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Intial boundary value problem for the linearized kdv
equation on simple metric star graph
Akhmedov M.Il.,.Sobirov Z.A., Eshimbetov M.R.

Mazkur magolada uchta chekli kesmani grafning uchi deb
ataluvchi bitta nuqtada birlashtirishdan hosil bo’lgan sodda
metrik grafda chizigli Korteveg-de friz tenglamasi uchun
boshlang’ich chegaraviy masala qaralgan. Masala yechimi
yagonaligi energiya integrallari usulida isbotlangan.Potensiallar
usulidan foydalanib masala yechimi integral formula olingan.

B faHHOI cTaTbe Mbl MCC/EfOBasM Ha4yasbHO - KpaeByl 3aja-
4y ANs MHeapu30BaHHOIO ypaBHeHUsi KopTeBera - e ®pusa
Ha MPOCTOM MeTPUYECKOM rpadie COCTosILeld U3 Tpex orpaHu-
YeHHbIX 0TPEe3KOB, COEAUHEHHbIX B OA4HOM TOUYKe, Ha3bIBAEMOI
BEpLIMHOW rpaga. EJMHCTBEHHOCTb pelUeHWUsl foKa3aHa MeTo-
[OM WHTerpanoB sHepruu. C nomolybio MeTofa MOTEHLUAsOB
NnocTpoeHa WHTerpansHaa dopMysa A/s pelleHus paccMaTpu-
Baemol 3ajauu.

I. Introduction

In this paper, we address the linearized KdV equation on a star graph
I with three bounded bonds connected at one point, called the vertex. The
bonds are denoted by Bj,j = 1, 2,3, the coordinate xi on Bi is defined from
— 1 to 0, and coordinates X2 and X3 on the bonds B2 and B3 are defined
from 0 to bk. On each bond we consider the linear equation:

t> 0,Xj GBj,j = 1,2, 3. (1)

1. Formulation of the problems For the above star graph, we need to
impose 5 BCs at the vertex point, which should also connection between
the bonds and 2 BCs at the right side of B2 and B3. In detail, we require:

ui(0,t) = a2'2(o,t) = a3u3(o,t), wuix(0,t) = Q'Wx(0,t) + c3u3x(0,t), (2)
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u1xx(0,t) ﬂzuzxx(o,t)+ 03u3xx(0,t), ul( 1,t) d1(t), (3)

uk(bk,t) = dk(t)? ukx(bk,t) = $k(t)? (4)
for O0<t <T, T = const.

Furthermore, we assume that the functions fj(x,t), j = 1, 2, 3, are smooth
enough and bounded. The initial conditions are given by:

Uj(x,0)=0,x GBj, j = 1,2 3. (5)

It should be noted that the above vertex conditions are not the only
possible ones. The main motivation for our choice is caused by the fact that
they guarantee uniqueness of the solution and, if the solutions decay (to
zero) at infinity, the norm (energy) conservation.

2. Existence and uniqueness of solutions
Lemma 1. Let 2+ 1 < 1. Then the problem (1)-(5) has at most one
solution.

Proof of lemma 1. Using the equation (1) one can easily get:

b b
— j u2(x,t)dx = (2ujUjxx —u2)la+ 23 fj(x,t)uj(x,t)dx

a a

for appropriate values of constants a and b on each bond. We put d¢o(b) = 0.
Then, the above equalities and vertex conditions (2)-(5) yield

d (e-[lull2) <e - (1 IFI2+ dim )

t
Jlul2< J e-£t-T)(1 f(-,r)H2+ J2(r) + 6 2 ~ dT, (6)
0
where 0 b e
W= Wi H uXe+] d3
1
IMI = \J(u,u), are scalar product and norm defined on graph e is an

arbitrary positive number. Uniqueness of the solution follows from (6).
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Theorem 1. Let,

((«3 + C3) ®-—-mmmmmmmm O Qa3 | = 0,
R «2 83-mnmmmm—- J

+ b1 —1, ®00 € C2[0, T], ®1(t) € C1[0, T]. Then the problem (1)-(5)
has a unique solution in C 1([0, T], C3(IN)).

Proofoftheorem. To prove the theorem, we use the following functions
are called fundamental solutions of the equation ut —uxxx = 0.

V (x, t,£,n)=<( (t-n)1H (t-n)4 ~ t>n

0, t—n
where f (x) = 8 Ai ( - , ip(x) = Bi ( - for x > 0, ~(x) = O for
X < 0 and Ai(x) and Bi(x) are the Airy functions. The functions f (x) and
0 + +cN
y>(x) are integrable and J f (x)dx = M, / f (x)dx = , | (fi(x)dx = 0.
-N 0

Below, we also use fractional integrals [8]:

t
1

Jotf (t) = r1 tlé) j (t- T)a-1f(t)dr, O0<ac<1
0

and the inverse of this operator, i.e.,

the Riemann-Liouville fractional
derivatives [8, 9] defined by:

D“,nf(t) := pctrO)d sj(t- T)-“f (T>dT- 0<a < L
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We look for solution in the form:

t

ui(x,t) = J U(X,t;0,n)"i(n)dn + J V (x,t;0,n)Ni(n)dn+
0 0
t
+J U(x,t; —1,n)ai(n)dn + Fi(x,t)
0
t t

uk(x,t)ry* U(x,t;0,n)~fe (n)dn + J V (x,t; bk,n)«k (n)dn+
0 0
t

+ J U(x, t; bk,n)Bk (n)dn + Fk(x,t)
0
where

t
Fk(x,t) = RJ J U(x, t £,n)/k (C,nyd~dn, k= 1,2 3. (7
0 Bk

Satisfying the conditions (2) we have:

f 1 —(/(0O)Ni(n)+ ~O)~Ni(n)y+ N — ai(n) —a2f(0)"2(n)—
0 (t—n)3 Vit —n)3
b n / b2 j
-a 2<H - 1 “2(n)— --—-—---1"8 (n))dn = a2F2(0,t)—Fi(0,t).
V (t- MV e vV o (t- M3/

From here, according to properties of fractional derivatives, one can get

1 (0)7~i(t) + ~(0)Ni(t) - a2/ (0)~2(t)+

FEABD00 T ) aitn):
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a2P b2 r)az2(n) —azf (- b~ ~ ) e2(n))dn
(t —n)3) V. (t—n)3J
r (2) D3BH[a2F2(0,) —Fi(0,1)], (8)

Analogously, from the second part of this condition we get f (O)pi(t) +

<fm i(t)—a3f (0)<f3(t) + ru, DO 0 (f[ yai(n)—
b
—asfp —  «3(n) —as3f .
(t —n)3 (t —rm 3/
r (2) D@ [a3F3(0,t) —F1(0,1)] , (9)

f(0)pi (t) + p'(0)~i(t) —C2f'(0)v2(t) — C3f'(0)cp3(t)+
t

1 fr 1
— ai(n)dn—
r@) ©go (t—n) (t—n)3
1
@ 1s Bt -p b2 - a2(n)dn
r(i) (037 (t—n) (t- n
1 '
czthrd 1 f b2
rw (ot4 (t—n) (t- n)
1 1 1 b3
—C3/~~ D" p' t a3(n)dn—
r() (0t)0 (t—n) (t- n)3
t
1 fr b3
— P3(n)dn
r() @©t4 (t—n) (t —n) 3/
“D(0t) [cBF3x(0, t) + C2F2x(0, t) —Fix(0, )] , (10)
r() (©v

According to the vertex condition uixx(0,t) = -iu2xx(0,t) + -iu3xx(0,t) we
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obtain
2n 1 2n 1 2n
T3 VIO fegpeeg V2 by VIO
t
Too vt TG TRy ER ATy 2Ty e
t 1 1
. -/ //Q/Z(-tA-Tni(S )B3(n) dn+ ot-n a2 v ot n)%( a2(n)
1 1
o . A & a3(n) dn=
a3 V (t- n)3
—F3xx(0,t)+--—-F2xx(0,t) - F1xx(0,t), (11)
a3 a2
From the boundary conditions (4) we get
t
1
V(0)«2(t) + / (0)e2(t) + — DO / - B V2(n)dn
0 (t- n)3 V(t- n)3/
D (0t [@2(t) - F2(b2,t)]: (12)
r) @y
B/ 7— U x.ff b3 1) V3(n)dn
0 (t- n)3 V(t- n)v
D@®t) [h3(t) - F3(b3,t)]: (13)
r(z) @
t
L b2
~J(0)« 2(t) + [/(0)e2(t) + T ~iJD (0t J T V2(n)dn =
(t- n)3 V(- n)3,
1 rDL) [2(t) - F2(b2,t)] (14)
r() oy
t
V/(0)«3(t) + //(0)e3(t) + Dx t)f -~ -r [/ (— b3TX V3(n)dn:

Frbl (,)0 (t- n)3 V(t- n)
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D (0,t) ~ (t) - F3(b3,1)], (15)

r (3)
We obtained the system of integral equations
(8)-(15) with respect to unknowns D(E) =

(Ni(L), Ni(t), ~2(t), (P3(t),a1(t),a2(t),e2(t),a3(t),e3(t))T.
The matrix A

( f(0) - 02f (0) 0 ~(0) 0 0 0 0 0
f (0) 0 -aif (0)  ~(0) 0 0 0 0 0
f'(0) -C2f'(0) -C3f'(0) ~'(0 0 0 0 0 0
(23’,? 2 o o) o 0 0 0 0
A = 0 0 0 0 f (0) 0 0 0 0
0 0 0 0 0 f (0) 0 <0) 0
0 0 0 0 0 0 f (0) 0 <0)
0 0 0 0 0 f'(0) 0 ~'(0) 0
0 0 0 0 0 0 f'(0) 0 ~Y(0)

of the coefficients of these unknowns on the off integral part of the system
has a determinant

det A 6 1 - 1—a2 2a2
e = a3 + (64
729 r2(8) ( ) A2 as e

Under conditions of the theorem this determinant is not singular. According
to the asymptotes of Airy functions the kernels of the integral operators are
integrable. Hence, it follows from the uniqueness theorem and Fredholm
alternatives that the system of equations has a unique solution. This the
solvability of the problem is proved.
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