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Abstract

It is known that, the harmonic measure of a set E, relative to a domain D,
is defined by means of subharmonic functions on D. In this article we define a
generalization of a harmonic measure and prove some of its properties.
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Introduction

The classical potential theory is based on harmonic and subharmonic functions. The
main objects of potential theory are harmonic measure, transfinite diameter, Green’s
function and condenser capacity. Nowadays, in connection with integral estimates of
polynomials in approximation questions, a harmonic measure and a Green’s function
with a certain weight function have been considered and applied. The aim of this
work is to introduce a harmonic measure with a subharmonic weight function .

A harmonic measure is defined as an extremal function in the class of subharmonic
(sh) functions. Let E C D be a set in the regular domain D C R™. Regularity of
D means, that there exists a p(z) € sh(D) : p|p <0, xlirngp(x) = 0. We denote by

U(E, D) the class of all functions u(z) € sh(D), such that u|p < —1, u|p < 0 and
let w(z, E, D) = sup{u(zx) : u(z) € U(E, D)}.

Definition 1. The reqularization w*(z, E, D) = limw(¢, B, D) = lim sup w(z, E, D)
E—a e—0 xEB(O,a)
is called the harmonic measure of E with respect to D [1, 2, 4].

The following well-known theorems are often used in the work below.

Lemma 1 (Hartog’s). Suppose that g(x) is a continuous function in a domain D and
u;(x) is a sequence of locally uniformly upper-bounded subharmonic functions such

that
lim u;(z) < g(x) (1)

Jj—00

at each point x € D. Then, on any compact set K CC D, inequality (1) holds
uniformly, that is, for each ¢ > 0 there exists an integer jo such that uj(x) < g(z)+e,
for each x € K and each j > j.
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Let u, be a family of upper semi-continuous functions on D C R"™ which is locally
bounded from above. Then the upper envelope

U = SUP Ug
(e

need not be upper semi-continuous, so we consider its “upper semi-continuous regu-
larization”
u*(z) =lim sup wu(x).
£=02eB(0,e)

It is easy to check that u* is upper semi-continuous and that «* is the smallest
upper semi-continuous function wu.

Lemma 2 (Choquet). Every family uo has a countable subfamily u., whose upper
envelope v = sup u,, satisfies v <u <u* =v* [8, 9, 10, 11].
J

Theorem 1. Consider in a domain D, a subharmonic function u(x) and take its
trace u|g on the boundary S of a fived ball B(x°,r) CC D. Then the function

{ [u(y)P(x,y)do(y), if =€ B,
u(z), if ©€ D\ B,

r2 — |z — 292

where P(x,y) = is Poisson kernel, is subharmonic in D, harmonic in

onrle —y|"

B :w(x) € sh(D) N h(B).

1 Weighted harmonic measure

Let D C R" be a regular bounded domain, £ C D be any set and ¢(z) € sh(D)
negative function in D. We denote by U(FE, D, ) the class of all functions u(z) €
sh(D), such that u|g < ¢¥(x)|g, u|p < 0 and let

w(z, E,D,v¥) = sup{u(x) : u(x) e U(E, D, )}.

Definition 2. The function w*(x, E, D, 1)) = %i_mw(f, E, D, ) is called the v-harmonic
—z
measure of E with respect to D.
Note that w*(x, F, D,—1) coincides with the harmonic measure of the classical
potential theory, i.e. w*(z,E,D,—1) = w*(z, E, D). The function w*(z, F, D, )

satisfies many of the properties of w*(x, E, D).
Below we list some properties of a i)-harmonic measure.

Proposition 1. The relations w*(x, E, D, ) > ¢ () and w*(x, E, D,¢)|go = ¥(x)|go
are hold, where E° is interior of E.
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Proof. The first is obvious, since ¥ (z) € U(E, D,v). Note that w(z, E, D,v¥) |g=
Y(x) |g. Every point x € E° lies in E° along with some its neighborhood. So that

W (2%, B, D, ) = lim w(y, B, D,v) < Tlim 9 (y) < ().

Yy—x Yy—x

Hence
w(z, E, DY) | g0 < ¥(x)|po

and consequently
w*(z, E, D, V)| go = ()| po.

Theorem 2. w*(z, E, D,v) € sh(D)Nh(D \ E).

Proof. We know that the regularization of supremum function of the class uniformly
bounded subharmonic functions is a subharmonic function. So w*(z, E, D,v) is sub-
harmonic in D.
By Lemma 2 there exists a class of countable functions {u;(x)} C U(E,D,)
such that
(Sljlpuj(x))* = w*(.CE, E, D>¢>
Consider

U = sup{uq (), ug(z), ..., um(x)}.

Evidently v,, € U(E, D,) and increasing converges to supu;(z). We take a ball
J

B CcC D\ E and consider

[ om(y)P(x,y)do(y), if =€ B;

wnl) = { il;(m), if re D\ B,

where P is Poisson kernel.
Note that wp,(x) € U(E,D,v) N h(B) and wy,(z) < wppi(x) for any m € N.

By Harnack lemma lim w,, function is harmonic in B. According to the maximum
m—0oQ

principle wy,(z) > v, (x) and

lim w,, > supu;(z).

Therefore, < lim wm)* > (Supj uj(x))* = w*(x, E, D, ).

m—0o0

On the other hand since w,,(z) € U(E, D, ) then w,,(z) < w*(z, E, D, ) for all
m € N and
lim wy, <w*(z, £, D,v).

m—ro0

Consequently w*(z, E, D,v¢) = lim w, and harmonic in B and so that w*(z, E, D, ) €
—00

m

h(D\E). O
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Proposition 2. Let 1) < 1y, then w(x, E, DY) < w(x, E, D 1) for allz € D.

Proof. In fact, let E C D be set and ¢; < 1)y functions. Since U(E,D,1;) C
U(E, D,1)s), this it is true w(FE, D, 1¢1) < w(E, D, 1s). O]

Proposition 3. Let Ey C Ey C Dy C D, then
W(I7E27D272/}) S w(quhDQ;w) S w<l’,E1,D1,1/))
for all x € D;.

Proof. The proof follows from the inequality U (Esy, Do, ) C U(Ey, Do, ) C U(Ey, Dy, ).
O

Proposition 4. w*(x, E, D, 1)) is either nowhere 0 or identically 0. The latter holds
if and only iof E is pluripolar in D.

Proof. If w*(2°, E, D,+) = 0 at some point 2° € D, then by the maximum principle,
w*(z, E,D,) = 01in D. In this case, there exists z° € D, such that w(z°, E, D, )
0, because Lebesgue measure m(F) = 0, where ' = {z € D : w(z,FE,D,)
w*(z, E,D,)}. Consequently there exists u;(z) € U(E, D,1)), such that u;(x°)

)

——. Define w,(z) = > uj(x) € sh(D), then w,(x) decreasing tends to w(z

VoAl

27 j=1
lim w,(z) € sh(D). Since w(z®) > —1 then w(x) # —oo, but w|g = —oo, because
n—oo

uj(x)|p < Y(z)|p < 0. It follows, that E is polar set.

On the other hand, let F polar set. Then there exists u(x) € sh(R"), such that
u(z) # —oo,u(x)|p <0 and u(x) = —oo for all = € E. Hence %u(m) cU(E,D,)
and 1
sup Eu(x) =0, Yee D\ {z:u(zr) = —o0}.

J
Consequently there exists 2 € D, such that w*(z°, E, D, 1) = 0. Again by maximum
principle w*(x, £, D,¢) = 0. O
Proposition 5. If E CC D and{(x) lower bounded in E, then li%lD w*(z, E, D) =
z—
0.

Proof. From regularity D there exists
p(x) € sh(D), p(z) |p< 0, lim p(z) =0.
z—0D

If
o = 2
max p(z)’
el
then M - p € U(E, D,v) and lim M -p(x) = 0. Consequently lim w*(z, E, D,¢) =
0 z—0D x—0D =
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Proposition 6. Let E = |J E;, E; C D. Then for all x € D the inequality holds
j=1

W (x, B, DY) > Y w*(x, E;, D, ).
j=1

Proof. We take u; € U(E}, D, 1) and consider class {Z uj(x) :u; € U(E;, D, ¢)} C
j=1
U(E,D,1). Hence,

w(z, E,D,¢) = sup { iuj(:c) tu; € U(E;, D,¢)} =

Jj=1

ZiSUP{ug‘(iﬂ)iua‘EU } iwxEJ’de
j=1 Jj=1

Now define
P,={reD:wx E;,D¢) <w(z,E;,D,¢)}, j=1,2,3,..
and let P = |J P;, then m(P) = 0.

j=1
From here

w (%EaDﬂb) Zgl_g;zlw(y7E]7D7d}) Z
j:

y%xyeD\PZw Y j7D’¢) - Zw*(l’, Ej,DﬂP)-
7j=1

O
Proposition 7. If U C D is an open set and U = U K;, where K; C KY i1 s a

j=1
compact set, then w*(x, K;, D,v¢) | w*(z,U, D,).
Proof. By Proposition 3 we have w*(x, K;,D,¢) > w*(z, Kj41,D,). Then the
sequence w*(z, Kj, D, ) tends to some subharmonic function w(z) i.e.

lim w*(z, K, D,¢) = w(x).

j—o0
By the monotony

w*(z, K;, D,¢) > w*(z,U,D,¢),Vj € N,

and

w(z) > w*(z,U, D, ).
On the other side, by the Proposition 1 w(z) = ¢(z) for all z € J K] = U

j=1
and w(x) € U(U,D,). Consequently w(z) < w*(x,U,D,v) and hence w(x) =
w*(z,U, D, ). ]
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Proposition 8. If E C D is an arbitrary set and function (x) is continuous in
V C D, where V' some neighborhoods of E. Then there exist U; D E,U; D Ujyq such
that

(hm w(z,U;, D, w)> * =w*(z, E, D,v).

J]—00

Proof. By Lemma 2 there exists a class of countable functions {u;(x)} C U(E, D, )
such that

(swp() = (o B D.0).

Then
U = sup{uy(z), ug(z), ..., um ()}

increasing converges to sup u;(z). Hence
J

( lim vm(x)>* =w*(z, E, D, ¢¥(x)).

m—0o0
Consider open set
1
Um:{xEV:vm<¢(az)+—}.
m

It is easy to see, that U, D U,,41 and v, (z) — % € U(Up, D,1)). Then
1

U — — < w(z,Up, D,¥) <w(z,E, D), m=1,2,3, ...
m

Now we take the limit m — oo and regularization

{(tm @) - D} < { tim w0000} < { tim oo £.D )}
So that
{ lim w(x,Um,D,w)}* — "z, E, D, ).

m—ro0

Proposition 9. If ¢(x) is lower bounded function in a compact K, then
—inf (z) (v, K, D) < w'(x, K, D,¢) < —max(z) - " (z, K, D)

inequality is hold.
Proof. We take any function u(z) € U(K, D) i.e. u(z) |p< 0, u(z) |x< —1. Since
Y(z)|p < 0, we have — in}f{w(ac) >0 and — in}f{z/J(x) -u(z) € sh(D). Note that

Te s

— nf ¢(2) - u(w) [k< nf P(2) <) [k, — nfP(z) - u(@) [p<0.

zeK

Thus —inf,ex ¥ (x) -u(x) € U(K, D, ). Hence —inf, e ¥(x) - u(x) < w*(z, K, D, 1),
consequently — inf,cx ¢ (x)w*(z, K, D) < w*(x, K, D,v).
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Now we have to prove w*(z, K, D, 1) < — ma%w(a:) -w*(x, K, D). Take any func-
e
tion u(x) € U(K,D,v). The function ——%% __ is a subharmonic and satisfies the

rzneagw(z)
following inequalities
u(a) u(a) e o)
- <0, ——F—| < ———| <-L
max () max () max ()
zeK D zeK K zeK K
Hence
_L)() € U(K, D)
e
and
—L)() <w*(z, K, D).
e
Thus ‘(o K. D
_UJ (LU, ) 72/}) gw*(x,K, D)
max ()
Consequently

w(x, K,D,¢) < —mee?cv,b(a:) ~w*(z, K, D).

O

Definition 3. A point 2° € K is said to be globally y-reqular if w*(x°, K, D,v) =
Y(x0). It is said to be locally Y-regular if for any neighborhood B, 1° € B C R™ the
intersection K N B is globally v-regular at the point 1°, i.e. w*(z°, K N B, D,v{) =

().

Theorem 3. Let v € C(K). A fived point 2° € K C R™ is locally v-reqular if and
only if it is locally reqular.

Proof. Let 2° € K is not regular point of K, i.e. there exists a ball B, 2° € B C D:
w (2, KNB,D)=—-1+4§, 0<6<1.

Then
w* (2, KN By, D) > —~1+6

for any B;, 2" € B; C B. Therefore, by Proposition 9

w*(z°, KN By, D,¢) > — min_¢(z)w* (2", KN B, D) > — min_(x)(—1+9).

reKNB; reEKNB;

Since () is continuous, then choosing the neighborhood B; small enough we take

min_p(z) > L&)

rzeKNBy ]. —_ (52
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and
w*(2®, KN By, D,¢) > — min_y(z)(~1+4) >
rzeKNBy
CICRIC) 0
>(1— = .
2= —pm =15 >v@)
Hence 2° is not locally 1)-regular.

On the other hand, let 2° € K is not 1-regular i.e., there exists B, 2°¢€ B C D
such that o
W (@, KNB,D,y) =9(2°) +e, 0<e<—(a).

By using the same technique again we take
w*(2°, K N By, D,¥) > (%) + ¢
for any By, 2" € B; C B. Therefore by Proposition 9
P(a°) +e=w* (2", KN B, D) <

< (@, KBy, Do) < — max_ (o) (2, K 0By, D).
reKNB;

Since ¥ (x) is continuous, then choosing the neighborhood B; small enough we take

max_1h(x) < (a?) 4 ¢

reKNBy
Thus o
Y(%) +e < — max P(x)w*(2°, KN By, D) <
rze KNBy
< —((2%) + e)w*(2°, K N By, D).
Consequently w*(2°, K N By, D) > —1 and hence 2° is not locally regular. O

It should be noted here that the conditions for the continuity of the function v (x)
in the theorem are essential. Below we give an example, which shows, that when the
function () is discontinuous, then the theorem is false. ILe., if the function ¥ (x)
has discontinuity points, then some point g € K C R? can be a 1-regular point, but
it is not a regular point [12].

To do this, consider the following auxiliary function

S — )% +a3)
d(xy,29) =1 + 5 ln((ml — 1 +x2 kz:: k+% ,
h -3 ! k=23
where e; =1 — €p, €p = ————— =
1 k:2 k’) kJ 2k1n(k’2—|— 1)’ b b

The function ¢(xy, z5) has the following properties:
1). ¢(z1,x5) € sh(R?). In fact, for any j € N the function

((951 — )7+ 3)
k+ 4

)

¢j($171’2)—1+ ln((fl—l) + a3) +Z
k=2
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is subharmonic in R%. The sequence of subharmonic functions {¢;(x1,22)} for any
positive R, starting from the number j = [R] + 1, decreases monotonically and

lim ¢j(w1, 29) = (1, 2).
J—+oo

Hence, for any positive R the function ¢(z1, z5) is subharmonic in B(0, R). It follows
that, ¢(x1,z2) € sh(R?).

2). The point (z1,22) = (0,0) — is the discontinuity point of the function
¢(x1, 7). Indeed, gb(%,O) =—o0, (k=1,2,3,...), but

1

0,0)=1+¢1n1 1(5):
e

= 1+kz_;€kln<k:2:—1> :1—;5k1n(k2+1) =

= 1 1 1
=1-) ———— WP +1)=1-)» — =—_.
;len(lﬁz—f—l) n(k”+1) ;Qk 2

We denote by M the maximum of ¢(z1, x2) in the closure of the ball B(0, R), R > 1
ie.,

M= max  ¢(xq,z2).
(z1,22)€B(0,R)

Now, using the function ¢(x1, z3), we construct the required weight function ¢ (x1, xs)
and compact K as follows:

w(ﬂfl,ﬂfz) = W - 1, K= {(b(lCl,l’Q) < 0} QF.
Then X
UJ*((0,0),K, va) = W —1= "Lp(0,0),
but

1

It follows from this that the point (z1,z5) = (0,0) is a 1 -regular point of the
compact K, but it is not regular.

Theorem 4. Let compact set K is ¢-reqular and function ¥ (x) is continuous in K,
then w*(z, K, D,v) = w(z, K, D) € C(D).

Proof. Let K is ¢-regular i.e., w*(z, K, D, )|k = ¢ and w*(z, K, D,¢) CU(K, D, ).
Hence
w*(z, K, D) = w(z, K, D,).

Now we will prove w*(z, K, D, ) € C(D). Fix € > 0 and consider

G. ={x € D:p(x,0D) > e},
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where p(x,0D)— distance between x and 0D. It’s clear that G. CC D, then there
exists sequence function u;(z) € sh(G.) N C*(G,), such that

uj(x) | w'(z, K, D,y (z)), Yz € G..
Note that Gs. C G.. By Xartogs lemma
351 €N, Vj > j; 1 uj(z) < e, Vo € Ga.
Since D regular domain, then
dp(z) : p(z) + 2 > 0, Vo € 0Gs..

Consequently,
uj(x) — 3e < p(x), Vj > j1,Va € 0Gs..

Now we consider open sets U, = {x € U(K) : w* < ¢(x)+¢}. It’s clear that K C UL,
then again by Xartogs lemma Jj, € N, Vj > js @ uj(z) < ¢(x) + 3¢, Vo € K.
Consider function

v(ﬂU) B {max{uj(x) N 38,,0(:[‘)}, z € G,
p($)7 xGD\G%.

Then v |k < ¥ |k, v [p< 0 for j > jo = max{ji, j2}, from here
v(z) e U(K,D,y) and v(z) <w*(z, K, D, (x)).
Consequently
uj(z) —3e <w'(z, K, D,¢(x)) < uj(z), Y5> jo, Vo € Ga..

Therefore w*(x, K, D,¢(z)) is a uniform limit of the u; as j — oo, © € G5.. This
means that w*(z, K, D, ¢ (x)) € C(Ga). Since the arbitrariness of ¢,

w(z, K, D, (x)) € C(D).
Moreover D is regular and K is compact set. If we take w*|lop = 0, then from
Proposition 5 w*(z, K, D,¥(x)) € C(D).
]
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