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Abstract. The paper studies the geometry of a Liouville foliation generated by a completely
integrable Hamiltonian system. It is shown that regular leaves are two dimensional submanifolds
with zero Gaussian curvature and zero Gaussian torsion. It is studied a geometry of the
distribution which generates orthogonal foliation to the Liouville foliation.
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1. INTRODUCTION

The basic concept of a Hamiltonian system of differential equations forms the basis of much
of the more advanced work in classical mechanics, including motions of rigid bodies, celestial
mechanics, quantization theory and so on. More recently, Hamiltonian methods have become
increasingly important in the study of the equations of continuum mechanics, including fluids,
plasmas and elastic media [1], [6].

We are interested on the geometry of the Liouville foliation generated by Hamiltonian sys-
tems.

In this paper the geometry of the Liouville foliation generated by a completely integrable
Hamiltonian system is studied.

1.1. Preliminaries.

Definition 1.1. [I]. A Poisson bracket on a smooth manifold M is an operation that assigns
a smooth real-valued function {F ;H} on M to each pair F, H of smooth, real-valued functions,
with the basic properties:
(a) Bilineality:
{¢cF+cP HY=c{F H}Y+c{P H},

{F,cH +cP}=c{F,H}+ ¢ {F, P}, cc €R,;

(b) Skew-Symmetry:
{F>H} = _{H7F};

(c) Jacobian Identity:
{{F7H}7P}+{{PaF}vH}+{{H7P}>F} = 0;
(d) Leibnitz” Rule:
(F,H-P}={F,H}-P+H-{F,P)}.

(Here P is an arbitrary smooth real-valued function and - denotes the ordinary multiplication
of real-valued functions.)

A manifold M with a Poisson bracket is called as a Poisson manifold and the Poisson bracket
defines a Poisson structure on M.
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Example 1.2. Let M be the Euclidean space R™, m = 2n + [ with coordinates
(p,q,2) = (p*,....p", ¢, ....,q" 24, ..., 2). If F(p,q,z) and H(p,q, z) are smooth functions, we
define their Poisson bracket to be the function:

" (OHOF OHOF
U H} = ; { op' 0q'  dg' 8191}

We note the particular bracket identities:
{p", 0’} =04, ¢’} = 0.{d",p"} = &,

2" ={d', 2"} = {", "} = 0.
in which ¢ and j run from 1 to n, when ¢ and k£ run from 1 to [. Here (5;- is the Kronecker
symbol, which is 1 if 2 = j and 0 otherwise.

(1.1)

Definition 1.3. Linear space V is called symplectic, if there is a non-degenerate skew-
symmetric bilinear form w.

If there was chosen a basis ey, ..., e, in V, then the form w is uniquely defined by its matrix
Q= (wi;) where w;; = w(e;, ;).

A differential 2-form w is called a symplectic structure on a smooth manifold M if it satisfies
two conditions:

1) w is closed, that is dw = 0,

2) w is non-degenerated at each point of the manifold, i.e., in local coordinates, det2(x) # 0,
where (z) = (w;;(z)) is the matrix of this form.

The manifold endowed with a symplectic structure is called a symplectic manifold.

All symplectic manifolds are manifolds of even-dimension and orientable.

Definition 1.4. [2,[5]. Let M be a Poisson manifold and H: M — R a smooth function. The
Hamultonian vector field associated with H is the unique smooth vector field sgradH on M
satisfying

sgradH(F) ={F, H} (1.2)

for every smooth function F': M — R.
The equations governing the flow of sgradH are referred to as Hamilton’s equations for the
Hamiltonian function H.

In the case of the Poisson bracket on R™ (m = 2n + [), the Hamiltonian vector field to any
H(p,q,z), as clearly, corresponds

" /(0H 0 0H 0
H = - — 1.
sgrad ; (319@ dq¢'  O¢’ 019’) (13)

The corresponding flow is obtained by integrating the system of ordinary differential equa-
tions

(i __on
dt  Og’
w_om m
dt  Op'’
dz
— =0
\ dt ’
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wheret=1,...,nand 7 =1,...,1[.
The system (1.4) is called a Hamiltonian system with Hamiltonian H(p, q, z)[2, [I}, 4].
The following property of the Poisson bracket is known[2].

Proposition 1.5. Let M be a Poisson manifold and F, H: M — R are smooth functions with
corresponding Hamiltonian vector fields sgradF', sgradH. The Hamiltonian vector field associ-
ated with the Poisson bracket of F and H is, up to sign, the Lie bracket of the two Hamiltonian
vector fields:

sgrad{F,H} = [sgradH, sgradF).

Definition 1.6. The Hamiltonian vector field associated with H(x) has the form

(=, o, OH O
sgradH = Z (Z{x’,xj}%aa:i) .

i=1 \j=1

Let F(x) be a second smooth function. We obtain the basic formula

(R =33 xj}gg.% (1.5)

i=1 j=1

for the Poisson bracket.

This basic brackets A% (z) = {x', 27} i, = 1,...,m are called the structure functions of the
Poisson manifold M with respect to the given local coordinates.

A skew-symmetric m x m matrix A(x) called the structure matriz of M.

If the Poisson bracket is non-degenerate ( det(A”) # 0 everywhere on M ), then the Poisson
manifold is called a symplectic manifold. The symplectic structure in this case has the form
w = A;;dz' A\ dz? where A;; are components of the matrix inverse to (A%).

Definition 1.7. [3]. Let M™ (where m = 2n) be a symplectic manifold and sgradH the
Hamiltonian vector field with a smooth Hamiltonian function H.

A Hamiltonian system sgradH is called completely integrable in the sense of Liouwville or
completely integrable, if there exists a set of smooth functions fi,..., f, such that:

1) fi,..., fn are first integrals of sgradH Hamiltonian vector field,

2) they are functionally independent on M, that is, almost everywhere on M their gradients
are linearly independent,

3) {fi, fj} =0 for any i and j,

4) the vector fields sgradf; are complete, that is a natural parameter on their integral tra-
jectories is defined on the whole number line.

Definition 1.8. [2]. A partition of the manifold M™ (where m = 2n) into connected compo-
nents of joint level surfaces of the integrals fi, ..., f,, is called the Liouville foliation correspond-
ing to the completely integrated system.

Since the system fi,..., f, is preserved by sgradH, each leaf of the Liouville foliation is an
invariant surface. Any Liouville foliation consists of regular leaves (which fill almost all M)
and singular leaves (a set with zero measure).

Let M?" be a Poisson manifold with the integrable Hamiltonian vector field sgradH in sense
of Liouville and fi,..., f, be its independent first integrals.

Let us recall some notions on the geometry of two dimensional submanifolds of four dimen-
sional Euclidean space.

Let two dimensional surface I in R* is given with vector function r = r(u,v) € C2.
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The Gaussian curvature of two dimensional surface F' is given by the formula [7]

K — b11bag — b%g i C11C22 — C%Q
g11922 — 9%2 g11922 — 9%2

(1.6)

where g;; are coefficients of the first quadratic form, b;; are coefficients of the second quadratic
form in the direction of the first normal and c;; are coefficients of the second quadratic form in
the direction of the second normal.

The Gaussian torsion of two dimensional surface F' in R* is a function that assigns a value
to each point of the surface, calculated by the following formula [§]:

2

> (bircja — biacjn)gij

i,7=1
oG = 5
V 911922 — 912

2. (GAUSSIAN CURVATURE AND (GAUSSIAN TORSION OF REGULAR LEAVES

(1.7)

Let sgradH be a completely integrable Hamiltonian vector field with the Hamiltonian func-
tion H: R* — R on the four dimensional Euclidean space with the Cartesian coordinates

(p17p2thQ2)
H = H(p1,p2. q1,G2)- (2.1)

The Hamiltonian vector field corresponding to H is

OH 0 O0H 0 O0H 0 0H 0

dH =——+——— —+——+ —"— 2.2
sgra Oq* opt  0q? Op? + op! Ogt + Op? 0g?’ (2:2)
where the Hamiltonian system has the following form
( 0OH
b= _8_(11’
, OH
%) _a_qQa
(2.3)
, OH
a a_pla
, OH
% a7
We assume that the following functions
fi= filpr, ¢),
(2.4)

fo= f2(P2>QQ)

are the first integrals of Hamiltonian system (2.3).
Level surfaces of these first integrals generates a Liouville foliation F .

Theorem 2.1. Regular leaves of a Liouville foliation F generated by Hamiltonian system (2.3)
are two dimensional submanifolds of four dimensional FEuclidean manifold with zero Gauss
curvature and zero Gauss torsion.
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Proof. A regular leaf of the Liouville foliation is a two dimensional submanifold with equations:

f1(p1,fh) = Cq,
(2.5)
f2(p27 Q2) = Ca.
Now we can check metric characteristics of this two dimensional submanifold.
It can be parameterized as:
b1 =D (U);
D2 = p2(U)>
2.6
0 = ¢ (u), (2.6)
q2 = Q2(U)-

Now we find

or / ’ or / /
gu - T {P(u); 0; ¢; (u); 0}, g0 27 {0; p5(v); 05 g5(v) }

and coefficients of the first quadratic form
g11 = <T17T1> = p’f(u) + Qf(u)v
g1z = (r1,72) = (r9,71) = g2 = 0,

9oz = (ra,m2) = PF(v) + ¢ (v).

To find coefficients of the second quadratic forms we need two normal vectors. We choose
them as:

ny = {—q;(u); 0; p (u); 0}
and
ny = {0; —q5(v); 0; p5(v) }.

Now we can find two second quadratic forms of the regular leaf. Coefficients of the first of
them is calculated by the formula

J |?”L1’ < r jn1>
By using these equation we find that
b = —————(q (WP (u) = pi(w)q](v)),  biz = by = bos = 0.

PP (u)+af (v)

Coefficients of the second of them are calculated by the formula

From here

1
5 (v)+45 (v)

/ /! / /"

ci1 = cig = o1 =0, Cop = — (g5(v)ps(v) — pa(v)gy (v).

Now we are ready to calculate the Gaussian curvature

. (b110—0)+(0022—0) B
K= 0rt) + ) 02w) + 200) " 27
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and the Gaussian torsion

(b11-0—0) - g11 + (b11caa —0) - 0+ (0 - cag — 0) - ga2

oG = =0 (2.8)
V() + ¢ (w) (pF (v) + 5 (v))
of two dimensional sub manifold with equations (2.5).
Theorem 2.1 is proved. (]

Example 2.2. Let us consider the Hamiltonian H : R* — R on the Euclidean four dimensional
space R* which is given by the formula

1
memmmﬁZ;ﬁ+£—ﬁ+£) (2.9)

The Hamiltonian vector field corresponding to H is

g =q Iy q2 s Y41 o P2 o

It is not difficult to check corresponding Hamiltonian system

pll =41,

(A —
pcji :p‘f’ (2.10)
&% = p2

is completely integrable.
We have two functionally independent first integrals of the hamiltonian system

fi=ri-d,
(2.11)
fo=p3+¢.
A leaf of the Liouville foliation is given by the following system of equations
2 _ 2
Py~ @ =<, 2.12
{%+ﬁ=@ (2.12)

and it is regular when ¢; # 0 and ¢y > 0.

Comparing with Theorem 2.1 we know that regular leaves of the Liouville foliation are two
dimensional submanifolds with zero Gauss curvature and zero Gauss torsion.

Singular two dimensional leaves are surfaces obtained by Cartesian multiplication of circles
with intersecting lines, where one dimensional ones are conjugate hyperbolas and intersecting
lines. (Figure 1.)

3. ORTHOGONAL FOLIATION OF COMPLETELY INTEGRABLE HAMILTONIAN SYSTEM
Let M be a C* manifold of dimension m,

Definition 3.1. [4]. A distribution P on M is a map which assigns to every point x € M
vector subspace P(x) of T, M.

Every set of smooth vector fields D generates a distribution, where for every point x € M
matches subspace P(x) C T, M, that generated by set of vectors D(z) = {X(x): X € D}.

The distribution P is called completely integrable, if for every x € M there is a submanifold
L, of the manifold M such, that T, L, = P(y) for all y € L,. The submanifold L, of M is
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R* 2 £

5= (C1,C2)

\/

R?2 D F(RY sp

Figure 1. Leaves of the Liouville foliation (2.12)

called an integral submanifold (or integral manifold) of the distribution P. A mazximal integral
manifold of P is a connected submanifold L of M such that

(a) L is an integral manifold of P,

(b) every connected integral manifold of P which intersects L is an open submanifold of L.

We say that P is completely integrable if through every point x € M there passes a maximal
integral manifold of P.

Theorem 3.2 (Hermann). [10] In order a system of smooth vector fields D = { Xy, Xo, ..., X}
to generate completely integrable distribution, it is necessary and sufficient that it be involutive.

Involutiveness of D = {X;, Xs,..., X;} on M means, that for each pair (X;, X;) of vector
fields there exist smooth real-valued functlons ! .;(), such that it takes

k
(X5, X1 =D fi(@) X,

=1

x€M,i,5,l=1,... k (Here [, -] denotes Lie bracket of smooth vector fields.)

D C V(M) be a set of vector fields of all smooth (class C'*) vector field V(M) and t — X*(x)
be an integral curve of the vector field X with the initial point x for t = 0, which is defined in
some region I(z) of real line.

Definition 3.3. [9]. The orbit L(x) of a system D of vector fields through a point z is the set
of points y in M such that there exist t1,%s,...,tr € R and vector fields Xy, Xs,..., Xy € D

such that
y =X (X (X (@)
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where k is an arbitrary positive integer.
The fundamental result in study of orbits is the Sussman theorem.

Theorem 3.4 (Sussman). [9] Let M be a smooth manifold, and let D be a set of vector fields.
Then

(a) L is an orbit of D, then L admits a unique differentiable structure such that L is a
submanifold of M. The dimension of L is equal to its rank.

(b) With the topology and differentiable structure of (a), every orbit of D is a maximal integral
submanifold of distribution P.

(¢) P has the maximal integral manifolds property.

(d) P is involutive.

Definition 3.5. A partition F' of the manifold M by path-connected immersed submanifolds
L, is called a singular foliation of M if it verifies condition:

for each leaf L, and each vector v € T},L, at the point p there is X € X F such that X (p) = v,
where T,L,, is the tangent space of the leaf L, at the point p, X F' is the module of smooth
vector fields on M tangent to leaves (X F' acts transitively on each leaf).

If the dimension of L is maximal, it is called regular, otherwise L is called singular. It is
known that orbits of vector fields generate singular foliation.
Let us denote by P the distribution generated by vector fields

gradf*t = {p}(u); 0; ¢ (u); 0},

gradf? = {0, ph(v),0, ¢3(v)}.

(3.1)

Theorem 3.6. The distribution P generates foliation F -, which is orthogonal to Liouwville
foliation F and reqular leaves of singular foliation F+ generated by integral submanifolds of P
are two dimensional surfaces of zero Gauss curvature and zero Gauss torsion.

Proof. The system of vector fields D = { X3, X3}, where X; = gradf,, Xs = gradfs is involutive
as Lie bracket of vector fields is

(X1, Xs] = 0.

It follows from Sussman theorem the distribution P is completely integrable.
Now we assume a functions

§1 =% q),
(3.2)

S2 = 32(1727 92)

satisfy following conditions

01,08 | 0108 _, 05208 050
Op1 Op1  Oq1 Oqu " Op2Opy 0o Ogo

From this conditions we have got the following equalities
gradf1(§1) =0, gradfi(F2) =0

gradfs(§1) =0, gradfs(§2) =0

=0.

for the functions

F1=%1(p1,q1), T2 = F2(p2, @2)-
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It follows from those equalities integral submanifolds of the the distribution P are given by
equations
S1(p1,q1) = s1,
(3.3)
S2(p2, 42) = 5.
By technics from proof of Theorem 2.1 we have got that regular leaves of f * are two dimen-

sional surfaces of zero Gauss curvature and zero Gauss torsion.
Theorem 3.6 is proved. U

Example 3.7. As an example we will take Hamiltonian system (2.9) which is given in the
Example 2.2.
It is shown that, functions

hi=ni-d, L=pB+dé
are functionally independent first integrals of the Hamiltonian system (2.9).
In this case, the system of vector fields D = {X;, X5} consists of vector fields

Xl = gradfl = {pla 07 _C]170}>

X2 = gradfg - {07p27 07 QQ}

D is involutive since the Lie bracket of the vector fields is equal to zero.
It follows from the Sussman theorem that the distribution P is completely integrable.
It is easy to check that functions

1P, 1) = 1@, Ta(p2, q2) = % (3.4)

are invariant functions for the system of the vector fields { X3, X5}.
Distribution P generates foliation leaves of which are given by equations

P1-q1 = Cq,

— = (2,
q2

where ¢y, ¢ are real numbers. It follows from Theorem 2.1 that integral submanifolds of P are
two-dimensional surfaces of zero Gauss curvature and zero Gauss torsion.
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