
Bulletin of National University of Uzbekistan: Mathematics and Bulletin of National University of Uzbekistan: Mathematics and 

Natural Sciences Natural Sciences 

Volume 3 Issue 4 Article 3 

12-15-2020 

The ψ-harmonic measure and its properties The -harmonic measure and its properties 

Nurbek Narzillaev 
National University of Uzbekistan, n.narzillaev@nuu.uz 

Kobiljon Kuldoshev 
National University of Uzbekistan, qobil2407@mail.ru 

Follow this and additional works at: https://uzjournals.edu.uz/mns_nuu 

 Part of the Analysis Commons 

Recommended Citation Recommended Citation 
Narzillaev, Nurbek and Kuldoshev, Kobiljon (2020) "The ψ-harmonic measure and its properties," Bulletin 
of National University of Uzbekistan: Mathematics and Natural Sciences: Vol. 3 : Iss. 4 , Article 3. 
Available at: https://uzjournals.edu.uz/mns_nuu/vol3/iss4/3 

This Article is brought to you for free and open access by 2030 Uzbekistan Research Online. It has been accepted 
for inclusion in Bulletin of National University of Uzbekistan: Mathematics and Natural Sciences by an authorized 
editor of 2030 Uzbekistan Research Online. For more information, please contact sh.erkinov@edu.uz. 

https://uzjournals.edu.uz/mns_nuu
https://uzjournals.edu.uz/mns_nuu
https://uzjournals.edu.uz/mns_nuu/vol3
https://uzjournals.edu.uz/mns_nuu/vol3/iss4
https://uzjournals.edu.uz/mns_nuu/vol3/iss4/3
https://uzjournals.edu.uz/mns_nuu?utm_source=uzjournals.edu.uz%2Fmns_nuu%2Fvol3%2Fiss4%2F3&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/177?utm_source=uzjournals.edu.uz%2Fmns_nuu%2Fvol3%2Fiss4%2F3&utm_medium=PDF&utm_campaign=PDFCoverPages
https://uzjournals.edu.uz/mns_nuu/vol3/iss4/3?utm_source=uzjournals.edu.uz%2Fmns_nuu%2Fvol3%2Fiss4%2F3&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:sh.erkinov@edu.uz


Bulletin of National University of Uzbekistan: Mathematics and Natural Sciences

THE ψ-HARMONIC MEASURE AND ITS
PROPERTIES

Narzillaev N., Kuldoshev K.
National University of Uzbekistan, Tashkent, Uzbekistan
e-mail: n.narzillaev@nuu.uz, qobil2407@mail.ru

Abstract

It is known that, the harmonic measure of a set E, relative to a domain D,
is defined by means of subharmonic functions on D. In this article we define a
generalization of a harmonic measure and prove some of its properties.
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Introduction

The classical potential theory is based on harmonic and subharmonic functions. The
main objects of potential theory are harmonic measure, transfinite diameter, Green’s
function and condenser capacity. Nowadays, in connection with integral estimates of
polynomials in approximation questions, a harmonic measure and a Green’s function
with a certain weight function have been considered and applied. The aim of this
work is to introduce a harmonic measure with a subharmonic weight function ψ.

A harmonic measure is defined as an extremal function in the class of subharmonic
(sh) functions. Let E ⊂ D be a set in the regular domain D ⊂ Rn. Regularity of
D means, that there exists a ρ(x) ∈ sh(D) : ρ|D < 0, lim

x→∂D
ρ(x) = 0. We denote by

U(E,D) the class of all functions u(x) ∈ sh(D), such that u|E < −1, u|D < 0 and
let ω(x,E,D) = sup {u(x) : u(x) ∈ U(E,D)}.

Definition 1. The regularization ω∗(x,E,D) = lim
ξ→x

ω(ξ, E,D) = lim
ε→0

sup
x∈B(0,ε)

ω(x,E,D)

is called the harmonic measure of E with respect to D [1, 2, 4].

The following well-known theorems are often used in the work below.

Lemma 1 (Hartog’s). Suppose that g(x) is a continuous function in a domain D and
uj(x) is a sequence of locally uniformly upper-bounded subharmonic functions such
that

lim
j→∞

uj(x) ≤ g(x) (1)

at each point x ∈ D. Then, on any compact set K ⊂⊂ D, inequality (1) holds
uniformly, that is, for each ε > 0 there exists an integer j0 such that uj(x) ≤ g(x)+ε,
for each x ∈ K and each j ≥ j0.
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Let uα be a family of upper semi-continuous functions on D ⊂ Rn which is locally
bounded from above. Then the upper envelope

u = sup
α
uα

need not be upper semi-continuous, so we consider its “upper semi-continuous regu-
larization”

u∗(x) = lim
ε→0

sup
x∈B(0,ε)

u(x).

It is easy to check that u∗ is upper semi-continuous and that u∗ is the smallest
upper semi-continuous function u.

Lemma 2 (Choquet). Every family uα has a countable subfamily uαj
whose upper

envelope v = sup
j
uαj

satisfies v ≤ u ≤ u∗ = v∗ [8, 9, 10, 11].

Theorem 1. Consider in a domain D, a subharmonic function u(x) and take its
trace u|S on the boundary S of a fixed ball B(x0, r) ⊂⊂ D. Then the function

ω(x) =

{ ∫
S

u(y)P(x, y)dσ(y), if x ∈ B,

u(x), if x ∈ D \B,

where P(x, y) =
r2 − |x− x0|2

σnr|x− y|n
is Poisson kernel, is subharmonic in D, harmonic in

B : ω(x) ∈ sh(D) ∩ h(B).

1 Weighted harmonic measure

Let D ⊂ Rn be a regular bounded domain, E ⊂ D be any set and ψ(x) ∈ sh(D)
negative function in D. We denote by U(E,D, ψ) the class of all functions u(x) ∈
sh(D), such that u|E ≤ ψ(x)|E, u|D < 0 and let

ω(x,E,D, ψ) = sup{u(x) : u(x) ∈ U(E,D, ψ)}.

Definition 2. The function ω∗(x,E,D, ψ) = lim
ξ→x

ω(ξ, E,D, ψ) is called the ψ-harmonic

measure of E with respect to D.

Note that ω∗(x,E,D,−1) coincides with the harmonic measure of the classical
potential theory, i.e. ω∗(x,E,D,−1) = ω∗(x,E,D). The function ω∗(x,E,D, ψ)
satisfies many of the properties of ω∗(x,E,D).

Below we list some properties of a ψ-harmonic measure.

Proposition 1. The relations ω∗(x,E,D, ψ) ≥ ψ(x) and ω∗(x,E,D, ψ)|E0 ≡ ψ(x)|E0

are hold, where E0 is interior of E.
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Proof. The first is obvious, since ψ(x) ∈ U(E,D, ψ). Note that ω(x,E,D, ψ) |E=
ψ(x) |E. Every point x ∈ E0 lies in E0 along with some its neighborhood. So that

ω∗(x0, E,D, ψ) = lim
y→x0

ω(y, E,D, ψ) ≤ lim
y→x0

ψ(y) ≤ ψ(x0).

Hence
ω∗(x,E,D, ψ)|E0 ≤ ψ(x)|E0

and consequently
ω∗(x,E,D, ψ)|E0 ≡ ψ(x)|E0 .

Theorem 2. ω∗(x,E,D, ψ) ∈ sh(D) ∩ h(D \ E).

Proof. We know that the regularization of supremum function of the class uniformly
bounded subharmonic functions is a subharmonic function. So ω∗(x,E,D, ψ) is sub-
harmonic in D.

By Lemma 2 there exists a class of countable functions {uj(x)} ⊂ U(E,D, ψ)
such that

(sup
j
uj(x))∗ = ω∗(x,E,D, ψ).

Consider
vm = sup{u1(x), u2(x), ..., um(x)}.

Evidently vm ∈ U(E,D, ψ) and increasing converges to sup
j
uj(x). We take a ball

B ⊂⊂ D \ E and consider

ωm(x) =

{ ∫
∂B

vm(y)P(x, y)dσ(y), if x ∈ B;

vm(x), if x ∈ D \B,
where P is Poisson kernel.

Note that ωm(x) ∈ U(E,D, ψ) ∩ h(B) and ωm(x) ≤ ωm+1(x) for any m ∈ N.
By Harnack lemma lim

m→∞
ωm function is harmonic in B. According to the maximum

principle ωm(x) ≥ vm(x) and

lim
m→∞

ωm ≥ sup
j
uj(x).

Therefore,
(

lim
m→∞

ωm

)∗
≥
(
supj uj(x)

)∗ ≡ ω∗(x,E,D, ψ).

On the other hand since ωm(x) ∈ U(E,D, ψ) then ωm(x) ≤ ω∗(x,E,D, ψ) for all
m ∈ N and

lim
m→∞

ωm ≤ ω∗(x,E,D, ψ).

Consequently ω∗(x,E,D, ψ) = lim
m→∞

ωm and harmonic inB and so that ω∗(x,E,D, ψ) ∈
h(D \ E).
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Proposition 2. Let ψ1 ≤ ψ2, then ω(x,E,D, ψ1) ≤ ω(x,E,D, ψ2) for all x ∈ D.

Proof. In fact, let E ⊂ D be set and ψ1 ≤ ψ2 functions. Since U(E,D, ψ1) ⊂
U(E,D, ψ2), this it is true ω(E,D, ψ1) ≤ ω(E,D, ψ2).

Proposition 3. Let E1 ⊂ E2 ⊂ D1 ⊂ D2, then

ω(x,E2, D2, ψ) ≤ ω(x,E1, D2, ψ) ≤ ω(x,E1, D1, ψ)

for all x ∈ D1.

Proof. The proof follows from the inequality U(E2, D2, ψ) ⊂ U(E1, D2, ψ) ⊂ U(E1, D1, ψ).

Proposition 4. ω∗(x,E,D, ψ) is either nowhere 0 or identically 0. The latter holds
if and only if E is pluripolar in D.

Proof. If ω∗(x0, E,D, ψ) = 0 at some point x0 ∈ D, then by the maximum principle,
ω∗(x,E,D, ψ) ≡ 0 in D. In this case, there exists x0 ∈ D, such that ω(x0, E,D, ψ) ≡
0, because Lebesgue measure m(F ) = 0, where F = {x ∈ D : ω(x,E,D, ψ) <
ω∗(x,E,D, ψ)}. Consequently there exists uj(x) ∈ U(E,D, ψ), such that uj(x0) >

− 1

2j
. Define wn(x) =

n∑
j=1

uj(x) ∈ sh(D), then wn(x) decreasing tends to w(x) =

lim
n→∞

wn(x) ∈ sh(D). Since w(x0) > −1 then w(x) 6≡ −∞, but w|E ≡ −∞, because
uj(x)|E ≤ ψ(x)|E < 0. It follows, that E is polar set.

On the other hand, let E polar set. Then there exists u(x) ∈ sh(Rn), such that
u(x) 6≡ −∞, u(x)|D < 0 and u(x) = −∞ for all x ∈ E. Hence 1

j
u(x) ∈ U(E,D, ψ)

and
sup
j

1

j
u(x) ≡ 0, ∀x ∈ D \ {x : u(x) = −∞}.

Consequently there exists x0 ∈ D, such that ω∗(x0, E,D, ψ) = 0. Again by maximum
principle ω∗(x,E,D, ψ) ≡ 0.

Proposition 5. If E ⊂⊂ D and ψ(x) lower bounded in E, then lim
x→∂D

ω∗(x,E,D, ψ) =

0.

Proof. From regularity D there exists

ρ(x) ∈ sh(D), ρ(x) |D< 0, lim
x→∂D

ρ(x) = 0.

If

M =
inf
x∈E

ψ(x)

max
x∈E

ρ(x)
,

then M · ρ ∈ U(E,D, ψ) and lim
x→∂D

M ·ρ(x) = 0. Consequently lim
x→∂D

ω∗(x,E,D, ψ) =

0.
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Proposition 6. Let E =
∞⋃
j=1

Ej, Ej ⊂ D. Then for all x ∈ D the inequality holds

ω∗(x,E,D, ψ) ≥
∞∑
j=1

ω∗(x,Ej, D, ψ).

Proof. We take uj ∈ U(Ej, D, ψ) and consider class

{
∞∑
j=1

uj(x) : uj ∈ U(Ej, D, ψ)

}
⊂

U(E,D, ψ). Hence,

ω(x,E,D, ψ) ≥ sup
{ ∞∑

j=1

uj(x) : uj ∈ U(Ej, D, ψ)
}

=

=
∞∑
j=1

sup
{
uj(x) : uj ∈ U(Ej, D, ψ)

}
=
∞∑
j=1

ω(x,Ej, D, ψ).

Now define

Pj = {x ∈ D : ω(x,Ej, D, ψ) < ω∗(x,Ej, D, ψ)}, j = 1, 2, 3, ...

and let P =
∞⋃
j=1

Pj, then m(P ) = 0.

From here

ω∗(x,E,D, ψ) ≥ lim
y→x

∞∑
j=1

ω(y, Ej, D, ψ) ≥

≥ lim
y→x,y∈D\P

∞∑
j=1

ω∗(y, Ej, D, ψ) =
∞∑
j=1

ω∗(x,Ej, D, ψ).

Proposition 7. If U ⊂ D is an open set and U =
∞⋃
j=1

Kj, where Kj ⊂ K0
j+1 is a

compact set, then ω∗(x,Kj, D, ψ) ↓ ω∗(x, U,D, ψ).

Proof. By Proposition 3 we have ω∗(x,Kj, D, ψ) ≥ ω∗(x,Kj+1, D, ψ). Then the
sequence ω∗(x,Kj, D, ψ) tends to some subharmonic function ω(x) i.e.

lim
j→∞

ω∗(x,Kj, D, ψ) = ω(x).

By the monotony

ω∗(x,Kj, D, ψ) ≥ ω∗(x, U,D, ψ), ∀j ∈ N,

and
ω(x) ≥ ω∗(x, U,D, ψ).

On the other side, by the Proposition 1 ω(x) = ψ(x) for all x ∈
∞⋃
j=1

K0
j = U

and ω(x) ∈ U(U,D, ψ). Consequently ω(x) ≤ ω∗(x, U,D, ψ) and hence ω(x) =
ω∗(x, U,D, ψ).
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Proposition 8. If E ⊂ D is an arbitrary set and function ψ(x) is continuous in
V ⊂ D, where V some neighborhoods of E. Then there exist Uj ⊃ E,Uj ⊃ Uj+1 such
that (

lim
j→∞

ω(x, Uj, D, ψ)

)∗
= ω∗(x,E,D, ψ).

Proof. By Lemma 2 there exists a class of countable functions {uj(x)} ⊂ U(E,D, ψ)
such that (

sup
j
uj(x)

)∗
= ω∗(x,E,D, ψ).

Then
vm = sup{u1(x), u2(x), ..., um(x)}

increasing converges to sup
j
uj(x). Hence

(
lim
m→∞

vm(x)
)∗

= ω∗(x,E,D, ψ(x)).

Consider open set

Um =
{
x ∈ V : vm < ψ(x) +

1

m

}
.

It is easy to see, that Um ⊃ Um+1 and vm(x)− 1
m
∈ U(Um, D, ψ). Then

vm −
1

m
≤ ω(x, Um, D, ψ) ≤ ω(x,E,D, ψ), m = 1, 2, 3, ....

Now we take the limit m→∞ and regularization{
( lim
m→∞

(vm(x)− 1

m
)
}∗
≤
{

lim
m→∞

ω(x, Um, D, ψ)
}∗
≤
{

lim
m→∞

ω(x,E,D, ψ)
}∗
.

So that {
lim
m→∞

ω(x, Um, D, ψ)
}∗

= ω∗(x,E,D, ψ).

Proposition 9. If ψ(x) is lower bounded function in a compact K, then

− inf
K
ψ(x) · ω∗(x,K,D) ≤ ω∗(x,K,D, ψ) ≤ −max

K
ψ(x) · ω∗(x,K,D)

inequality is hold.

Proof. We take any function u(x) ∈ U(K,D) i.e. u(x) |D< 0, u(x) |K≤ −1. Since
ψ(x)|D < 0, we have − inf

x∈K
ψ(x) > 0 and − inf

x∈K
ψ(x) · u(x) ∈ sh(D). Note that

− inf
x∈K

ψ(x) · u(x) |K≤ inf
x∈K

ψ(x) ≤ ψ(x) |K , − inf
x∈K

ψ(x) · u(x) |D< 0.

Thus − infx∈K ψ(x) ·u(x) ∈ U(K,D,ψ). Hence − infx∈K ψ(x) ·u(x) ≤ ω∗(x,K,D, ψ),
consequently − infx∈K ψ(x)ω∗(x,K,D) ≤ ω∗(x,K,D, ψ).
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Now we have to prove ω∗(x,K,D, ψ) ≤ −max
x∈K

ψ(x) · ω∗(x,K,D). Take any func-

tion u(x) ∈ U(K,D,ψ). The function − u(x)
max
x∈K

ψ(x)
is a subharmonic and satisfies the

following inequalities

− u(x)

max
x∈K

ψ(x)

∣∣∣∣∣∣
D

< 0, − u(x)

max
x∈K

ψ(x)

∣∣∣∣∣∣
K

≤ −
max
x∈K

ψ(x)

max
x∈K

ψ(x)

∣∣∣∣∣∣
K

≤ −1.

Hence
− u(x)

max
x∈K

ψ(x)
∈ U(K,D)

and
− u(x)

max
x∈K

ψ(x)
≤ ω∗(x,K,D).

Thus
−ω

∗(x,K,D, ψ)

max
x∈K

ψ(x)
≤ ω∗(x,K,D).

Consequently
ω∗(x,K,D, ψ) ≤ −max

x∈K
ψ(x) · ω∗(x,K,D).

Definition 3. A point x0 ∈ K is said to be globally ψ-regular if ω∗(x0, K,D, ψ) =
ψ(x0). It is said to be locally ψ-regular if for any neighborhood B, x0 ∈ B ⊂ Rn the
intersection K ∩ B̄ is globally ψ-regular at the point x0, i.e. ω∗(x0, K ∩ B̄,D, ψ) =
ψ(x0).

Theorem 3. Let ψ ∈ C(K). A fixed point x0 ∈ K ⊂ Rn is locally ψ-regular if and
only if it is locally regular.

Proof. Let x0 ∈ K is not regular point of K, i.e. there exists a ball B, x0 ∈ B ⊂ D:

ω∗(x0, K ∩B,D) = −1 + δ, 0 < δ < 1.

Then
ω∗(x0, K ∩B1, D) ≥ −1 + δ

for any B1, x0 ∈ B1 ⊂ B. Therefore, by Proposition 9

ω∗(x0, K ∩B1, D, ψ) ≥ − min
x∈K∩B1

ψ(x)ω∗(x0, K ∩B1, D) ≥ − min
x∈K∩B1

ψ(x)(−1 + δ).

Since ψ(x) is continuous, then choosing the neighborhood B1 small enough we take

min
x∈K∩B1

ψ(x) ≥ ψ(x0)

1− δ2
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and
ω∗(x0, K ∩B1, D, ψ) ≥ − min

x∈K∩B1

ψ(x)(−1 + δ) ≥

≥ (1− δ) ψ(x0)

1− δ2
=
ψ(x0)

1 + δ
> ψ(x0).

Hence x0 is not locally ψ-regular.
On the other hand, let x0 ∈ K is not ψ-regular i.e., there exists B, x0 ∈ B ⊂ D

such that
ω∗(x0, K ∩B,D, ψ) = ψ(x0) + ε, 0 < ε < −ψ(x0).

By using the same technique again we take

ω∗(x0, K ∩B1, D, ψ) ≥ ψ(x0) + ε

for any B1, x0 ∈ B1 ⊂ B. Therefore by Proposition 9

ψ(x0) + ε = ω∗(x0, K ∩B,D, ψ) ≤

≤ ω∗(x0, K ∩B1, D, ψ) ≤ − max
x∈K∩B1

ψ(x)ω∗(x0, K ∩B1, D).

Since ψ(x) is continuous, then choosing the neighborhood B1 small enough we take

max
x∈K∩B1

ψ(x) < ψ(x0) + ε.

Thus
ψ(x0) + ε ≤ − max

x∈K∩B1

ψ(x)ω∗(x0, K ∩B1, D) <

< −(ψ(x0) + ε)ω∗(x0, K ∩B1, D).

Consequently ω∗(x0, K ∩B1, D) > −1 and hence x0 is not locally regular.

It should be noted here that the conditions for the continuity of the function ψ(x)
in the theorem are essential. Below we give an example, which shows, that when the
function ψ(x) is discontinuous, then the theorem is false. I.e., if the function ψ(x)
has discontinuity points, then some point x0 ∈ K ⊂ R2 can be a ψ-regular point, but
it is not a regular point [12].

To do this, consider the following auxiliary function

φ(x1, x2) = 1 +
ε1
2

ln((x1 − 1)2 + x22) +
∞∑
k=2

εk
2

ln
((x1 − 1

k
)2 + x22)

k + 1
k

,

where ε1 = 1−
∞∑
k=2

εk, εk =
1

2k ln(k2 + 1)
, k = 2, 3, . . . .

The function φ(x1, x2) has the following properties:
1). φ(x1, x2) ∈ sh(R2). In fact, for any j ∈ N the function

φj(x1, x2) = 1 +
ε1
2

ln((x1 − 1)2 + x22) +

j∑
k=2

εk
2

ln
((x1 − 1

k
)2 + x22)

k + 1
k

,
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is subharmonic in R2. The sequence of subharmonic functions {φj(x1, x2)} for any
positive R, starting from the number j = [R] + 1, decreases monotonically and

lim
j→+∞

φj(x1, x2) = φ(x1, x2).

Hence, for any positive R the function φ(x1, x2) is subharmonic in B(0, R). It follows
that, φ(x1, x2) ∈ sh(R2).

2). The point (x1, x2) = (0, 0) − is the discontinuity point of the function
φ(x1, x2). Indeed, φ( 1

k
, 0) = −∞, (k = 1, 2, 3, . . .), but

φ(0, 0) = 1 + ε1 ln 1 +
∞∑
k=2

εk ln
( 1

k

k + 1
k

)
=

= 1 +
∞∑
k=2

εk ln
( 1

k2 + 1

)
= 1−

∞∑
k=2

εk ln(k2 + 1) =

= 1−
∞∑
k=2

1

2k ln(k2 + 1)
ln(k2 + 1) = 1−

∞∑
k=2

1

2k
=

1

2
.

We denote byM the maximum of φ(x1, x2) in the closure of the ball B(0, R), R > 1
i.e.,

M = max
(x1,x2)∈B(0,R)

φ(x1, x2).

Now, using the function φ(x1, x2), we construct the required weight function ψ(x1, x2)
and compact K as follows:

ψ(x1, x2) =
φ(x1, x2)

M
− 1, K = {φ(x1, x2) < 0} ∩B.

Then
ω∗((0, 0), K,B, ψ) =

1

2M
− 1 = ψ(0, 0),

but
ω∗((0, 0), K,B) =

1

2M
− 1 > −1.

It follows from this that the point (x1, x2) = (0, 0) is a ψ -regular point of the
compact K, but it is not regular.

Theorem 4. Let compact set K is ψ-regular and function ψ(x) is continuous in K,
then ω∗(x,K,D, ψ) ≡ ω(x,K,D, ψ) ∈ C(D).

Proof. LetK is ψ-regular i.e., ω∗(x,K,D, ψ)|K = ψ and ω∗(x,K,D, ψ) ⊂ U(K,D,ψ).
Hence

ω∗(x,K,D, ψ) = ω(x,K,D, ψ).

Now we will prove ω∗(x,K,D, ψ) ∈ C(D). Fix ε > 0 and consider

Gε = {x ∈ D : ρ(x, ∂D) > ε},
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where ρ(x, ∂D)− distance between x and ∂D. It’s clear that Gε ⊂⊂ D, then there
exists sequence function uj(x) ∈ sh(Gε) ∩ C∞(Gε), such that

uj(x) ↓ ω∗(x,K,D, ψ(x)), ∀x ∈ Gε.

Note that G2ε ⊂ Gε. By Xartogs lemma

∃j1 ∈ N, ∀j > j1 : uj(x) < ε, ∀x ∈ G2ε.

Since D regular domain, then

∃ρ(x) : ρ(x) + 2ε > 0, ∀x ∈ ∂G2ε.

Consequently,
uj(x)− 3ε < ρ(x), ∀j > j1,∀x ∈ ∂G2ε.

Now we consider open sets Uε = {x ∈ U(K) : ω∗ < ψ(x) + ε}. It’s clear that K ⊂ Uε,
then again by Xartogs lemma ∃j2 ∈ N, ∀j > j2 : uj(x) < ψ(x) + 3ε, ∀x ∈ K.
Consider function

v(x) =

{
max{uj(x)− 3ε, ρ(x)}, x ∈ G2ε,

ρ(x), x ∈ D \G2ε.

Then v |K≤ ψ |K , v |D≤ 0 for j > j0 = max{j1, j2}, from here

v(x) ∈ U(K,D,ψ) and v(x) ≤ ω∗(x,K,D, ψ(x)).

Consequently

uj(x)− 3ε ≤ ω∗(x,K,D, ψ(x)) ≤ uj(x), ∀j > j0, ∀x ∈ G2ε.

Therefore ω∗(x,K,D, ψ(x)) is a uniform limit of the uj as j → ∞, x ∈ G2ε. This
means that ω∗(x,K,D, ψ(x)) ∈ C(G2ε). Since the arbitrariness of ε,

ω∗(x,K,D, ψ(x)) ∈ C(D).

Moreover D is regular and K is compact set. If we take ω∗|∂D = 0, then from
Proposition 5 ω∗(x,K,D, ψ(x)) ∈ C(D).
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