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1. INTRODUCTION

Capacity of condensers is one of the important concepts of the potential theory and it has been
extensively studied by many researchers. In the works of A. Sadullaev and B. Abdullaev [7],
[1], Z. Blocki [2], S. Dinev, S. Kolodziej [3] the concept of condenser capacity were introduced,
in the class of m-subharmonic functions, where extensive research was conducted, leading to
significant results.

Recall that m- subharmonic functions in the domain D C C” is defined using the operators

(ddw)* A" % 1<k<n, (1.1)

where d = 9+ 0, d° = 64;1.5 and 3 = dd°|z|* = L3 dz; A dz; is standard canonical (1,1) form in
i=1

C™. Then % p" = dV,, is volume form in C". Operator (1.1)) gives the Laplace operator for k =1

and the Monge-Ampere operator for k& = n. The operator (1.1]) is called the complex Hessians

operator, as it can be shown for v € C?*(D) that
(dd°u)™ A 7% = kl(n — k) Hy(u) 8",

where

Hy(u) = > AjrAja * e Ay

1<ji1<ja2<...<jx<n

is the Hessian of dimension k of the eigenvalue vector A = (A1, g, ..., \,,) of the matrix

0%u

T == 5,l=1,2,... n.
(u],l)7 uj7l 82’]8217 Js y Ly eeey 1V

Below, we outline the definition of subharmonic function and highlight its key concepts.

Definition 1.1. Twice smooth function u(z) € C?(D) is called m-subharmonic, u (z) €
shy, (D), if the conditions

(ddw)"AB"F >0, Vk=1,2,..,n—m+1

holds at each point z € D.
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Z. Blocki proved that for all twice differentiable m-subharmonic functions u, vy, va, ..., Vp_m

it is true
ddu A ddvy A ddva A ... A dd v,y A BT > 0. (1.2)
Moreover, if a twice differentiable function u satisfies (1.2)) for all twice differentiable m-
subharmonic functions vy, vy, ..., v,_p, then u is necessarily m-subharmonic function [2]. Using

this, we can define m-subharmonic functions in the class of the upper semicontinuous functions.

Definition 1.2. A function u(z) € L} (D) is called m-subharmonic in the domain D C
Cn", if it is upper semicontinuous and for any twice differentiable m-subharmonic functions
V1, V2, ..., Un_m, the current

dd®u A ddvy A ddvs A ... A ddvp—_pm A f™71
defined as
[ddu A ddvy A ddvy A ... A ddvy_p A B™ (W) =
= /u A ddvy A ddvy A ... A ddVp_p, A BT A ddw, w e FO(D)

is positive, i.e.
/u A ddvy A ddvy A ... N ddVy_p A BT Addw >0, Yw € FO(D), w>0.

Class of m-subharmonic functions we denote as sh,,(D). It is clear, that
psh = shy C shy C sh,, C ... C sh, = sh. (1.3)
Definition 1.3. A set E C D is called m-polar in D C C" if there exist a function u(z) €
shm (D), u(z) /& — oo, such that u|, = —o0.

(1.3) follows , that a m-polar set is polar in the sense of the classical potential theory, so that
for m-polar set £ C D the Hausdorf measure Hy, 240 (E) = 0.

Definition 1.4. A domain D C C" is called m-regular if there exists a m-subharmonic function

p € shy, (D) such that p|, < 0, lirngp(z) =0,ie. D={z¢€C":p(z) <0} It is called
z—

strongly m-regular if the function p € sh,,(D*)(C?*(D™) and is strongly m-subharmonic in

D%, where D% is a neighborhood of the closure D.

The well-known comparison principle is one of the important inequalities between m-
subharmonic functions and the integrals of their Hessians [7]. Since we have made extensive
use of the comparison principle in our work, we present it.

Theorem 1.5. If u,v € shy, (D) Lis.(D) and the set F'={z € D :u(z) <v(z)} CC D, then

loc
/(ddcu)k ABPE > /(ddcv)k AR 1<k<n—m+1. (1.4)
F F

2. m-SUBHARMONIC MEASURE AND THE CAPACITY OF A CONDENSER (K, D).

The m-subharmonic measure is defined as an extremal function in the class of m-subharmonic
(shy,) functions. Let £ C D be a subset of the domain D C C". For the sake of simplicity, we
assume that D is a bounded and strongly m-regular domain, We denote by U(F, D) the class
of all functions u € shy, (D), such that u|, < —1, u|, <0 and we define

w(z, E,D) =sup{u(z): u(z) eU(E,D)}.
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Definition 2.1. The regularization w*(z, £, D) = lim w(w, F, D) is called the m-subharmonic
w—rz

measure (P,,— measure) of £ with respect to D (see [7], [1]).
Let D C C" be a domain and K C D a compact.

Definition 2.2. A point 2° € K is said to be globally m-regular if w*(2°, K, D) = —1. Tt is said
to be locally m-regular if for any neighborhood B # @, 2° € B C C", the intersection K (] B is
globally m-regular at the point 2°, i.e. w*(z°, K B, D) = —1. If all points of a compact set K
are globally (or locally) m-regular, then the compact set K is called to be globally (or locally)
m-regular compact.

m-capacity of the condenser (K, D) is introduced as follows, using the operator
(dd°u)™"™ " A gL,
Definition 2.3. Let K be a compact subset of D C C". The following quantity

Con(K, D) = inf {/ (ddu)" "™ A B s w € shy(D)[)C(D), uly < 1, lim u(z) >0 }

z—0D
D

is called the m-capacity of the condenser (K, D).

Note that, for m-regular compact K C D the m-capacity of the condenser is equal
(K, D) = / (dd°w* (2, K, D))"+ A gm=1 — / (dd°w* (=, K, D))"+ A gm=1,
K D
Moreover, external capacity C% (F, D) = 0 if and only if E is m-polar set in D.

3. WEIGHTED m-SUBHARMONIC MEASURE.

(m, 1)-subharmonic measure and its properties. Let D C C" be a strongly m-regular
domain, E C D be any fixed set and ¢(z) be a bounded and negative function in £. We denote
by U(E, D, ) the class of all functions u(z) € sh,,(D), such that

ulp < Ylg, ulp <O0.
Using this family of functions, we define
w(z, B, D) = sup{u(z) : u(z) e U(E, D, 9)}.
Definition 3.1. The regularization

w*(z, B, D,v¥) = lim w(w, E, D,v)
w—z

is called weighted (m,1)) —subharmonic measure (P, »y—measure) of the set £ with respect
to D.

Note that w*(z, E,D,—1) (¢» = —1), coincides with the m-subharmonic measure of the
potential theory in the class of u(z) € shy,(D), i.e. w*(z, E,D,—1) =w*(z, E, D).

As one can see from the definition [3.1] the function w*(z, E, D, ) is m-subharmonic in D.
Ifo< leel{j@/J(Z), then w*(z, E, D,v) = 0, Vz € D. Therefore, in this paper, we will consider
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the special case, where sup(z) < 0 is satisfied. The weighted (m,)-subharmonic measure
z€E
satisfies the properties m-subharmonic measure and the inequality

—infy(z) - w' (2, B, D) < w'(2, B, D, ) < —suph(2) - ' (2, B, D) (3.1)

zeE z€E

holds for any set £ C D and for all z € D (see [3]).
(m, ¥)— regularity of compacts. Let the function ¢(z) be extended to the domain D as
a function from the class U(FE, D, ) i.e. if there is a function

¥ € sh(D), |5 = ¥l ¥, <0, (3.2)
then it is obvious w(z, E, D, 1) > 1)(2), Yz € D and

w(z, B, DY) =14(z),Vz € E. (3.3)
However, if condition (3.2)) is not satisfied, then, in general, equality (3.3) does not hold, a
priori, it may happen that w(z, E, D, 1) < 9 (z) at some points z € E (see [3]).
Below we assume that the condition (3.3) satisfied. We also assume, that D C C" is a
strongly m-regular domain and K C D is a compact.

Definition 3.2. A point 2° € K is said to be globally (m, ¢)-regular if w* (2%, K, D, ) = (z°).
It is said to be locally (m,1)-regular if for any neighborhood B, z° € B C C", the intersection
K (N B is globally (m, 1)-regular at the point 2°, i.e. w*(2°, KN B, D, 1) = ¢(2°). If all points
of a compact set K are globally (or locally) (m,1)—regular, then the compact set K is called
a globally (or locally) (m,)—regular compact.

Now we present some important theorems on the (m,v)-regularity of a compact K.

Theorem 3.3. Let K be (m,)-reqular compact set and ¥ (z) be continuous in the compact K.
Then
w (2, K,D,v) = w(z, K,D,¢) € C(D)

for any z € D.
Theorem 3.4. Let ¢ € C(K) and condition (3.3) be satisfied, i.e.

w(z, K, D) = 1(2),¥z € K.

A fized point 2% e K C C" is locally (m,)-reqular if and only if it is locally m-reqular,
w*(2°, KN B,D)=-1VB=DB("r), r>0.

Theorem 3.5. Let the function (z) be continuous in the compact K and extended to
U(K, D,) as a strictly m-subharmonic function in some neighbourhood D+ D D of the closure
D, i.e, there exists a function 1 such tha,t it 1s strictly m-subharmonic in the domain D and

7,[)|K w|K,w|D < 0. Then a fized point z2° € K C D is locally (m,)-reqular if and only if it
is globally (m,)-reqular.

Theorem [3.3] Theorem and Theorem mentioned above were proven in our previous
works (see [5], [6]).
From the Theorem [3.4 and the Theorem [3.5] we obtain several important corollaries.

Corollary 3.6. If the compact set K C D is globally (m,v)- reqular, where the function 1(z) is
extended to U(K, D, 1) as a strictly m-subharmonic function in some neighbourhood D+ > D
of closure D, then K 1is locally m-reqular.
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Corollary 3.7. If 1 and v, are continuous in the compact K and extended to U(K, D, 1) and
U(K, D, 1)) as strictly m-subharmonic functions in some neighbourhood D+ D D of closure D,
respectively, then the point 2° € K C D is (m, ) —regular if and only if it is (m, 1) —reqular.

Corollary 3.8. If the compact set K C D s globally (m,)-reqular, where 1)(z) is continuous
in the compact K and extended to U(K, D,v) as a strictly m-subharmonic function in some
neighbourhood D* D> D of closure D, then K is not m-polar at each of its point. It means that
for any 2° € K and for any neighborhood B C D, z° € B the intersection E = B K is not
m-polar.

Maximality of (m, v )-subharmonic measures. Maximal functions are one of the impor-
tant concepts of the potential theory and they are analog of harmonic functions in the class of
m-subharmonic functions. We remember,

Definition 3.9. A function u € sh,,(D) is called maximal in the domain D C C™ if it satisfies

the dominance principle within the class of m-subharmonic functions, i.e., if Yo € sh,, (D) :
lim (u(z) —wv(z)) >0, then u(z) > v(z), Vz € D (see [7]).

z—0D

Let B(0,1) C C" be a ball and ¢(£) be a continuous function defined on the boundary 0B.
Construct the function

w(z) = sup{u(z) : vweU(p,B)}

using the class of U(p, B) = {u € sh,(D)NC(D) : ul,z < ¢}. Z. Blocki in [2] proved that
the function w(z) is continuous and maximal, w € sh,,(B)(C(B), w|,5 = ¢. Moreover, the
operator (dd“w)""™ " A g1 = 0. We will prove an analog of this theorem on the maximality
of the (m,1)-subharmonic measure.

Theorem 3.10. Let K C D be (m,))-reqular compact set and (z) be a continuous function
in the compact set K. Then, the P ) —measure is mazimal in the open set D\K, i.e.,

(dd°w*(z, K, D, )" " A g™t = 0.

Proof. According to Theorem w(z, K,D,¢) = w'(z, K, D,v) € C(D) for any z € D. We
fix a ball B CC D\K and construct the following function

0(z) = sup{u(z) : u € sh(B) () C(B), ulyy <& (K, D, )|y}

Then v € shy,(B)()C(B) and it is maximal in the ball B, i.e., (dd°v)" """ A g™~1 = 0. Since
v(z) = w*(z, K, D, ), Vz € OB and it is maximal in B, then

v(z) > w*(z, K, D), Yz € B.
Let us define the following function

_ Jw*(2,K,D,v), z€ D\B
w(z)_{v(z), 2z € B.

It can be easily seen that according to the above definition we have w(z) € sh,, (D) C(D)
and w(z) € U(K, D,v). As a result,

w(z) <w*(z,K,D,), Vz € D.

Consequently, we have v(z) = w'(z, K, D, 0), V= € B and (ddw (2, K, D, )" A G =0
in B. From the arbitrariness of the ball B C D\ K, we can conclude that

(dd°w*(z, K, D,))" "™ A"t =0
in the open set D\ K. O
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4. THE WEIGHTED CAPACITY P, (E, D,¢) AND (m,)-CAPACITY C,,(K,D,1) OF A
CONDENSER (K, D).

We introduce the weighted capacity value P,,(F, D, 1) and (m,¢)-capacity of the condenser
(K, D) using the weighted P, »y—measure.
Let E C D be a set and 9(z) be a bounded, negative and continuous function on E. As

mentioned above, we consider the case sup ¢(z) < 0 in constructing the function w*(z, E, D, ).
z€E

Definition 4.1. The quantity

Pm(E, D) = —/w*(LE,D,w)dv
D

is called the P, 4)—capacity of the set £/ with respect to D.

Similarly, P, (E, D) capacity (case 1(z) = —1) the function P,,(E, D,¢) > 0 and it satisfies
monotonicity, countable subadditivity. Moreover, P,,(E, D, ) = 0 if and only if £ is a m-polar
set.

Definition 4.2. Let K be a compact subset of a strongly m-regular domain D C C". Then
the following quantity

Cn(K,D,v) = inf {/ (dd°w)""™ " A B w € shy, (D) ﬂC(D),u!K < Y|, Im u(z) > O}
z—0D
D

is called (m,v)-capacity of the condenser (K, D).

Note that, if v = —1, then the weighted (m,)-capacity C,,(K, D, 1) coincides with
Cn(K,D), Cn(K,D,—1)=C,(K,D).

In the study of weighted (m,)-capacity C,,(K, D,1) for simplicity, we assume that the
weight function ¢ is continuous, ¥(z) € C(F), although many of the properties proved below
remain valid for the general case of 1(z).

The (m,v)-capacity C,,(K, D,1) has the following properties.

Proposition 4.3. a) if K1 C Ky C D, then C,,,(Ky, D,v) < Cy,(Ky, D, ).
b) wal S ¢27 then Cm(KJ Dﬂh) Z Cm(K7D7¢2)

The proof of the monotonicity properties of the condenser C,, (K, D, ) follows easily from
its definition.

Proposition 4.4. If K C D is a (m,)-reqular compact, then

(K, D) = / (dd°w* (=, K, D, )"+ p gm1.
K

Proof. w*(z, K, D, 1) € shy,, (D) C(D) and according to Theorem [3.10}

/ (dd°w*(z, I, D, )" " A g > O (K, D, ).
K

Conversely, Ve, 0 < 28 < —max ¥ (2) and for any function
ze

u € shy(D)[C(D), ul <9l lim u(z) >0,

z—0D
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theset F'={z € D :u(z) < (1+ maff/)(z)) ~w*(z, K, D,¢) — e} CC D is open. Therefore,

zEK

according to the comparison principle (Theorem [L.5),

[tz s _E [ G e K Doy A
- maxq/}(z) ) b )

F zEK F

Since K C F and (dd‘w*(z, K, D))" "™ A g7~ = 0 in D\ K, it follows that

2¢ nom+l ¢ % n—m+1 m—1 __
(th) '/(ddw(%K,D,KD)) ANB™T =
o 2¢e nemAl c % n—m+1 m—1
—(1+m) '/(ddw(zyK,Dﬂlj)) AP <L
zeK F
< [ (dd°w)""" A g < [ (ddeu)™ T A gL
/ /

The arbitrariness of € > 0 implies that

/ (dd°w*(z, K, D,))" ™ A gt < / (ddu)™" ! A gt

K D

and

/ (dd°w*(z, K, D, )" " A g7 < O (K, D, ).
K

Proposition 4.5. For any compact K C D,
Co(K, D, ) = inf{C,,(E,D,v)): E> K},

where 1 € C(E), z/;\K = |, and E is (m, z/NJ)—regular compact in the domain D.

Proof. For any ¢ > 0, there exists a function u(z) with v € sh,(D)C(D),u|, <
Y|y, im u(z) > 0 such that the following inequality

z—0D

/ (dd°w)"™ A BT — O (K, D, ) < e

D

holds. Since the function (z) is continuous on the compact set K, according to Whitney’s
theorem [8], there exists some continuous function ¢(z) in D such that |, = |.. Then,
U=1{z¢eD: uz) <(z) +e}is open, U D K. We take a (m,1))—regular compact E such
that £: K C E CC U and consider the open set

2¢e ~
={zeD: ulz — ) w*(z D —
F={z¢ ()<(1+r?g¢(z)) (z,E,D,1p) — ¢}
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where 0 < 2¢ < —max U(2). Tt is not difficult to check that E ¢ F cC D. Applying the
z€E

comparison principle again we have

Con(E, D, 1)) :/(ddc “(z,E,D,¢))" m A B =
E
/ (ddw* (2, B,D, )" " AL <
F
1 c, \n—m-+1 m—1
S 1 2 n—m-+1 : (dd u) /\5 S
(1+ gleagzzxz)) A
1
S 1 2e n—m+1/(ddcu)n_m+1/\ﬁm_1 <
( Izneaglﬂ(Z)) D
1
< ( PR (C(K, D) +¢).
max 3 (z)

Thus,
Co(K, D, ) < Co(E, D, 1) < !

(14 —2 —)”—m—H (Cn(K, D, ¢) +¢).
gleaglﬁ(Z)

The arbitrariness of € > 0 implies that

Con(K,D, ) = inf{C(E,D,): EDK}.

Proposition 4.6. If Kis a (m,)-reqular compact, then

Cy (K, D, ) sup{/(ddcu)nm+1ABm1 cu € shy, (D)ﬂC’(D), VYl < ulp, ulp < 0}.

K

Proof. Since C,, (K, D, ) = [ (dd°w* (z, K, D,))""™ " A gm-!

K
le =w' (sza Dyw”Kv w” (Z7K7D’,¢)|D <0,

it follows that

Co (K, D,1) < sup {/(alalcu)"Wrl AB™ L u € Shy, (D)ﬂC(D), Yl < ulg, ulp < O}.

K

On the other hand, for any function
u € shy, (D)[\C (D), ¥l < uly, ul, <0,Vz € D,

we will construct a function v such that

v(z) =max{(1+¢e)w* (2, K,D,¥), u(z)}, € >0.
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Then we have
< = i = 0.
v € shp (D)ﬂC(D), Ul S vl vlp <0, vk = ulg, leIaan (2) =0
Let us now consider the following open set
F={zeD: (1+e)w*(z,K,D,¢)+e* <v(2)},

where 0 < € < —mz}gczp (z). It is easy to check that K C FF CC D.
zE

Thus, according to the comparison principle and Theorem |3.10}

(1™ [ fddow (s K D) A gt =

K

:a+@“W“/wfw@JcawW”mAﬁw4z
F

> / (dd°v)" "™t A gt > / (dd°v)" "™ A gL = / (ddu)™ ™ A gL,
F K K
The arbitrariness of € > 0 implies that

/(ddcw* (Z,K,D,lp))n_m—’—l /\Bm—l > /(ddcu)n—m-i-l /\/Bm_l'

K K

Definition 4.7. Let U be an open subset of D. The quantity
Cm(Ua D7 ¢) = Sup{cm(Kv D7 w> P K - U}

is called (m,)- capacity of the open set U.

It follows from the definition of the (m, 1)) — capacity of the open set U and from proposition
that C,,, (U, D, ) = sup{C,, (K, D,¢): K C U}, where K is a (m, ) —regular compact.
The monotonicity properties mentioned above for the compact K C D also hold for an open
set U. The proof methods used for the corresponding properties in [7] can be applied to prove
propositions below.

Proposition 4.8. If U C D is an open set, then

aAuaw>sw{/u&m“MAan%uemmwwwow»¢U<uwub<o}

U

= sup {/ (ddu)" "™ A ™Y u € shy, (D) ﬂC’OO (D), Y|y < uly, ulp < 0} :
U
Proposition 4.9. For any increasing sequence of open sets U; C Ujy1 C D, j € N, we have

J

j—o0
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Now, we will define the (m, 1)) —external capacity of an arbitrary set £ C D by using the
capacity of open sets.

Definition 4.10. The quantity
Cr(E,D,y) =inf{C,(U,D,y): UDE}

is called the (m,1)-external capacity of the set £ C D, where U C D is an open set in D.

Proposition 4.11. (m, ) —external capacity is countably subadditive, i.e.
C;:w <UEJ>D7'¢> = ZC;@<EJaDaw)a Ej C D7 Vj e N.
J J

In [4], it is shown that for ¢ € F and E CC D, there exist positive constants ¢; and ¢y such
that the relation

1

ca1C (E, DY) < P (E,D,vY) < co(Ch (E, D, 1)))n=m+T
holds. Where

F=F (D)= {gp € shy, (D) : V2 € D, 3 aneighbourhood U 5 2%, Jp; € sh,, (D) ﬂLOO (D),

n—m+1

lim ¢;(2)=0,Vj €N, ¢; \ypon U, sup/ (dd°p;) A B < —l—oo} )
J

z—0D
D

From this, for ¢» € F (D) and E CC D, we obtain the important result: C, (E,D,y) = 0 if
and only if E is m-polar.

The last fact, that the weighted external capacity C! (E, D,¢) = 0 if and only if E is
m-polar, also follows from the following inequality.

Theorem 4.12. The following inequality holds:

n—m-+1 n—m+1
(-nvee)  CED2CEDY 2 (-wi()  CEDYECD
ZE zeE
(4.1)

Proof. From the definition of the (m, ) —external capacity, it suffices to prove the inequality

(4.1)) for (m, 1)) —regular compact sets.
Since D C C" is a strongly m-regular domain, there exists a function p € sh,, (D) C? (D)

such that p|, < 0 and lilng p (z) = 0. According to inequality (3.1]), for any € > 0 the following
z—
holds:

—infy (2)-w* (2, E,D)+2ep(2) <w* (2, E,D,¢)+ep(z) < —sup (2)-w* (2, E, D), Vz € D.

zeE z2EE

The functions w* (z, E, D), p(z) and w* (z, E, D,1) can be extended to a domain G DD D
such that the following inequality holds for the extended functions:

—inf (=)@ (2, B, D)+265 (=) = & (2, B, D, ) +ep (2) = —sup (2)-&" (2, B, D), Vz € G\D,

z€FE z€EE
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where, @* (2, E, D), p(z) and @*(z, E, D,1) are, respectively, the m-subharmonic and con-
tinuous extensions of the functions w* (2, £, D), p(z) and w*(z, E, D,v) to the domain G.
Applying the comparison principe, we obtain:

[ (om0 s2ep0)] " et

z€E

- / (dd° (w* (2, B, D,v) +ep(2)))" " A g

D

> / [ddo (—supw(z)w* (z,E,D))]an/\Bml.

zelR
D

It is known that the integrals

zeE

/ {ddc (— inf ¢ ()" (2, B, D) + 22p @)]"’”“ A gt

and

[ 14 @ B Do) e () A

can be expressed as,

zeE

n—m-+1
(— inf ¢ (z)) / [dd°w* (z, B, D))" "™ A gt 420y
D

and

/ [dd°w* (z, B, D, )]" "™ A Bt 4 eC,
D
where C and Cy are positive constants. According to Theorem [3.10

n—m-+1
(—infw (z)) / [dd°w* (2, E, D" "™ A ™1 4 2Cy >
E

> / (dd°w” (2, E, D, )" "™ A g7 4 Cy >
E

zeE

n—m-+1
> (— sup ¢ (z)) / [dd°w* (z, E, D))" ™" A pmt,
B

Since € > 0 is arbitrary, we conclude that

n—m-+1 n—m-+1
(-nfee)  CED2CEDY 2 (-wi()  CL(ED).VECD

z€E zeE

U
Corollary 4.13. C! (E, D,v¢) =0 if and only if E is m-polar.

Indeed, it is known that the external capacity C? (E, D) = 0 if and only if E is m-polar set
in D. From inequality (4.1]), it follows that Corollary holds.
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