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WEIGHTED m—SUBHARMONIC MEASURE
AND (m,y) —REGULARITY OF COMPACTS
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e-mail: qobiljonmath@gmail.com, n.narzillaev@nuu.uz

Abstract

It is known that, the m—subharmonic measure of a set E C D, related to
a domain D C C", is defined by m—subharmonic functions in D. In this article
we define a generalization of the m—subharmonic measures and prove some of
their properties.

Keywords: m—subharmonic function, m—subharmonic measure, weighted
m—subharmonic measure, m—polar set, m—regular compact, (m,v)—regular
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Introduction

The pluripotential theory is based on plurisubharmonic (psh) functions and it is
related to the Monge-Amper operator (ddC )", here as usual d = 0+ 0, d° = 4;6,
0= 2dn +2dzn+ ..+ dz, 0= dz1—|— 2 dZ + ...+ 52 dZ, and dd° = £00.

This theory is based on researches in numerous fundamental works of E. Bedford A.
Taylor [6], A. Sadullaev |2, 3, 4], J. Siciak |7] and others.

The theory of m—subharmonic (sh,,) functions plays an important role in the
potential theory. It expands and develops the pluripotential theory, which is the main
subject for studying analytic functions of several complex variables and plurisubhar-
monic functions.

The sh,, functions are related to the operators

(ddu)™ A "™, 1<m<mn, (1)

where 3 = dd° |z|* = 13" dz; A dz; is canonical (1,1) form in C™.

i=1
Then dV;,, = &3" is the volume form in C". Since (dd“u) A f"~* = Auf™ and
(dd°w)™ = (u; ) dV, = <8z 35, ) dV,,, then operator (1) gives the Laplase operator
for m = 1 and the Monge-Ampere operator for m = n. The operator (1) is called
the complex operator in Hessians, as it can be shown that (dd‘u)™ A "™ =
m! (n —m)!H,, (u) ", where H,, (u) = > Ajy - Ajy oo A, — is the Hessian

1<1<g2<...<jm<n

of dimension m of the eigenvalue vector A = (A1, g, ..., A,) of the matrix (uj,;) . The
Potential theory related to the class of sh,, functions was constructed in the works
[1, 2, 5|. In their studies, the class of sh,, functions was defined in the class of
integrable functions L;, (D).
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Definition 1. Letu € C? (D), where D C C", is called m— subharmonic (1 < m < n)
at the point 2° € D, if the eigenvalues A (u) = (A (u), A2 (), ..., A, (w)) of the matriz
(w;z)] _o belong to Ty = {A: Hi (A\) >0, Hy (A) >0, ..., Hy, (A) 20} . A function

u € C* (D) is called m— subharmonic in D if it is m— subharmonic at every point
of 2° € D.

In other words, a function u € C? (D) is called m—subharmonic if the conditions
(ddew)* A g% >0, Vk =1, 2,..., m, holds.

It is known that for all twice differentiable m— subharmonic functions
U, V1, Vo, ..., U1 it 18 true

dd“u N ddvy A ddvy A ... A dd vy A ST > 0. (2)

Moreover, if a twice differentiable function u satisfies (2) for all twice differentiable
m—subharmonic functions vy, vg, ..., v,,—1 then u is necessarily m—subharmonic

function. Using this, we can define m—subharmonic functions in the class L;,. (D).

Definition 2. A function u € L}, (D) is called m—subharmonic in a domain D C
C™, if it is upper semicontinuous and for any twice differentiable m—subharmonic
functions vy, ve, ..., Uym_1 the current dd“u A ddvy A ddve A ... N\ ddv,,—1 A ™™
defined as

[ddcu A ddvy A ddvy A ... A ddv,—1 A B”’m} (w) =

= [uAddv Addvs A ... AN ddvy—q AP ddw, w € FO.9 45 positive,
/u A dd°vy ANddva A ... ANddvy,—1 AN BV ANddCw >0, Yw > 0.

Definition 3. A set E C D is called m—polar in D, if there exist a function u(z) €
shm (D), u(z) # —oo, such that u|, = —oo.

The main objects of pluripotential theory are a plurisubharmonic measure (P-
measure), a Green’s function and a condenser capacity for plurisubharmonic functions
(see [4, 6, 7, 8]). Nowadays, in connection with integral estimates of polynomials in
approximation questions, the plurisubharmonic measure and the Green’s function
with a certain weight function have been investigated in the works [10, 11, 12]. The
aim of this work is to introduce a m—subharmonic measure (P,,— measure) with a
weighted function .

The m— subharmonic measure is defined as an extremal function in the class of
m—subharmonic (sh,,) functions. Let E C D be some subset of the domain D C C™.
For simplicity, we assume that D is strongly m—convex, i.e. D ={z € C": p(2) < 0},
where p (z) is a continuous and m—subharmonic function in some neighborhood G,
of D, G D D. We denote by U(E, D) the class of all functions u € sh,, (D), such that
ulp < =1, ulp <0andlet w(z, E,D) =sup{u(z): u(z) €cU(E,D)}.

Definition 4. The reqularization

w*(z,E,D) = limw (w, B, D) =lim sup w(w,E,D)

w—z e—0 wEB(z,e)

77



Volume 6, Issue 2 (2023)

is called the m— subharmonic measure (Pp,— measure) of E with respect to D (see

/1, 2]).
Let D C C™ be a domain and K C D a compact.

Definition 5. A point 2° € K is said to be globally m— regular if w* (2, K, D) = —1.
It is said to be locally m— reqular if for any neighborhood B,z € B C C", the
intersection KN B is globally m— regular at the point 2°, i.e. w* (20, KN B, D) = —1.
If all points of the compact K are m— reqular, then K is called a m— regqular compact
[1, 2].

The following work uses Hartogs and Choquet’s lemmas.

Lemma 1 (Hartogs’, see [2]). Suppose that g(z) is a continuous real valued function
in a domain D C C" and u;(z),j € N, is a sequence of locally uniformly upper
bounded subharmonic functions such that

lim u; (2) < g(2)
j—o0
at each point z € D. Then for any compact set K C D, for any € > 0 there exists an
integer jo such that u; (z) < g(2) +¢, for each z € K and each j > jo.
Let u, be a family of upper semicontinuous functions in D C C™ which is locally

uniformly bounded from above. Then the upper envelope u (z) = supu, (2) is not

always upper semicontinuous. But if we consider we define the upper semicontinuous

regularization u* (z) = lim sup w(w), where B(z, ) C D is a ball. It is easy to
€0 weB(z,¢)
check that u* is upper semicontinuous.

Lemma 2 (Choquet, see [2, 9]). Every family {u,} has a countable subfamily {uaj}

whose upper envelope v = sup {uaj} satisfies the conditions v < u < u* = v*.
J

Theorem 1 (see [2]). Let {u,(2)}, a € A, be an arbitrary locally uniformly upper
bounded family of m—subharmonic functions in the domain D C C" and u(z) =
sup {uq (2)}. Then the regularization u* (z) of u(z) is an m—subharmonic function

m D.

1 Weighted m—subharmonic measure and its pro-
porties

Let D C C" be a strongly m—convex domain, £ C D be any fixed set and (z)
be bounded and negative function in E. We denote by U (E, D, 1) the class of all
functions u (2) € shy, (D), such that u|, < ¥|,, u|, <0 and let

w(z, E, D, ¢¥)=sup{u(z): u(z) eU(E, D,¢)}.

78



Bulletin of National University of Uzbekistan: Mathematics and Natural Sciences

Definition 6. The function

w*(z, E, D, v) = lim w (w, E, D, )

w—r2
is called a (m, 1) —subharmonic measure (P, ,—measure) of E with respect to D.

Note that w* (z, E, D, —1) coincides with the P,, measure in the classical po-
tential theory, i.e. w*(z,E,D,—1) = w*(z, E, D). According to the theorem 1 the
function w* (z, F, D, v) is m—subharmonic and possesses many properties of the
w*(z, B, D).

Below we list some properties of the P, ,—measure.

Proposition 1. (monotonicity)
a) let 1|y < Yol . Then w* (2, E, D, ¢n) < w*(z, E, D, 1) for all z € D.

b) let By C E5 C Dy C Dy. Then
w* (Za EQv D27 'l/}) S w* (Z7 E17 D27 ¢) S w* (Z, E17 Dla @D) fOT a’ll PSS Dl-

Proposition 2 (On two constants Theorem). If the function u (z) is m—subharmonic
in the domain D C C" and u|, < C, u|p < ¢, where E C D, then the inequality

w* (z, E, D) w* (2, E, D, )
e S RIS AT e

holds for all z € D.

Proposition 3. Let £ = |J E;, E; C D. Then for all = € D the inequality
j=1
w*(z, E, D, ) > > w*(z, E;, D, ) holds.
j=1

Proof. Take Yu; € U (E;, D, 1) and consider the class
{ZUJ' (Z) DUy < Z/{(Ej, D, ’(/1)} .
j=1

oo
Since u; is m—subharmonic and negative in D, it follows that the sum ) w; (2) is also
j=1

m—subharmonic function in D. We can easily check that Y u; (2) € U (E, D, ).
j=1

Hence, {i u; (2): u; €U (B, D, w)} CU(E, D, ¢) and
=1

CL)(Z, E7 D7 w> Zsup{iuj (Z> LUy GZ/{(E]', l)7 2/})} =

J=1
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Zup{uj :ujeu(EjvDvw)}:ZW(Ej’Da¢)'

j=1

Now we investigate the sets
Pi={2€D:w(zE;,D,v) <w"(2,E;,D,¢)},jeN.
We know that sets P; are m— polar, and their Lebesgue measure is zero. Therefore,

oo o0
the Lebesgue measure of P = |J P; is also zero, i.e. mes(P) = mes (U P]> =
i=1 =1

Now we take an upper regularization.

W (2, E, D, ) >Tm > w(z, Ej, D, ¢) >

w—rz £

1 D = “(z, E;, D .
—wﬁztﬁgD\pr By Dy ) =3 w5 By D)
The Proposition is proved. O

Proposition 4. If E CC D, then liIngw*(z, E, D, ¢)=0.
zZ—r

Proof. Since D is a strongly m—convex domain, there exists a function such that
p(z) € shy, (D) C (D), lirngp(z) = 0. It followed that C' - p(2) € U (E, D, ¢),
2—

inf 9(z)
where C' = ==£ So, from the relations C'-p < w*(z, £, D, ¥) < 0 and lilng C-p=
z—

max p(z) "
z€EE

0, we get li%lD w*(z, E, D,v) = 0. The Proposition is proved. ]
zZ—r

Proposition 5. Let E CC Dy and D; C Dy, | D; =D, j € N. Then

J=1

hm W* (Za E7 Dj7 ¢> :W* (”27 E7 D7 ¢)

J—00

Proof. According to the proposition 1, the inequality

w* (2, E, Dj, ) > w* (2, E, Dji1, ¢) is valid. It follows that w* (2, E, D;, ) is de-

creasing with respect to j and lim w* (2, E, D;, ¢) exists and lim w* (2, £, D;, ¢) =
j—o0

Jj—o0
w (z) € shy, (D). Therefore the inequality
lim w* (2, E, Dj, ¥) >w* (2, E, D, ¢)

j—00

holds for all z € D.
Now we have to show that lim w* (2, E, D;, v) < w* (2, E, D, ¢). We choose

J—00

g; > 0 so that the following relationships hold {z € D : p < —¢;} C D;, where
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p € shy (D), lim p(z) =0 and lim ¢; = 0. Take an arbitrary v € U (E, D;, ¢)
z2—0D j—o0

and consider the function

o(z) = max{u — C¢;, Cp}, z € D;
N Cp, z € D\D; ’
inf (z)
where C' = ff;;p(z). It is not difficult to see that v € U (E, D, ¢) and u(z) — Ce; <
2€E

v(z) < w*(z, E, D, ) for all z € D;. Since v € U(E, D;, ¢) is arbitrary, the

inequality w* (2, E, Dj, ¢) —Ce; <w*(z, E, D, ) holds for arbitrary z € D;. As a

result, one has the inequality lim w* (2, E, D;, ) < w*(z, E, D, ) for all z € D.
j—o00

The proof is over. O

Proposition 6. ) let E C D be an arbitrary set and a function 1 (z) be a lower
semicontinuous in V. C D, where V' some neighborhoods of E. Then there exists
a sequence of open sets U; D E, U; D Ujyq such that

(lim w* (2, U;, D, 7,0)) =w"(z, E, D, 9).
j—o0
b) let U C D be an open set and U = |J K, where K; C KJ(-)Jrl are a compact sets
j=1
and 1 (z) is an upper semicontinuous function in U. Then
w* (z, Kj, D, ) Ll w" (2, U, D, ¢).
Proof. a) By Lemma 2 there exists a class of countable functions {ux} C U (E, D, )

such that (sup Up, (z)) =w* (2, £, D, ¢). It is evident that the functional sequence
k

vj(2) =sup{u (2), uz(2), ..., uj(2)} is increasing and

(hm v; (z))* — W (2, E, D, ).

j—00

Now take the sets U; = {x eD:v;<vY(z)+ %} , j € N. The sets U; are open

because the functions v; (z) — 1 (z) are upper semicontinuous. It is easy to see,

that U; D Uj;q and v; — % € U (Uj, D, ¢) for all j € N. By proposition 1, we get

w* (2,U;, D, ¢) <w*(z, E, D, ), Vj € N. On the other hand vj—% <w(z, Uj;, D,¢), Vje
N. As a result,

1
U]——SCL)(Z, U]a Daw)SW*(za E7D7¢)7 VJGN
J

Now we take the limit 7 — oo and the regularization:

{nggnm <vm (=) - %) } < {gm w(z, U, D, w>}* < {gm w(z B, D, w>}*.
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Consequently { lim w(z, U;, D, w)} =w(z, E, D, ¢). The proof of a) is over.
m—0o0

b) By proposition 1 we have w* (2, K;, D, ¢) > w* (2, K41, D, ¢) . The functions
w* (2, K;, D, ¢) are decreasing m—subharmonic, and there are limit is m—subharmonic,
Le. lim w* (2, Kj, D, ¥) =w (2), w(z) € shy, (D).

j—o0
By the monotony w*(z, K;, D, ¢) > w*(z,U, D,¢), ¥j € N and w(z) >
w*(z, U, D, ) for all z € D. Now we have to show that w(z) < w* (z U, D, 1

).

Since the function 1 (z) is an upper semicontinuous in U for Vz € U K; = U,
j=1

3jo, Vi > jo, w*(z, K, D, ) < 1 (z). It follows from this that w (2)|, < ¥ (2)|x -

Therefore w (z) € U (U, D,v) and w (z) < w* (z,U, D, ¥). The proof of the Proposi-

tion is over. [
Proposition 7. The inequality

—infu(2) - (2, B, D) w (2 B, D,v) < —supts () -w* (2, B, D), ¥z € D (3)

zelR zeE
holds for any set E C D.

It follows from inequality (3) that The measure w* (z, E, D, 1)) is either nowhere
0 or identically 0. The latter holds if and only if E is m—polar in D.

Proof. Take an arbitrary function u (2) € U (E, D) ie. u(2)|y < -1, u(2)|, <0.

Since ¢ (2)|p < 0, we have — injfE@D (2) > 0 and — 1n£¢( z)-u(z) € shy, (D). Note
ze zE
that

—inf g (2) u(z) <0, () u(z) < infe(s) < Yl

2€E D 2€E E
Consequently — iﬂ£¢ (2)-u(z) el (E,D,) and — in£¢ (2)u(z) <w*(z,E,D,v).
zE 1S

As the function u is arbitrary, we get the inequality

- in£¢ (2) - w* (2, B, D) <w*(z, E, D, ) for all z € D.
zE
Now we show that the inequality w*(z, E, D, ¢) < —sup@b( ) - w*(z, E, D)
holds. If —sup® (2) = 0, then —sup v (2)-w* (2, E, D) =0 and w*(z, E, D, ¢) <0.
zelE

2€E
Now let —sup ¢ (z) # 0. Take any function u (z) € U (E, D, ) and consider the func-
zelk
. . u(z) . . . o u(z) . . .
tion U It can be easily verify that the function wp 06) is m—subharmonic
in D and satisfies the following conditions:
__u® __u® _
spoe| <0 and smom| <L
z€E D z€E E
Thus — su;;) € U(E, D) and — Suz(;)(z) < w*(z, E, D), Therefore the inequality
zeE z€E
w*(z, E, D, ¢y) < —supv (2) - w* (2, £, D) follows from the arbitrariness of the
z€E
function u (2) e U (E, D, 9). O
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2  (m,1) —regularity of compacts

Note D C C" is strongly m—convex a domain and K C D a compact.

Definition 7. A point 2° € K is said to be globally (m, ) — regqular if w* (:°, K, D, ) =
¥ (2Y). It is said to be locally (m, ) —regular if for any neighborhood B, z° €

B C C", the intersection K N B is globally (m, ) —regular at the point 2°, i.e.
w* (zo, KnNB, D, w) = ¢ (2%). If all points of a compact K are (m, 1) —regular,
then the compact K is called a (m, 1) —regular compact.

Theorem 2. Let ¢ € C(K) N shy (K). A fized point 2° € K C C" is locally
(m, ) —regular if and only if it is locally m—regular, w* (zo, KnNB, D) =—1.

Proof. To prove this theorem, we show that if the point 2° € K is not local m—regular,
then it is not local (m, 1) —regular and conversely, if point 2° € K is not local
(m, v) —regular, then it is not local m—regular. Let us assume that the point 2° € K
is not a local m—regular. i.e. there exists such a ball B that 2° € B C D : the
equality w* (20, KN B, D) =—1+44d, 0 < < 1isvalid. According to monotonicity
w* (2%, KN By, D) > —1+ 4 for any ball By, where z° € B; C B. Therefore by
Proposition 2.7

w* (2% KNBy,D,¢) > — inf_ ¢ (2)w* (2% KNBy,D)>— inf 1 (2)(—1+9)

ZEKﬂEl zEKﬂEl

Since 1 (z) is continuous, then choosing the neighborhood B small enough we have

0
min_ ¢ (z) > zﬁ(jsz,). From this inequality we get the relation
rzeKNBy

0 0
“(2°%, KNBy,D,¢) > inf NTE PSCICY R I CY 0.
w<z’ b 7¢)_Z€?m§1¢<2) ( )_1—52 ( ) 1+5>¢(2)
Therefore z° € K is not local (m, 1) —regular. Now we have to show that if the
point 2% € K is not local (m, ) —regular, then it is not local m—regular.
Suppose Y € K is not (m, 1) —regular i.e., there exists the ball B, 2 € B C D,
such that w* (zo, KnNB,D, @Z)) = (%) +e, 0<e< —1y(z°. By using the previous
technique we get w* (zo, KnNBy, D, zb) > 1) (2°) + ¢ for any ball By, where 2° € B; C
B. Therefore by Proposition 2.7
Y (20) +e<w (zo, Kﬁ?l,D,?ﬁ) < — sup ¥ (2) w (zo, KﬂEl,D) :

ZGKﬂEl

Since v (z) is continuous, then choosing the neighborhood B; small enough we con-

culude that sup ¢ (2) <9 (z°) + ¢ and
z€KNB)

w(zo)—i—eéw* (zo, KﬂEl,D,?ﬁ) < — sup ¥ (z) w (20, KﬂEl,D) <

ZGKﬂEl
<= (") +e) w (% KNBy, D).

From the last inequality we get w* (20, KN By, D) > —1. Hence 2° € K is not the
m— regular point. The theorem is proved. O
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In the above theorem, it is important that ¢ (z) is m—subharmonic. Only in this
case this theorem is valid. Below we give example, which show that if the function
¥ (z) is not m—subharmonic, then the theorem is false.

Example 1 (Importance of m—subharmonicity). Let ¢ (2) = —1-|2]>,D=B(0,2) C
C", K=B(0,1) cC"

We check the functions w* (2, B (0,1), B (0,2)) and w* (2, B(0,1), B (0,2), -1 — |2]*)
for regularity at z = 0.

It is obvious that 1 (z) = —1 — |2|° is continuous but not m— subharmonic.
According to the maximum principle and by the definition of the weighted m— sub-
harmonic measure w* (0, B (0,1), B (0,2), -1 — ]2\2) < =2 <9 (0) = —1. Thus the
point z = 0 is not (m, ) — regular. However, we know that w* (0, B (0,1), B (0,2)) =
—1. Since any closed ball is m— regular.

Theorem 3. Let K be (m, ) —regular a compact set and 1 (z) be a continuous in
the compact K. Then w* (z, K, D,¢) =w (z, K,D,¢) € C (D) , for any z € D.

Proof. Let K be (m, 1) —regular a compact i.e. w*(z, K,D,¥)|,; = ¥|,. It is
evident that
w*(z, K, D, ¥) CU (K, D, ¢) and w* (2, K, D,¢) =w(z, K,D,{).

Now we prove that w* (z, K, D,v) is continuous in D. Since D is the strongly
m— convex domain, there exists a function p(2) € C (V) N shy, (V) such that the
domain D can be written in the form D = {p(z) < 0}, where V is a domain and
V' D D. Let consider the function p; (z) = %ﬁi((;) -p(z). It is easy to check that

zeK
p1(z) € C(V)Nshy, (V) and py (2) € U (K, D,v). Now let us fix sufficiently small
e > 0 and construct the domain G. = {z € D: p;(2) < —e}. It is obvious the
domain G, lies compactly in the domain D i.e., G. CC D. There exists a sequence of
monotone functions u; (2) € shy, (Ge) N C* (G¢) such that u; (z) | w* (2, K, D, 9)
holds for any z € G.. Note that G5 C G.. By Hartogs lemma 3j; € N, Vj >
j1, V2 € 0Ga. © wuj(z) < e. It is easily seen that p; (2)+2e = 0 for arbitrary z € 9Go.
according to the structure of Gy.. Therefore u; (2) —3s < p1 (2), Vj > ji, Vz € OGo..
According to Whitney’s theorem [13], there exists some continuous function 1 ()

in D such that ¢ (z)| = 1 (2)|,. Now we consider open sets
K

Uaz{zeD:w*(z, K,D,Q/J)<1/~J(z)+5}.

It is clear that K C U,. We again apply Hartogs’ lemma to the pair of sets U, and K
and get 372 € N, Vj > jo, Vz € K 1 u;(2) < ¢ (z)+ 3e. Let us consider the function

~f max{u;(2) —3ep1 (2)}, 2z € Ga
v(z) = { p1(z),2z € D\Gae '

It is obvious that v|, < ¥|,, v|, <0 for Vj > j3 = max {ji1, jo} . It implies
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v(z) € U(K,D,v) and v(z) < w*(z, K,D,). Consequently u;(z) — 3¢ <
w* (2, K,D,v¢) < uj(z), V) > js, V2 € Go.. Therefore w* (2, K, D, 1)) is a uniform
limit of the u; (2) as j — 00, z € Ga.. This implys that w* (2, K, D,v) € C (Ga) and
w*(z,K,D,v) € C (D). Since D is the strongly m—convex and K is compact. We
get w*|,, = 0. Finally from Proposition 4 w* (z, K, D,v¢) € C (ﬁ) . The theorem is
proved. O

Notation. In the condution of Theorem 3 the function w* (z, K, D, 1)) defined in
D can be continue to a domain V' O D as continuous function

w<z>—{ max {w" (2, K, D,¥), pr(:)}, 2 € D
p1(2), z€ V\D.

This function is continuous and m—subharmonic continuation of w* (z, K, D, 1),
ie. w|p,=w*,, weC(V)Nsh, (V).
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