
< valal” 1| (1= va VBl + Vaal™) ) + /B|al? - 23| va (v/Bal” + vaz{")
<0(1-va (VBal" +vaz(™) +va (VB + Vaz(")) =0, (24)

}

The rest cases can be considered in a similar manner.
Therefore it follows ¢ (x(”H)) < (x(”)), i.e. the function ¢ (x) is a Lyapunov function for the QSO .

For the convenience in further calculation we denote a; = a, as = 3, ag = ¢. Then we have

(b )

U
Denote AZ(-;-L) = \/a; (@x;n) + @xE”)), 1,7 = 1,2,3. It is clear that for any n € N and 4, = 1,2, 3 it holds

VB

’ (n) *

VBl .

Velei ) —a

‘ (n) 2

(n) *

where § = max {\/6 ’:cgn) -z By — a3

p(x) = max {\/>| x;‘|} = o(x) =

max
je{1,2,3} je{1,2,3}

It is clear that p(x) =0 iff x = x* in the simplex S2.

0< AP <1,
If ajas +ayas +asas > 0 and a; # 1,a2 # 1,a3 # 1, then 0 < AE?) < 1. The case a; = as = a3 = 1 is studied
in [19].

For any 0 < ai, as,as < 1 and for any initial x(©) € int S? from we have

v (X<n+1>) <o (X<n>> <. <oy (Xw)) ,

Therefore we have that the sequence {gp (x(")) }n>0 is a decreasing and bounded from the below sequence.

So it follows that there exists the limit lim ¢ (x(")) =7 > 0. We claim that 7 = 0. Let us suppose on the
n—oo

contrary, that is 7 > 0. Then we have that

m_ _C ) A ((n) ¢ ) (n)

N 1- + /a; AL

1= Tim 50( ("+1)) _ lim J < Jm \/%7 ( Jn]l) M ImJi
vag (20 -~

a]k

v (7 - =)
aj, (n)

(n) C AJMJI '
v (4 - 7a5)

a’Jk

v (o) - — =)
= lim ’ L

n—00 MO C
V& | Ty, -

a]k

(1 - A(.”).l) +

i (25)
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We consider all possible cases:

L. Suppose that for a subsequence {n:}, ,,, C Nit hold

) __C ) __C ) _ _C () €
Vi, [T — M < 4/Gj, T~ \/@ IRV A T O M < 4/@j, Ty T,
Then one has ,
) C ny C
(- o (s 2 )
L= i J Vi (1 _ A(nt?) n J V@, Ane)
t—00 (n4) C ImIl (ne) C JmJl
a’jk "E]k - a/jk ajk Ijk - a/jk.
[ - —— Va0 - -
< lim Djm (1 - A("‘?) + ] (ne)
= e (n0) C Fmdi () C Fmd
Uj |, " — = V% Ty T =
Ajiy, Ajiy,
VG |2 - =
< lim 1
T t—oo (ne) C
N
Ajy,
where we have used the following our assumption
- (ne) c - (ne) _ c
a’]m x]m m V a’]l 1'][ M
- o (26)
ng) ny)
V %k :E.gk o a: V ik ng o a:
Ik Ik
() C ny_ ©
Vg [z = N Vi |25 = oF
Since N <1 it follows that lim o =1 (27)
- m(nt) _ C t—o00 - z(nt) _ L
VY |k \/ajik V Ik [k aj,
Using the latter from , and we have
V a‘j'm x;zt) - O V ajl J";;’lt) - O
1 < lim V(1 409) + VLA
s m ) C Jmdi (o) C Jmit
\/@ o T m Tje  — T
Ik Ik
|-
) m Im \/%7
lim =1
t—o0 (’ﬂt) C
V% | T P
Ik
Consequently it follows that
C C C
1. " (nt) _ — 1. - (nt) G 1. - (’I’Lt) _ = T
i v |15 = = | = A | - | = v e - | =
The last equation holds in the one of the two the following cases:
a) Assume from ac;-:“) — + — ast — oo one has that
' vV By, Vi
(1) C T (ne) C T
x; © F and z, " > —=7F as t — oo.
VLjm @ V& V%
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C C C
Since a:g:t) + xgif) + xg-:”) = + + =1 as t = o it follows that

V a']k V ajm, V ajl
V@ @ji = /0, QG + /5,05
Using the last equation and notation of z* one has that it should be

c 1 c . c 1

== = —+ = ;.
aj 2 VN 2
It is easy to see that ji in any step of the trajectory may take one element from the set {1,2,3}. Therefore

the sequence {x(n‘) . Another side

Jk

1
} of the trajectory corresponding taken values of ji converges to 5 +

C

C
since the values , , are the coordinates fixed point it follows that the sequence { (k*)} of
V ajk V ajm V ajl

the trajectory corresponding taken values of jr must be iteration only one coordinate. Using the limit

ny €
i le - v @5

t—o0 (Tlt) C
Ajp \ L5, — a,

(o) 1 40 ny __C (n4)
AT <Ijk o 2> (1 ]k]l) e < M) Ajka

Ajy,

=-1

from ,, we have

1= lim

t— 00 (ng) 1

@i, xjk B 5
and it contradicts to the our assumption
) C (n: ) _ C ) C
Vai o |rs Y — <\ aj |r:" — , Aag, |rs Y — —| < ag, vy — .
S \/U“JT Tk s, T \/@ " Ay,
o) _, C T
b) Assume that from = * — + ——, as n; — oo one has that
T ajy, jy,
C T C
x;j:‘) — + and mEnt) — as t — o0o.

¢ =1 it follows that

(ne) . (mo) () _ _C
i +x +:va r

Vg, 05, = /05,05, + /a5, a;.
c 1

In this case using the relation =

C
N

C 1 C
= — and + = —.
Va2 V@i, a5, 2

As before j; in any step of the trajectory may take one of the values {1,2,3}. Therefore the subsequence

Again using form of z* one has

{xg”)} of the trajectory corresponding taken values of j; converges to 3 + . Another side since the values

C C C
Vi G, /a5
corresponding taken values of j; must be iteration only one coordinate. But this coordinate cannot be
maximum of the coordinates any step of the trajectory. Consequently from these facts and ,,
taking account that

Nt C Uz 1 ne ¢ C
va (s = <= Y a= g+ vz (o) - 3) Al = va (sl - =)

Ajm

aj,

are the coordinates fixed point it follows that the sequence {ISZH)} of the trajectory
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) is the maximum of the following values
ajm

— () C —( (1)) __C S
i (mj’“ %)’ G (x]’” \/ajm)7 i (w” a )’

But this contradicts to our assumption.

it follows that m( (1) _

(t)%C:I:T (nz)%CiT gm0, _C

T
T: — £
\Y4 a’jk a‘jk T \/ \/ ’ ]Tn V aj'm, V ajnL

case one has either

impossible. Because in this

The case x

(”t>+(’“)+()—>1+ U |
RO Vi G G,
or
(me) (ne) (ne) T T T
z, tx t %1—M—M—W<l.
o . () () C
II. Suppose that j,, = ji and for a subsequence {n,} C Nit holds ,/a;, x;, " = @ <V, |25 — T
1 k
Then from we have that
(s 2)
l Jl :
L () \/aaz (n)
1= TIHEO 1- Ajkjl + C Ikt
gy, (mgjr) - )
' Ajiy,
(nr) C
(nr) “ < a \/ajl>
7nlgrolo 14 AJM o C —-11]|<1
Ajp \ Tj, ~ — @
k
2] (- )
JL a- t Ji a:
If JL/_ <0 then it follows that lim L —1 (28)

(nr) L r—00 : () C
Vi \ Ly , V% \ Ty, .

Ajiy,
v (2 — c
Ju Ji M
Lo C
V gy, Jk -

Ajy,

>0 then one has that z{"") — Lj: T 2y ¢

r
I V% /G T A, /45

If

("7 )

— as r — oo. Therefore in

C
and the third coordinate converges to a 7/ > 0, that is, T, — F
v aj’ln \/ ajnz
this case the sequence {xgl“)} of the trajectory corresponding taken values of j; must be iteration only
one coordinate. But this coordinate cannot be maximum of the coordinates any step of the trajectory and

{x("T)} is the maximum in any step, that is

Jk
(("+1) ) (”T) (n+) (nr)
Zj + aj, ( gt ) — Gy ( L )

r

And from the last equation it follows lim ajkx(.n ) = lim a]lxg 7 and lim #{"* = lim x§ ”) Also

r—00 r—oo Jk r—00
using the last results and (28]) we have hm xgnr“) lim arg ™. So using the last and the relation xgnr“)
T—>00
(n’) + a; (x(,nr))Q —a; ( (n T)) one has that hm a; x( ") = lim V@ x(m) that is
Jm \ " jm i \ T J ro0
( r) _ (ne) _ 3 (nT)
R e
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The last equation contradicts to the relation lim (xgzr) + m;m) + méj’”) =1.
T—00 m

The case j; = ji and \/a;, . |z ] (nr) _ " can be considered in a similar manner.
" vV aJm Ajy,
o, my__C | _ o) _ _C
III. Let jm # ji, and for a subsequence {ns},_q 5 — == [, |75, — =
@, (25~ e
NG g? ) (ns) . If it holds ij =1 then from (25)) we obtain
a; N
: “a (CE; " - ajk)
ny _ C gm0 €
(ne) Qg \ Ty, \/@ () a5 \ Tj, ﬁ (
Ng 1 Ng . l ﬂs
1= sll{go 1- AJ Jl + (ns) C AJT Ji sll)rgo 1+ (ns) C -1 AJ I <1
Ajy, \ L, "~ — a, Ajp, \ Tj, " — @,

a; < (ns) _ c > N (IQ’Ls) o 9 )
l Ji /- m Jm /a-
because it is true gjl < 0. If it holds Oajl = —1 then from we get
(ns) (ns)
Ajy, <JU - ) jy, ( - )

— (ns) Vi
L= lim 47— 1+ e N A = Jm 1 ooy | A <t
(- ) =

) )

Vi (mﬁ“) -
If it holds

>0 then we have lim

(ng) C ) 5—00

Vi (ng'*) -

ny _ C
aj; | T4, _M

e \Tae T sy,

(ns) RN O :t T (ns) N C :F T (ns)

-
) ) ‘>
e T Ve T g, @G /@,
then using lim ( (na) —l—x( ‘) +x("*)> = 1 we have \/aj_aj, = \/a;a;, + \/aj. a;, and using the last it
$—00
follows that

If it holds the inequality < 0 that is, if it hold the following relations

1 1
c 1o C C

-+ = _.
aj, 2 Vi a2
It is easy to see that ji in any step of the trajectory may take one element from the set {1,2,3}.

Therefore the subsequence {acgz)} of the trajectory corresponding taken values of j, converges to 1/2.

C C
V ajk 7 V ajnz ’ V a’jl
subsequence { (n 3)} of the trajectory corresponding taken values of j; must be iteration only one coordinate.
) O
VA,

Another side since the values are the coordinates fixed point it follows that the

x(-"s) —

This is a contradiction to our assumptions j,, # jk, /aj,. |T e

and

= Vi

gy,
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(’ﬂ:.)

Ji

nﬁ)

Vaj, | < /G, | , that is it does not hold the following equation

gy,

(no4n) _ 1Y) _ ny_ C ) mo_ _C N 40
a;, (% - 2) = V., (%’m - aj> (1—A455)+Va ( T )Ajmjz-
m l

o . . C
Similar results can be proved for the case j; # ji, /aj xxl) — = /a;, x;z) and
aj, Ajy,
my)__C 2
VCjm %5, <Vaj
Jm T k T
V. § that f b ) - C = | -
. Suppose that for some subsequence {”P}pzo,l,z,. " = /aj, |z;! Tj
l k

and ,/a; 2" = ,/aj, 2{me) and the coordinates ji, jm,J; are different. Then it follows

Jm \/a/]im ]k ajk
C
lim ./a; gl _ = lim /a; gl _ = lim /a; g\ _ =T
pyoo ik | ¥k \/@ p—roo I \/(le p—r00 Jm | jm \/m
Suppose that if it holds z; " = + as p — oo then one has
gy, vV i,

) _, _C T oond 2 ©

-
‘rj’"L % q: .] L :|: ?
Vm A Cjm Vi

In this case as proved in the a) of part I it does not hold the following equality

Y (n+1)p 1 Y (np) ¢ (np) /7 ("p) c (np)
aj’” (xjk+1 - 2) - a‘jm ( ]m m) (1 Jm]l) + ( M) A]m]l

as p — oQ.

(ny) ¢
Jkp_>

+
Ajy, sy,

n C C
(”) + T and:r(”)—>—

T
:F
m
Im Ajm ! Ju Ju
L T e T j NN

one has a contradiction to the assumption. In the all the rest cases also we have a contradiction to the relation

Analogously in the case when from = as p — oo it, follows that

as p — o0

lim (xgzl") + xﬁ?‘”) + x§:p)> =1.

p—o

V. Suppose that j; = j, and for some subsequnnce n, € N it hold

—| ) _C (na) _ — | ) O | | gy C
G| % as m i Ajy, V| Em \/G’JT = VO | T Ajy,

(g C
\Y% aﬂz le \/a—
If in this case it holds lim le
g0 (nq)
VA <xjk - - )

= —1 from one has the following contradiction

Ajy,
. (ng) (nq) : (nq)
1= qliglo ‘1 o AJm AJk]L - qlifl;lo ‘1 o 2Ajka <L

v (= ( ) __C_ )
]l -
If it holds that  lim Vi
g0 ) __C
v (+7 - =)

aj

=1 then as in the proof of the part b) in I it follows that
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lim ‘/ajlx;:lq) = lim ,/ajma:;:l:) = lim ‘/ajmx;:f) =C=%r.

q—o00 Nng—>00 q—00

This contradicts to the relation lim (:US-Z‘Z) + xg-Zf) + mg-?q)) =1.

q— o0
n n C
The case jr, = j and for the subsequence it hold ,/aj xé.L - 5 = /aj, xg»k") - Tj )
1 k
n C n . . . .
Vg, :E;m") — I = ,/aj, xékq) — P can be considered in a similar manner.
Thus we have that 7 = 0 and it follows that lim ¢ (x(™) =0, that is, lim V"(x) = x*.
n—oo n—oo
The proof of Theorem 4.1 is complete. O

If an operator has the property of being regular, then it satisfies the ergodic hypothesis, and by Theorem 4.1
non-Volterra QSO is a regular transformation, so we have the following corollary.
Corollary 4.2. For any x(© € S2, there is the limit

1 n—1
im - k(5 (0)
Jim =30V (<)
k=0
that is, QSO is an ergodic transformation.
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BIR NOVOLTERRA KVADRATIK STOXASTIK OPERATORNING REGULYARLIGI
Rajabov Suyunjon

Mazkur magqgolada ikki o‘lchamli simpleksda aniglangan bir novolterra kvadratik stoxastik operatorining
dinamikasi o‘rganilgan. Mazkur operatorning kamida to‘rtta qo‘zg‘almas nuqtasi mavjudligi ko‘rsatildi va
qo‘zg‘almas nuqtalarning aniq ko‘rinishlari topildi. Simpleks yoqlaridagi qo‘zg‘almas nugtalarning nogiperbolik
tipli va simpleks ichidagi yagona qo‘zg‘almas nuqtaning tortuvchi tipli bo‘lishi isbotlandi. Parametrlarning
ixtiyoriy giymatlarida har qanday boshlang‘ich nuqtaning trayektoriyasi yaqinlashishi isbotlandi.

Kalit so‘zlar: Kvadratik stoxastik operator; Volterra operatori; novolterra operatori; regularity.

PEMVIAPHOCTb OJHOT'O HEBOJIbTEPPOBCKOT'O KBAJIPATUYHOI'O CTOXACTUYECKOT'O OIIEPATOPA
PaxkaboB CyroH>koH

B nmammoit crarbe ucciaeayeTcs ATUHAMUKA OJHOI'O HEBOJIHBTEPPOBCKOIO KBAIPATUIHOIO CTOXACTUYIECKOTO
OIepaTopa OIPEIEJIEHHOTO B ABYMEPHOM cHMILIeKce. [y 9Toro omeparopa MoKa3aHO, YTO ONEPATOP HMeEET
OoJiee YeM UeTHIPEX HEIOJBIKHBIX TOYEX U HAlJIeHbl SBHbIE BHJbI BCEX HEIOJBIKHBIX Touek. JlokazaHo
9TO0, BCE IPAHUYHBIE HEMOIBUXKHBIE TOUKHU SBJISIOTCH HETUIEPOOINIeCKUMI U €IMHCTBEHHAsT BHYTPEHHAS
HEIO/IBIKHAST TOUKA SIBJISIETCS aTTPAKTOPOM. A TakKe JIOKA3aHO CXOJIMMOCTb TPAEKTOPHUH ITPOM3BOJILHOMN
HaYaJIbHON TOYKU IPHU JIIOOBIX 3HAYEHUSX [TAPAMETPOB.

KimroueBbie ciioBa: KBaJpaTHIHBIN CTOXACTHIECKU OIIEpATOD; BOJBTEPPOBCKUN OIIEPATOD; HEBOJIHTEPPOB-
CKHII OIIEPATOP; PETYIIPHOCTD.
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