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Abstract

In this paper, the concept of the P,,-capacity introduced in the class of m-subharmonic functions is
generalized by defining the weighted P(m, 1), d)-capacity. Several fundamental properties of this capacity are
established, including monotonicity, boundedness, limit transition for sequences, and countable subadditivity.
Moreover, the relationship between the P(m, 1), §)-capacity and the corresponding external C(m, ), §)-capacity
is investigated, and comparison inequalities between them are derived. The obtained results extend previously
known properties of the unweighted P,,-capacity to the weighted case and contribute to the development of
potential theory in the class of m-subharmonic functions in complex spaces.
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1. Introduction and Preliminaries

In the complex space C", several capacities defined in terms of plurisubharmonic functions (psh) and
their properties have been studied (see, for example, [I], [2], [3], [4]). Later, the class of m—subharmonic
functions was studied and the capacities defined by plurisubharmonic functions were generalized to the class
of m—subharmonic functions (see, for example, [5], [6], [7], [8], [9], [10], [I1]). In this paper, we generalize the
concept of P,, —capacity introduced in the class of m—subharmonic functions in [I0].

Below, we recall some definitions and concepts that will be used in this paper. Let D be a bounded domain
in C™.

Definition 1.1. A twice differentiable function u(z) € C?(D) is called m—subharmonic if, for all 2° € D, the
following inequalities hold

(dd°u)* A "F >0, forallk=1,2,...,n—m+1,
where d = 8 + 8, d° = 222, and = dd°|2|* = L 1| dz; A dz;.

Z.Blocki proved that if w, v1,..., v,y are twice differentiable m—subharmonic functions, then the following
inequality
ddu A ddvy A ddva A - Addvp—m AB™ >0

holds. Conversely, if a twice differentiable function u satisfies this condition for all twice differentiable
m—subharmonic functions vy, ..., Uy_m, then u is necessarily m—subharmonic (see [6]). Based on this fact,
m—subharmonic functions can also be defined within the class of locally integrable functions (see [I0]).

Definition 1.2. A function u € LL (D) is called m—subharmonic in the domain D C C", if it is upper

loc
semicontinuous and for any twice differentiable m—subharmonic functions vy, ve, ..., v,_m, the current

ddu A ddvi A ddva A -+ A dd vy A BT

is positive, i.e., for any positive test function w in D, we have

/u A ddvi Addva A -+ Addvy—m A BT A ddCw > 0.

The class of m—subharmonic functions is denoted by sh,, (D). It is clear that

psh = shy C shy C shy, C -+ C shy, = sh,
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where sh(D) denotes the class of subharmonic functions in the domain D. A set E C D is called m—polar in
D C C™ if there exists a function

u € shpy (D), u# —oo, such that u|g = —o0.
A domain D C C" is called m—regular if there exists an m—subharmonic function p € shy, (D) such that

0 and i =0.
plp <0and lim p(z)

Let § € R be a fixed constant and D C C" be an m—regular domain, F C D be any fixed set and (z)

be a bounded function on E such that sup ¥ (z) < §. We denote by U(E, D, 1, ) the class of all functions
z€E
u € shy, (D) such that

U|E < ¢|E and U|D < 0.
We define the function
wm (2, E,D,v,8) = sup{u(z) : w e U(E, D,,0)}.
Definition 1.3. The upper regularization

Wi (2, E,D,,6) = lim wn,(w, E, D, 1), 6)
w—z

is called the (m,, §)—subharmonic measure (P(y, ,5)—measure) of the set £ with respect to D (see [12]).

Note that w*(z, F, D,—1,0), ¢ =—1, § =0, coincides with the m—subharmonic measure of the potential
theory in the class of functions u € sh,,, (D), i.e.,

wr (2, E,D,—1,0) = w} (2, E, D),
where wp,(z, E, D) = sup{u(z) : u € shy(D), ulxg < —1, u|p < 0}. By Definition 1.3, the function
wk (z,E,D,1,0) is m—subharmonic in D and the inequality

w (2, B, D,9,6) <6
holds for all z € D. According to Theorem 5.3 in [10], for any set E C D,
{z€D:wn(z,E,D,,0) <w (2, E,D,1,0)}
is m—polar in D.
Let the function 1¥(2) be extended to the domain D, as a function from the class U(E, D, v, ), i.e., if there is
a function ¢ € sh,, (D) such that ) )
Ylp=v[p and ¥[p <4

then it is obvious that _

wm(z, E,D,1,0) 2 ¢(z), Vze€D,
and

wm (2, E,D,1,0) =¢(z), VzeE. (1)
However, in general, the equality does not hold (see [I2]). In this paper, we consider a special case, in
which the condition is satisfied in the definition of w,,(z, E, D,, ).
Let K be a compact in the domain D.

Definition 1.4. A point 2° € K is said to be (m,)—regular if w}, (2%, K, D,v) = ¢(2). If all points of the
compact set K are (m,v)—regular, then K is called a (m,)—regular compact (see [12]).

2. Pim,p.5)—capacity

We now introduce the concept of the weighted P,,—capacity using the weighted (m, 1, §)—subharmonic
measure. Let £ C D be a set and ¥(z) a bounded on E. Note that, as mentioned above, we consider the case
sup ¥(z) < 0, 6 € R, when constructing the function w*(z, E, D, v, 9).

zelR

Definition 2.1. The quantity of the following integral

Pl B, D, 19, ) = / (6 — (2, B, D, ,8)) dV
D
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is called the P, 4 5)—capacity of the set E with respect to D, where dV denotes the standard Lebesgue
volume measure in C" ~ R?",

Note that P,,(z, E,D,—1,0), % = -1, ¢ =0, coincides with the P,,— capacity, i.e.,
P’m(E7D7_1aO) = Pm(Ea D)a
where Py, (E, D) = — [, wi, (2, E,D)dV. It follows from Definition 2.1 that

0 <Pun(E,D,¢,d) < (6 - 1221#(2)) vol(D),

where vol(D) denotes the volume of the domain D. Since the following set
{z€D:wm(z E,D,9,0) <wp(z E,D,9,0)}
is m—polar (see [10]), we have
Pu(E,D,,8) = / (0 —wm(z, E,D,,0)) dV.
D

Moreover, since wy,(z, E, D,1,d) = § if and only if E is an m—polar set (see [12]), we conclude that
Pm(E, D, 1, 0) =0,
if and only if, E is an m—polar set.

Proposition 2.1. The following monotonicity properties hold:

L4 Zf-El - E2 - D; then Pm(ElaDawaé) S Pm(E%Dvw?é);
L4 wal S 1p27 then P’m(E,D,,(/)hé) Z Pm<E7D7w276);
d ZfE C Dl C DQ; then ,Pm(Ethq/}a(S) S Pm(EyD27’¢)75);

o if sup ¢(z) < 01 < b2, then Pp(E, D,1,01) < Pp(E, D,1,02).
zeFE

Proof. Since the proof of the initial three inequalities stated above follows easily from the definition of
the P, . 5)—capacity, we will prove only the last one. Take an arbitrary function u(z) from the family
U(E, D,, ). Clearly, the inequalities

(U7(52+($1)|E§1/1 and (U752+51)|D<51

hold, which implies that
U(Z) - 62 =+ 61 < w;kn(zv E7 Da 77[% 61)

Since u(z) is arbitrary in the family U(E, D, ), d2), it follows that
51 - w:n(Z,E,D,'l/),Sl) S 52 - UJ:n(szvawv(sQ)

and therefore we obtain
Pm(Ea Da 11[}3 51) S Pm(Ea Dﬂ/% 52)

The proof is complete. |
Below, we state the theorem that expresses our main result.

Theorem 2.1. We have the following properties.

1. If {K;} is a decreasing sequence of compact sets in D and K = NK; and assume that ¢(z) is lower
semicontinuous in a neighborhood VO K of the set K with V. C D, then

Pm(K,D,4,0) = lim Py (K;, D, v, 9d);
j—o0

2. If {E;} is an increasing sequence of arbitrary subsets of D and E = UE}, then
Pm(Ea Da 1/), 5) = hm Pm(Eja Da Q/Ja 5)7
Jj—o0
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3. The Py y,5)—capacity is countably subadditive, that is, if E; C D for every j € N, then

P OEj,D,¢75 Sirpm(Ej’D’w’é)'
j=1

j=1

Proof. First, we present the proof of part . Fix an arbitrary € > 0 and an arbitrary point 2z € D. Then
there exists a function u € sh,, (D) such that

ulg <Ylr, ulp <6, and w(z®) >w, (2, K,D,,8) —e.

Then, since ¥(z) is lower semicontinuous in V', the set U = {z € V : u(z) < 9(z) + ¢} is open and satisfies
K C U. Hence, there exists jo € N such that K; C U for all j > jo. Thus, for all j > jo,

uw(z) — e <wm(2, Kj,D,v,0) < wm(z, K,D,v,90).

Therefore,
wm(zo7 K7 D7 ¢7 6) - 25 S wm(zoy K]7D7¢76) S wm(zovKa Dawa 6)
Since the point 2z was chosen arbitrarily in D, we conclude that for all z € D,

wm(zaK7D7w76) = hm wTYL(Z7Kj7D7w75)'
j—o00
By Lebesgue’s theorem (see, for example, [13]), we have

lim P, (K;,D,%,6) = lim (0 —wm(z, Kj,D,v,0))dV
j—o0

J—00 D

- / lim (5 — o (2, K, D, 10, 8))dV = / (6 — wm (2, K, D, 10, 6))dV = Pon(K, D, 15, ).
DI D

The proof of part is complete.

Now we prove part 2.

For any j € N, since E; C Ej;41, the sequence of functions w}, (2, E;, D,,6) is decreasing with respect to j.
As a result, the function
v(z) = lim w}, (2, Ej,D,,0)

j—o0
is m—subharmonic in D and w},(z, E, D,v,d) < v(z) for all z € D. Since for all j € N, the following sets
{Z €D: Wm(zanaDawv(s) < wrn(zanaDawad)}
are m—polar in D, the set
F={zeFE:v(z) >¢(z)}
is also m—polar in D. Then there exists a nonpositive m—subharmonic function w in D such that u|g = —oc0
and u|p # —oo. It is easy to verify that for any € > 0, the function v(z) + eu(z) belongs to the class

U(E, D,,6) and satisfies
v(z) +eu(z) <wp(z, E,D;1,0).
Hence,
v(z) <w! (z,E,D1,0).
Thus, we have
wi (2, E,D,,0) = lim w} (z,E;, D,v,6). (2)
Jj—o0
By Levi’s theorem (see, for example, [13]) and according to (2),

lim P, (E;,D,1,0) = lim (0 —wy,(z,E;,D,¢,8))dV
j—o0

j—o Jp

= / lim (6 —wy, (2, E;, D,4,8))dV = / (0 —w (z,E,D,,8))dV =Py, (E, D,,d).
D D

j—o0
The proof of part 2 is complete.
Finally, we present the proof of part 3.

ISSN-2181-9483 Bulletin of the Institute of Mathematics, 2025, Vol. 8, No 5 43



bim

Kuldoshev K. P, , 5)—capacity and its properties... ki,

Let us choose an arbitrary function u;(z) from each family U, (E;, D,1,6) and consider the function defined

by
o+ Z(Uj(Z) -

Since the limit of a decreasing sequence of m—subharmonic functions is again m—subharmonic, the function
defined above is m—subharmonic in the domain D and it belongs to the family U, (U2 E;, D, 1, 6). Thus,
for any z € D,

i 0) < wp z,GE},D,@D,é — 4.
J=1 Jj=1

Since each function u;(z) is an arbitrary element of the family U,,(E;, D,1,6), it follows that for any z € D,

> (wm(z Ej, D, ,6) = §) < wp, U D5 | —6. (3)
j=1

It is known that the sets
{Z eD: Wm(ZanaDawaé) < w:n(szj7Da¢a6)}

and
z€D:wpy Z,UEj,D,’l/),5 <wp, Z,UEj,D,z/J,(Y
j=1 j=1

are m—polar. Therefore, by inequality and according to Fatou’s theorem (see, for example, [13]), we have

U Ej.D,v.06 :/ §—wh |2 B D6 dV:/ §—wm |2 | EjD,6 | | v
j=1 b j=1 b j=1

0 — m\~; '7D7 75 d > 0 — m\~<s 45Da 55 d
SL ;<cuw@ 4,6)) v<;ﬁg W (2 By, D), 6)) dV
:Z/D((S—w;(z,Ej,D,zp,(S))dv:ZPm(Ej,D,w,a).

j=1

j=1
The proof is complete. O

Proposition 2.2. Let E C D be an arbitrary set and a function (z) be lower semicontinuous in V C D,
where V' is some neighborhood of E. Then for any € > 0, there exists an open set U D E such that

,Pm(Uva’l/)va)iPm(E7D7w75) <e.

Proof. If the function (%) is lower semicontinuous in some neighborhood of the set E, then there exists a
sequence of open sets U; D E, U; D Uj4q such that

<11le (Zan7D7w76))*w:n(Z7EaD37/}36)7 (4)

J]—00

which was proved in [I2]. Thus, according to Lebesgue’s theorem (see, for example, [13]) and by (4), we obtain

lim P, (U, D,%,6) = lim (0 —wm(z,Uj,D,4,06))dV
j—o0

J—00 D

:/ lim (6 —wm(2,U;j,D,9,8))dV = / (lim wy,(z,U;, D, 9, 0))*dV
D

j—o0 ]—>oo

_ / (6 — W (2, E, D, 1, 5))dV = Py (E, D, b, 6).
D
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Consequently, for any ¢ > 0, there exists jo € N such that for all j > jg, we have
P?YL(Uj7D7¢76) - Pm(E7D7w75) <e.
The proof is complete. O
Definition 2.2. The following quantity
Cn(K,D,1,8) = inf {/ (dd“u)™~™ Tt A B™ Y s € shy, (D) N C(D), ulx <k, lim u(z) > (5}
D z—0D
is called the (m,, §)—capacity of K with respect to D.
In [14], it was shown that for ¢y € C(E), C},(F, D,v,0) = 0 if and ouly if E is m—polar. Consequently,
C! (E,D,vy,6) =0 if and only if P,,,(E, D,v,d0) = 0, where C},(E, D,,0) denotes the (m, 1), d)—external
capacity of the set E with respect to D, defined by
Cr (E,D,v,0) = inf{C,,(U,D,v,0) : ECU, UC D, U is open},
Cm(U,D,,0) = sup{Cp, (K, D,1,d) : K C U, K is compact}.

We recall an important theorem from [3], which will be needed to estimate the (m,, §)—external capacity in
terms of the P, 4 5)—capacity.

Theorem 2.2. Let u(z) € sh,,(B) N C(B), where B = {z € C" : |z| < 1}. Then for any 0 < r < 1 and
1<k <n—m+1, the following inequality holds:

/ dt/ (dd°u)* AB"F < (C =) / (ddou)t=" A grr,
0 JlzPPst |2j2<r

where C' = sup u(z) and ¢ = inf u(z).
2EB z€B

Let B = B(0,1) denote the unit ball centered at the origin.

Proposition 2.3. Suppose that E C B(0,r) CC B(0,1), with 0 <r <1 and ¢ € C(E). Then the following
inequalities hold.

(6711}};1/1) 7H"L('rzfrrLJrl)I'Pm(E,B,'L/),é)
L. C;(E,B,?ﬁ,(;) < (A—r2)yn—m+1

1
2. (Pm(E,B7’(/J7(S)) n—m+l < C(r,4h,0) - Ck (E, B,1,0d), where C(r,1,0) is a constant depending on
r, Y, and .

Proof. It suffices to prove the inequalities for the case when the set E is a (m, ), d)—regular compact set.
First, we prove the first inequality. If E' is an (m, v, d)—regular compact set, then by Theorem 2.1 in [12] ,

the function w*(z, F, B,,d) is continuous in B. By applying Theorem 2.2. k = n —m + 1 times, we obtain
the following inequality:

1 t1 th—m
/ dt1/ dt2~-~/ dtn_mH/ (dd°w*(z, E, B,v,8))" "™t A gm—1
0 0 0 [2]2<tn—m+1

<(s-nmve) [ 6w BB = (5-nte) " PaEB.0)
B

z€E

On the other hand, we have

1 t1 trn—m
/ dtl/ dt2-~/ dtn,mﬂ/ (dd“w*(z, E, B¢, 8))" "™t A gm—1t
0 0 0 [2|2<tn—m+1

1 t1 tn—m
2/ dtl/ dtQ---/ dtn,mﬂ/ (dd°w*(z, B, B,v,0))" "™t A gm—t
T2 7.2 7’2 ‘Z‘QSTZ
(1—r?

)nferl

L) dd°w* (2, E, B, 1, 8))""™ 1 A gm=1 =
T /B(O’r)< ( ,5)) 8

1— 2\n—m-+1
((n_TTi_’_l)'Cm(E7B7w76)
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Consequently, for any F C B(0,r),r < 1, we have

(5 — 1%f¢)n_m (TL —m+ 1)!PTYL(EaB7/l/}?6)

O (]_ _ 712)n7m+1

m

(E,B,¢,0) <

We now proceed to the proof of the second inequality. In [I0], in the unweighted case, i.e., when ¥ = —1
and ¢ = 0, it was proved that there exists a constant M (r) > 0 such that for any E C B(0,r),

(Pu(E, B) 7T < M(r) - C(E, B). )

According to Proposition 1.3 in our previous work [12], we obtain the inequality
Ponl(E, B,1,6) < (6 — inf §) P (E, B). (6)

From the relation obtained on page 11 of [14],

[0 — sup ¢(2)]" """ O (B, D) < C,(B, D, %, 6),
zeE

together with and @, we obtain the following inequality

1
(Pm(Ea Ba 1/)7 6)) n—m+1 < C(Ta d}a 5) : C:n(Ea Ba 1][}, 5)
The proof is complete. |
References

1. Bedford E. and Taylor B. A. A new capacity for plurisubharmonic functions. Acta Mathematica.
1982. Vol. 149, Issue 1-2, pp. 1-40.

2. Rakhimov K. Capacity dimension of Perez-Marco set. Contemporary Mathematics. 2016. Vol. 662,
pp. 131-138.

3. Sadullaev A. Pluripotential Theory. Applications. 2012. Saarbriicken, Germany: Palmarium Academic
Publishing. [in Russian|

4. Sadullaev A. and Rakhimov K. Capacity dimension of the Brjuno set. Indiana University Mathematics
Journal. 2015. Vol. 64, Issue 6, pp. 1829-1834.

5. Benali A. and Ghiloufi N. Lelong number of m-subharmonic functions. Journal of Mathematical
Analysis and Applications. 2018. Vol. 466, pp. 1373-1392.

6. Blocki Z. Weak solutions to the complex Hessian equation. Annales de I'Institut Fourier, Grenoble.
2005. Vol. 55, Issue 5, pp. 1735-1756.

7. Dinew S. and Kolodziej S. A priori estimates for the complex Hessian equation. Analysis and PDE.
2014. Vol. 7, Issue 5, pp. 227-244.

8. Dinew S. and Kolodziej S. Non-standard properties of m-subharmonic functions. Dolomites Research
Notes on Approximation. 2018. Vol. 11, pp. 35-50.

9. Kuldoshev K. Weighted (m,¥)-capacity C,, (K, D, ) of a condenser (K, D). Uzbek Mathematical
Journal. 2025. Vol. 69, Issue 2, pp. 153-164.

10. Sadullaev A. and Abdullaev B. Potential theory in the class of m-subharmonic functions. Trudy
Matematicheskogo Instituta im. V.A. Steklova. 2012. Vol. 279, pp. 166-192. [in Russian]

11. Wan D. and Wang W. Complex Hessian operator and Lelong number for unbounded m-subharmonic
functions. Potential Analysis. 2016. Vol. 44, pp. 53—69.

12. Kuldoshev K. and Narzillayev N. (m, ¢, §)-regularity of compacts in C™. Acta NUUz. 2024. Vol. 2,
pp. 65-76.

13. Sarimsoqov T.A. Theory of Functions of a Real Variable. 1982. Tashkent: Ukituvchi. [in Uzbek]

14. Kuldoshev K. (m, 1, §)-capacity and its properties. Manuscript submitted to Lobachevskii Journal of
Mathematics. 2025.

ISSN-2181-9483 Bulletin of the Institute of Mathematics, 2025, Vol. 8, No 5 46



Bulletin

Kuldoshev K. P(,, , 5y —capacity and its properties... e

Received: 28/07/2025
Accepted: 31/08/2025

Cite this article
Kuldoshev K. P, 4 5)—capacity and its properties. Bull. Inst. Math., 2025, Vol.8, No 5, pp.

ISSN-2181-9483 Bulletin of the Institute of Mathematics, 2025, Vol. 8, No 5 47



