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Annotation: We study the solvability of the Fredholm partial integral equations of second type with degenerate
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Introduction

Let T1 —R™ and S © R be sets of finite Lebesgue measure. On some ideal function space X
measurable functions f (X,Y) givenby T x S, consider the following equation:
ATXY)=(A+A+A)T(XY)+9(XY) )
where § is a given function, operators A, €{0,1,2,{1,2}}, represent space X into itself and at the
same time: A) is the operator of multiplication by a function ho (X, )/) ,i.e. Ao f (X, y) = hO(X, y) f (X, y) ,
A1 is an integral operator in which when acting on an unknown function f(X,Y), the integration is taken
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only the first argument, A, is an integral operator, in which when acting on an unknown function f (X,y),
the integration is taken only the second argument, A&,z is an integral operator in which when acting on an
unknown function f (X, Y), the integration is taken and on the first and on the second arguments.

Equation (1) is called an equation with partial integrals or just a partial integral equation. If in
equation (1) in each integral operator A, A, and A integration is expressed as a definite integral, then the
equation (1) is called a partially integral equation of Fredholm type, and the corresponding operator
A — (Al +A + A12) is called partially Fredholm integral operator.

Analaysis of literature
In 1932 V.I. Romanovsky [1] in his article when studying problems of the theory of Markov chains
investigated the solvability of the partial integral equation of Fredholm type in the space of continuous
functions. However, it must be emphasized that in many literary sources, the work of Abdus Salam [2] is
cited as the first source on theory of partially integral operators of Fredholm type (for example, see [3], [4]).
V.I. Romanovsky investigated the integral equation

U(x,y) = F(x,y)+2[ Ut 9ol x, )t

in the space of continuous functions C[a, b]2 by a method similar to the method Fredholm determinants
[1,5], here f(X,y)eC|a, b]2 is a well-known function, @(t, X, y) is the kernel of the integral equation,
U (X, ¥) is an unknown function, and A - parameter of the equation. This integral equation sometimes is

called a partially integral equation of Romanovsky type of the second kind, and the integral operator in this
equation is called the partially Romanovsky integral operator (see [6-9]).
Note that linear operators with partial integrals of Fredholm type, acting in space L,, can be realized

as measurable bundle of compact operators

Linear operators and partial integral equations in different classes of function spaces were studied in
monographs [10-12]

Many equations arising in the mechanics of continuous media, at solving problems of evolutionary
type, in the theory of elasticity and theory viscoelasticity, solid mechanics and in other areas of physics and
mechanics, represented in the form of partially integral equations Volterra-Fredholm type of the second kind
[11,13]

Research methodology

In [11] the applications of partial integral equations and operators in solving problems of continuous

mechanics, elasticity problems and other problems were considered. Until now, a solvability of PIE in the

space |_2 is left open. The present paper is devoted this problem. Namely, we investigate a solvability of
problem for PIE with degenerate kernels from the class L, .
Analyzes and results
Let (€2, &, 1) be a measurable space with a finite measure, L (Q) be the * — algebra of equivalence

classes of all complex measurable functions on Qand L, (Q) C L0 (Q) —subalgebra of equivalence classes
of all bounded measurable functions on €. By denote [f] equivalence classes of function on f € L, Q).

We denote by L _[L,(€2,),€2,] the set of all complex measurable functions f(X,y) on Q; xQ,

satisfying the condition: the integral
()= [, 1T ds)

exists for almost all Y € Qz and @, € L, (Q2) . In the LOO[L2 (Ql), Qz] we define L (Qz) —valued inner
product < f,g >:
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<f.g>=<1,g>()=], T 90 y)d4().
Let o, 0, €L [L,(Q)],y €C(Q,) and

ki (X,5,Y) = 2. ()@, (W (¥) + 2, ()@ (S (¥), (%5,Y) € x Q.
Then the partial integral operator (PIO) T1 .

TEO0Y) = [ ks, y) f (s, y)da(s)

is bounded linear operator on the L, (Ql X Qz)-
In this paper we study the solvability of the partial integral equation
f-Tf=g, @)
in space L2 (Ql X Qz)’ where J = (X, y) € L2 (Ql X Qz) is a given function.

1.About solution of nonhomogeneous Fredholm partial integral equation with degenerate kernel.
If g(X,y) # 0, the partial integral equation (2) is called the nonhomogeneous Fredholm partial integral

equation (NPIE) of second type with degenerate kernel. The homogeneous partial integral equation (HPIE)
corresponding the NPIE (2) has the following form

h-Th=0. )

We define measurable functions 71,75, 751, Ty, on {2, by

2:(@) = [, 6 OAEW (@)1 (). 72:() = [ () er (S (@)d 4 (s),

7(@) = [, @ Op (W (@) 14(5), () = [ 00,0, (W (@) 4(5)

One can see that 7,,7;5, 75,75 € L, (Qz)'

Let € be an identity element of the algebra L, (Qz) ,i.e. e(w) =1 for almost all @ € (.

Now we define 2 X 2 matrices T and | with the elements of the |_0 (Qz) as follows

T =T(0) = (711(0)) (@) j’ | = (o) = [e(a)) e(w)j
(@) 7, () 0(w) e(w)
Let D, (®) be a function on Q), given by
D, (®) = det(T (@) — (®)), @ € C2,.

One can see that D1 (0)) is a measurable function. Moreover D1 = D1 (a)) elL, (Qz)~ The function D1 is

called a determinant Fredholm of the PIE (2).
Let ¢ely(Q). We define its support by the equality S(@)=S5 s = [Xagols where

Lo[L,(€2,), €2, ].
Lemmal. If S(Dl) =€ (ie. Dl(a)) #0 for almost all @ €€, ), then the HPIE (3) has in the

L, (Ql X Qz) trivial solution.
Proof. Suppose that h(X, Y) is a solution HPIE (3). Let us denote

(@) = [ (S (@)(s.@)d 14 (s),

b,(@) = [, 22 (5. (@h(s.@)dp4(5)

Obviously, bl,b2 € l—z(Qz) and

(4)

13

www.journal.namdu.uz
ISSN: 2181-0427



4 Scientific Bulletin of NamSU-Hayunwiit gecmuux HamI'Y-NamDU ilmiy axborotnomasi—2022-vil 9-con

h(x,y) = ab, (¥)@1(X) + a0, (Y) 0, (). (5)
From the equality (4) and (5) we obtain the following system of equations for the unknown functions
b, (y), b, (y):
{bl(y) = 7, (NB(Y) + 72 (Vb (),
b, (y) = 71, (Y)B(Y) + 75, (Y)b,(Y)
Consequently,

{(Tll(y) —1)b,(y) + 75, (y)b,(y) = 6(y), (6)

T (V)0 (Y) + (7,5 (Y) =1)b, (y) = 6(y).
We can write the system equations (6) in matrix form as following:
(T-Hb=0, )
where b = b (@) columns of the matrix which consist of functions b, = b, (y),b,, =b,(y).
Let SD1 =€ . Then D, (w) #0 for almost all @€ Q, . Tt follows that, for almost all Y €2,

equations (6) has only a trivial solution, i.e., the equation (7) has only zero solution: b = 6.
Theoreml. If S(Dl) =e (ie. D, (@) # 0 for almost all @ € Q),), then the NPIE (2) in LO[L2 (Ql)]

a has unique solution. An arbitrary solution of the NPIE (2) has the form

- Ty =9 y) +bi(V)er(x) + 0, (V)@ (%),
where B(Y) = [ (S () (5, Y)d4(5).6,(9) = [ 2205, YW () (5. Y)d 14 (9)

Proof. Let
3(@)= |, ¢S (@)g(s,0)d ()

(@) = [, 0, W (@9 (s,0)d14(5)

It is clear that &;,d, € L2 (Qz)' For unknown functions bl(y), b2 (y) we obtain the system of equations
{ai(w) = (1- 1, (@) (@) - £, (@), (@),
a,(w) = -1, (0)b, (@) + (1 -7, (@))b, (@)
1-7,(0) —7x4(®)
—Tp,(®)  1-17,(®) .
i) if (&) =6,5(a,) =6, then g(x,y) =@ is a solution of the HPIE (3) and there is no another

solution of the equation (3).
ii) Suppose that S(&) # @ or S(a,) # @ . We define measurable functions A (@), A,(®) on Q,

as follows: the elements in 1st and 2 nd columns of the determinant det(l(w)— T (w)) replace by the

Put D, (w) =D, (w) =

functions ai(a)), a, () and the resulting determinant we denote by 1— 7 2 (w) al(a))
a,(w) —7,(w) 1-7,(0) a ()

Aulo)= &, (@) 1-7,(w) —7y (0) a, (o)

A, () =

It is easy to see that A}, A, € L,(Q,).

Let @ € (2, is a fixed element. In space L2 (Ql) we consider the Fredholm second type equation

9(X) = (K,0)(x) = 9(x, @), ®

14
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where K_p(X) = jQ k,(X, s, @)@(s)d 14,(s).
1
The equation (8) for every @ € {2, has a unique solution

A (a)) A, (a))
0,() 2" b, (a)

A (Y) A (Y)
D,(y) A+ D,(y)

9(X) = 9,(x) = g(x,0) + 0, (X, ).

Clearly, the function

fo(X,y) = g(x,y) + @ (X,Y) 9)

belongs to Ly[L,(€2,),€Q2,] and
fo-Tifo =0,

ie. fo is a solution of (2).

Now we prove the uniqueness of the solution fo of the equation (2). Let f1 € LO[L2 (Q2 )] is a
solution of the equation (2) and fl * fo- Then from the equality fl -1, fl = forae. wel), we get

fi(x, @) — (T, f)(x, ) = (X, @),
ie.
f,(x,0)— (K, f)(X,0) =9(X,®) ae. weQ,.
By the uniqueness of the solution of the Fredholm equation (8), we obtain
A(w A, (@
1( ) ¢1()(’60) + 2( )

D, (o) D, ()
forae. W€ Qz’ ie. fl(X, Y) = fo (X, y)

2. About solution of homogeneous Fredholm partial integral equation with degenerate kernel.

We define linear operators A and A,:

ag,(y) —7,(y)
a;,(y) 1-1,(y)

fi(xw)=g9(x,0)+ 9, (X, @)

AtT(xy)=

1-17,,(y) a;.(y) ‘

A (X Y) =
‘AZ o) ~7u(Y)  a;,(Y)

where

a,(@)= [, e (@) f (5,0)d4().2,,(0) = || 2:(SW2(@) T (5.0)d 14 5).

Note that A and A, are linear bounded operators in L, (Ql X Q2) and they are PIO. By Theoreml and
equality (9), we get the following theorem.
Theorem2. Let S(D,) =€. If D;* e L_(Q,), then the operator | =T, (| is the identity operator) is

invertible and

1
D, (y)

ST Y) = (AT Y)+0,(X)AT(XY), f el (QxQ,).
Proof. Let S(Dl) # €. Then HPIE (3) has a nontrivial solution in the L2 (Ql X Qz) and moveover,

(I=-T) " fF(xy) = Fxy)+ (S, F)(xy),

where

any solution h(X, y) of the equation (3) has the form

h(x,y) = (e(y) - SD1 ()b (y)a(x) + (e(y) — SD1 (V)b (y) 9, (X),

15
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where b1’ b2 € Lz(Qz) are arbitraries.
Let he L2 (Ql X Qz) be a solution of the equation (3). Then the function N has the form
h(x,y) = eqd, (Y)u(X) + ,d, (V) @, (%),
where dl, d2 el, (Qz) are arbitraries. Let D0 ={we Q,: Dl(a)) =0} and D, =Q, \QO. For each

@ € Q, we consider the homogeneous Fredholm’s equation of the second type in L, (€,):

@(X) = (K, 9)(x) = 0. (10)

By the Fredholm’s theorem for all @€ D, the equation (10) has only a trivial solution
o(X) = ¢w(X) =0 and for all @ € Do the equation (10) has not trivial solution in L2 (Ql) . For w € D0
solution of the equation (10) has a form

9(X) = ¢,(X) = o1, (X) + 2,d,0, (%),

where dl(a)), d2 (w) €C are arbitrary numbers.

Put

h(x,y) = (e(y) =Dy ()b, ()@ (x) + (e(y) =Dy(¥)) b, (V) @, (x). (1)
It is easy to verify that
0, iIf weD,

h(x,y) = { :
ab, (@)@ (X) + a,b, (@), (%), I @eD,.
Hence, h(X, a)) € L2 (Ql) is a solution of (10). It is easy to see that h(X, y) € L2 (Ql X Qz) and function
h(X,Y) (11) is solution of the HPIE (3).
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Conclutions
In this paper, it has been investigated the solvability of the partial integral equation with degenerate kernel

givenwith f — T, f =g, found the exact form of the solution of the partial integral equation with degenerate

kernel and proved its uniqueness.
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