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Abstract—In this work, the gravitational instability of small-scale perturbations with an azimuthal wave num-
ber  in disk-like self-gravitating systems is considered. Calculations of horizontal small-scale oscilla-
tion modes  and (2; 20) against the background of a nonlinearly non-equilibrium anisotropic
model of a self-gravitating disk are performed. Critical diagrams of the relationship between the virial param-
eter and the degree of rotation for these modes are constructed, and the increments of instability for different
values of the rotation parameter are calculated. The results show that the instability for the oscillation
mode (2; 10) begins at a virial parameter value of  at  and reaches 0.413 at .
For the oscillation mode (2; 20), the instability starts at a virial parameter value of  at

 and reaches 0.146 at . It is found that with an increase in the rotation parameter, the instability
region also increases, while with an increase in the degree of small-scale structure, the instability region sig-
nificantly decreases. The work is partially based on a talk presented at the Modern Stellar Astronomy 2024
conference.
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1. INTRODUCTION
It is well known that the theory of the spiral struc-

ture of galaxies considers an equilibrium disk-like
model as the initial state [1–4]. However, in reality,
any perturbation must develop against the background
of a nonstationary model [5–7]. At present, several
nonlinear nonstationary isotropic and anisotropic
models exist for studying large-scale formations in the
disk subsystems of self-gravitating objects [8–13].
Corresponding nonstationary dispersion equations
(NDEs) have been derived for each perturbation
mode. However, the role of small-scale modes in
disks, particularly in the context of nonstationary
disks, has not yet been studied. This is why the present
work investigates small-scale oscillations in the con-
text of a nonlinear nonstationary pulsating model,
where the azimuthal wavenumber is , and the
radial wavenumber is  and 20.

2. MODEL
The study of the structure and evolution of disk-

like self-gravitating systems requires an analysis of the

instability not only of large-scale oscillation modes
but also of various small-scale perturbations. Investi-
gating the mechanisms behind the formation of small-
scale structural formations requires constructing a
mathematical model of a nonstationary self-gravitat-
ing disk with an anisotropic velocity distribution.
Based on our model, a well-known isotropic nonlin-
ear pulsating model was constructed [5]:
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, , .
The model pulsates with an amplitude

, where  is the virial param-
eter. Let us construct a pulsating model with an aniso-
tropic velocity distribution by averaging over the
parameter :

(2)

Here,  is a weighting function of . We construc-
ted the anisotropic model by taking the weighting func-
tion in the form .
After integrating over  and performing some trans-
formations, we obtain a nonlinear pulsating model
with an anisotropic velocity distribution:

(3)

It can be easily shown that  plays the role of the
angular velocity of the rotating anisotropic disk. For
model (3), we derived the general-form nonstationary
dispersion equation (NDE) using Nuritdinov’s gen-
eral principle [5]:

(4)

where

−Π + λ ψ − λ2 1( ) = (1 cos )(1 )t ψ + λ ψ ×= ( sin )t
−− λ2 3/2(1 ) −λ − λ ψ Πv

2 2= 1 ( sin / )a r Ω Πv
2= /b r

λ − 0= 1 (2 / )T U 0(2 / )T U

Ω
+

−
+

−

Ψρ Ω Ω
Ψ

ρ Ω Ω





1

1
anis 1

1

( )
= .

( )

d

d

ρ Ω( ) Ω

( )ρ Ω = π − Ω + ΩΩ2 1/2( ) (2/ )(1 ) 1 '
Ω

( )

( ) ( )⊥

σΨ + Ω −
π

  × χ − − Π − Π −  Π  

v v

v v v

0
anis

2
22 2 2

2

= [1 ' ]

1 1 .

y x

r a

x y

r

Ω'

ψ γ −
− Π

× + − + Ω + −

anis 2 3

2 2 2 2

4( ) = ( 1)
( 1)

( ) ' ( ) ,

N
m

N N

a N
N N

N N m D i m N N m d

+ − − −γ
+ −

( 1)!!( 1)!!= ,
( )!!( )!!

m
N

N m N m
N m N m

ψ
−

−∞

ψ
1

1= ,
(cosh)

N N
N

dPD EW d
d

ψ

−∞

ψ 1= ,N Nd EI d

Π ψ ψ ψ ψ3
1 1 1= ( ) ( , ) ( ),E S a

− + − + 

2
1 1

2
1= tanh,

2 (cosh)(cosh)
N N N

N
d P PI W

N dd

+ λ ψ
+ λ ψ

11 cos= ,
1 cos

W

 is the Legendre polynomial, and  is the
primary perturbation index. Based on equation (4), we
analyzed several specific small-scale sectoral [14] and
tesseral [15] perturbation modes in the pulsating disk
model (3). We constructed critical diagrams of the
virial parameter versus rotation degree for each of
these modes and calculated the corresponding insta-
bility increments.

3. CALCULATION RESULTS
We obtained the corresponding NDE for the case

of  and an arbitrary radial wavenumber N. How-
ever, it is difficult to determine the asymptotic behav-
ior of this NDE when  approaches infinity. There-
fore, we incrementally increase the  value and con-
sider the physics of specific cases. In this work, we
present the calculation results for the disk model in
small-scale perturbation modes, particularly for the
wavenumbers ;  and 20.

Let us consider the small-scale mode ,
. Substituting these values into equation (4),

we obtain the following NDE for this oscillation
mode:

(5)

Proceeding to the differential form, we have the fol-
lowing:

(6)

Here,

the subscript takes values from  to , where 
is the pulsation amplitude of the disk. The expressions
for  are given in Appendix I.
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Fig. 1. Critical dependence of the initial virial ratio on the rotation parameter of model (3) for the oscillation mode ,
. Here, ,  and . The instability region is shaded.
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Fig. 2. Critical dependence of the virial ratio on the rotation parameter for ; .
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Fig. 3. Comparison of instability increments for ;  at different values of the rotation parameter.
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the rotation parameter increases, the instability region
grows significantly.

The NDE for the oscillation mode ;  = 20
has the following form:

(7)

Proceeding to the differential form, we have the fol-
lowing:
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and subscript  takes the values from  to .
The expressions for  are rather cumbersome,
so we have included them in Appendix II.

Instability for the oscillation mode ;  = 20
begins at a virial parameter value of 
and extends to 0.146 (Fig. 2). In this case, no stability
islands are observed on the diagram. The shaded area
is clearly smaller than the instability region in Fig. 1.
Therefore, as  increases, the instability region in
terms of the virial parameter narrows.

A comparison of instability increments (Fig. 3)
shows that the curves for the oscillation modes ;

 are arranged in descending order of the rota-
tion parameter and do not intersect. In the case of

;  the curves also follow a decreasing
order of the rotation parameter (Fig. 4). For

 and , intersections of the
curves are observed separately.

4. CONCLUSIONS

In this study, we examined the instabilities of oscil-
lation modes ,  and 20. The calculation
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Fig. 4. Comparison of instability increments for ;  at different values of the rotation parameter.
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results indicate that the instability of the perturbation
mode (2; 10) begins at a virial parameter value of

 and extends to 0.413. There is a very
narrow stability region between the values 
0.2174–0.2178, and a distinctly visible stability island
appears between  and
0.375–0.397.

The stability region for the oscillation mode (2; 20)
is wider than in the case of  and begins at a
virial parameter value of .

It was found that the instability region grows with
an increasing rotation parameter and decreases with
an increase in the small-scale structure.

The comparison of Figs. 3 and 4 shows that the
instability increments for the oscillation modes ;

 are significantly smaller than in the case of
; . In the case of  same as with

, the curves are arranged in descending order
of the rotation parameter. Between the values

 and , intersections of the
curves are observed separately.
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