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The geometry of the rotation group SO(3) is of interest in many areas of math-
ematics and mechanics, and many papers are devoted to the study of this group.
In the first part of this paper, the geometry of a known submersion on the rotation
group with a base on a two-dimensional sphere is studied. It is proved that this sub-
mersion is Riemannian and generates a totally geodesic Riemannian foliation. In
the second part of the paper, the geometry of the Liouville foliation on the cotan-
gent bundle T ∗SO(3) of the group SO(3) generated by a completely integrable
Hamiltonian system is studied. It is shown that the regular leaf of this foliation is
a three-dimensional surface of non-zero normal curvature and zero Gaussian tor-
sion.
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1. Introduction

Let M be a smooth Riemannian manifold of dimension n with the Riemannian
metric g, ∇ be the Levi-Civita connection, and ⟨·,·⟩ be the inner product defined by
the Riemannian metric g.
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We denote by V(M) the set of all smooth vector fields defined on M, through a
[X,Y] Lie bracket of vector fields X,Y ∈ V(M). The set V(M) is a Lie algebra with
a Lie bracket.

Throughout the paper, smoothness means smoothness of a class C∞.

Definition 1. Differentiable mapping π : M → B of a maximal rank, where B is
the smooth manifold of dimension m, n > m, called submersion.

By the theorem of the rank of a differentiable function for each point p ∈ B the full
inverse image π−1(p) is a submanifold of M dimension k = n−m. Thus submersion
π : M → B generates a foliation F on M of dimension k = n−m, whose leaves are
connected components of the submanifolds Lp = π

−1(p), p ∈ B.

Numerous papers [4, 6, 9, 10, 14, 15] have devoted to the study of the geometry of
submersions. In particular, the fundamental equations of submersion have been
derived in [14].

Let F be a foliation of dimension k, where 0 < k < n [6]. We denote by Lp the
leaf of foliation F, passing through a point q ∈ M, where π(q) = p, by TqF tangent
space of leaf Lp at the point q ∈ Lp, by H(q) orthogonal complement of subspace
TqF. As result arise subbundle’s T F = {TqF}, T H = {H(q)} of the tangent bundle
T M and we have an orthogonal decomposition T M = T F⊕T H. Thus every vector
field X is decomposable as: X = Xv + Xh, where Xv ∈ T F, Xh ∈ T H. If Xh = 0
(respectively Xv = 0), then the field X is called as vertical (respectively horizontal)
vector field.

Definition 2. The submersion π : M → B is said to be Riemannian if differential
dπ preserves the lengths of the horizontal vectors.

Riemannian submersions are known to generate Riemannian foliations [4, 15].

We note that a foliation F is called Riemannian if every geodesic, orthogonal at
some point to the leaves, remains orthogonal to the leaves at all points.

The curve is called horizontal if its tangential vector is horizontal.

Let γ : [a, b] → B be a smooth curve in B, and γ(a) = p. The horizontal curve
γ̃ : [a, b] → M, γ̃(a) ∈ π−1(p) is called the horizontal lift of a curve γ : [a, b] → B,
if π(γ̃(t)) = γ(t) for all t ∈ [a, b].

The horizontal vector field U is called basic if the vector field [Y,U] is also vertical
for each vector field Y ∈ V(F).

The special orthogonal group SO(3) consists of all 3 × 3 orthogonal matrices with
determinant one. It is a Lie group, and its associated manifold can be understood
in several ways (cf [8]). The group SO(3) itself is defined as

SO(3) = {A ∈ GL(3,R) ; AT A = E, det(A) = 1}.
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Here, AT denotes the transpose of A, and E is the identity matrix.

The set SO(3) is the intersection of the orthogonal condition (which defines a sub-
manifold) and the determinant condition (which defines another submanifold). The
intersection of two smooth submanifolds in R9 is itself a smooth manifold, pro-
vided the gradients of the defining functions are linearly independent at the points
at the intersections.

At a point A ∈ SO(3) :

• The orthogonality condition can be represented as f (A) = AT A − E = 0.

• The determinant condition can be represented as g(A) = det(A) − 1 = 0.

The gradients of these functions with respect to the entries of A can be shown to
be linearly independent at the points in SO(3).

Since SO(3) is defined as the zero set of smooth functions ( f (A) and g(A)), and
the gradients of these functions are linearly independent, we conclude that SO(3)
is a compact three-dimensional smooth manifold. Specifically, it is obviously a
submanifold of R9.

First, notice that a rotation about the origin in R3 can be specified by giving a vec-
tor for the axis of rotation and an angle of rotation about the axis. We make the
convention that the rotation will be counterclockwise for positive angles and clock-
wise for negative angles when viewed from the tip of the vector of axis rotation.
The specification of a rotation by an axis vector and an angle is far from unique.

The rotation determined by the vector v and the angle φ is the same as the rotation
determined by the pair (λv ; φ + 2nπ), where λ is any positive scalar and n is any
integer. The pair (−v ; φ) also determines the same rotation. We note that four real
numbers are sufficient to specify a rotation – three coordinates for a vector and one
real number to give the angle.

As a set (and as a vector space), the set of quaternions is identical to R4. The vector
(a; x; y; z) is written a+ x i+ y j+ z k when thought of as a quaternion. The number
a is called the real part, and the vector part x, y, z.

Quaternions can be multiplied. The multiplication rules are defined by the follow-
ing relations

i2 = j2 = k2 = −1, ij = k, jk = i, ki = j.

Reversing the left-right order changes the sign of the product

ji = −k, kj = −i, ik = −j.
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The conjugate of a quaternion r = a + x i + y j + z k, denoted r, is defined to be
r = a − x i − y j − z k. The length or norm of a quaternion r, denoted by ∥r∥ is its
length as a vector in R4. The formula for the norm of ∥r∥ =

√
a2 + x2 + y2 + z2.

Each nonzero quaternion r has a multiplicative inverse, denoted r−1, given by r−1 =

r/∥r∥. When r is a unit quaternion, r−1 = r.

The set of all unit quaternions generates the group. It is well known following
theorem [3, 5]

Theorem 3. All the rotations about lines through the origin form a group, homo-
morphic to the group of all unit quaternions.

2. Riemannian Submersion on SO(3)

We will prove the following theorem.

Theorem 4. Let π : SO(3) → S2 be a map such that π(A) = AN for A ∈ SO(3),
where N = (0, 0, 1). Then:

a) there exits a Riemannian metric g̃ on S2 such that π : SO(3)→ (S2, g̃) is a
Riemannian submersion

b) foliation generated by π is a totally geodesic foliation

c) foliation generated by π is a Riemannian foliation.

Proof: Here is how a quaternion r determines a linear mapping Ar : R3 → R3. A
point p = (x; y; z) in three-space we consider as a quaternion x i + y j + z k which
we will also call pure quaternion. The quaternion product rpr−1 is also pure, that
is, of the form x′i + y′j + z′k, and hence can be thought of as a point (x′; y′; z′) in
three-space. We define the mapping Ar : R3 → R3 by Ar(x, y, z) = (x′; y′; z′).

The rotation induced by a unit quaternion r = a + x i + y j + z k is given explicitly
by the orthogonal matrix1 − 2(y2 + z2) 2(xy − az) 2(xz + ay)

2(xy + az) 1 − 2(x2 + z2) 2(yz − ax)
2(xz − ay) 2(yz + ax) 1 − 2(x2 + y2)

 .
Mapping π in coordinates (a, x, y, z) has the following form

π(a, x, y, z) =
(
2(xz + ay), 2(yz − ax), 1 − 2(x2 + y2).
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We show that the rank of the mapping π : SO(3) → S2 at each point q = (a, x, y, z)
is equal to two. The easy calculation shows, that the Jacobi matrix of mapping π
has the form:

J(π) =


∂π/∂a
∂π/∂x
∂π/∂y
∂π/∂z

 =
 2y 2z 2a 2x
−2x −2a 2z 2y

2a −2x −2y 2z

 .
Since ∣∣∣∣∣∣2z −2a

2a 2z

∣∣∣∣∣∣2 +
∣∣∣∣∣∣2y −2x
2x 2y

∣∣∣∣∣∣2 > 0

the rank of the mapping π : SO(3) → S2 at each point q = (a, x, y, z) is equal to
two.

We can also write an explicit formula for the fiber over a point p(x, y, z) ∈ S2. For
the base point, p(x, y, z), is not the antipode, (0, 0,−1), the quaternion

r =
1

√
2(1 + z)

(1 + z − i y + j x)

will send (0, 0, 1) to (x, y, z). If we put

rt = cos t + k sin t = ekt

the fiber Lp over the point p(x0, y0, z0) is given by quaternions of the form rekt, 0 ≤
t ≤ 2π. In Cartesian coordinates (a, x, y, z) in R4 the fiber Lp can be parameterized
by equations

a =
√

1 + z0
√

2
cos(t), x =

1
√

2(1 + z0)
(x0 sin(t) − y0 cos(t))

z =
√

1 + z0
√

2
sin(t), y =

1
√

2(1 + z0)
(x0 cos(t) + y0 sin(t)).

(1)

It follows that the fiber Lp is a great circle and that every leaf is a geodesic line.
The vector-speed of this curve (a vertical field) has the form

X = −z
∂

∂a
+ y
∂

∂x
− x
∂

∂y
+ a
∂

∂z
·

This vector field is Killing field. Recall that a vector field X on Riemannian mani-
fold (M, g) is called a Killing vector field if LXg = 0, where LXg is the Li derivative
and g is the Riemannian metric [9]. This condition is equivalent to the condition

Xg(Y,Z) = g([X,Y],Z) + g(Y, [X,Z]) (2)



88 Abdigappar Narmanov and Shohida Ergashova

where Y , Z are arbitrary vector fields on (M, g) and [X,Y] is the Lie bracket of the
vector fields X, Y [9].

Let X, Y are vector fields on S2. As SO(3) is a compact manifold there exists
horizontal liftings X∗, Y∗ of vector fields X, Y , i.e., there exists horizontal vector
fields X∗, Y∗ on SO3) such that dπ(X∗) = X, dπ(Y∗) = Y (see [6]). Since the vector
fields [X,Y] and [X,Z] are vertical vector fields, from (2) we have Xg(X∗,Y∗) = 0,
i.e., a inner product g(X∗,Y∗) is constant along a fiber of foliation [14]. Hence,
if we will put ⟨X,Y⟩(p) = g(X∗,Y∗)(q), where q ∈ Lp, ⟨X,Y⟩ is correctly defined
inner product on S2, and we get Riemannian metric g̃ on S2. Concerning this
Riemannian metric submersion π : SO(3) → S2 will be Riemannian. It is known
that a Riemannian submersion generates a Riemannian foliation [4].

Theorem 4 has been proven. □

3. Hamiltonian Systems on T ∗SO(3)

Let Mn be a smooth Riemannian manifold with a Riemannian metric gi j(x) of
dimension n.

Consider the natural coordinates x and p on the cotangent bundle T ∗M, where
x = (x1, . . . , xn) are the coordinates of a point on M and p = (p1, . . . , pn) are the
coordinates of a covector of the cotangent space T ∗x M on the basis dx1, . . . , dxn.
Let take the standard symplectic structure ω = dx ∧ dp on T ∗M and consider the
following function as a Hamiltonian

H(x, p) =
1
2

∑
gi j(x)pi p j =

1
2
|p|2. (3)

It is well known that the following proposition [2, p. 415].

Proposition 5.

a) Let γ(t) = (x(t) ; p(t)) be an integral trajectory of the Hamiltonian system
v = sgrad H on T ∗M. Then the curve x(t) is a geodesic, and its velocity
vector ẋ(t) is connected to p(t) by the following relation

dxi(t)
dt
=
∑

gi j(x)p j(t).

b) Conversely, if a curve x(t) is a geodesic on M, then the curve (x(t) ; p(t)),
where pi(t) =

∑
gi j(x)p j(t), is an integral trajectory of the Hamiltonian

system v = sgrad H.
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Let us consider the Hamiltonian (3) for the manifold SO(3). To do this, let us pa-
rameterize the group SO(3) by Euler angles. If we write the following replacement
of coordinates from (a, x, y, z) in R4 to (u, v,w) in Euler angles

a = cos
v
2

cos
w + u

2
, x = sin

v
2

cos
w − u

2

y = sin
v
2

sin
w − u

2
, z = cos

v
2

sin
w + u

2

for A ∈ SO(3) we get

A =

cu cw − su cv sw −su cw − cu cv sw sv sw
cu sw + su cv cw −su sw + cu cv cw −sv cw

su sv cu sv cv

 .
We can find tangent vectors or tangent matrices of SO(3), as

r⃗u =

−su cw − cu cv sw −cu cw + su cv sw 0
−su sw + cu cv cw −cu sw − su cv cw 0

cu sv −su sv 0


r⃗v =

 su sv sw cu sv sw cv sw
−su sv cw −cu sv cw −cv cw

su cv cu cv −sv


and

r⃗w =

−cu sw − su cv cw su sw − cu cv cw sv cw
cu cw − su cv sw −su cw − cu cv sw sv sw

0 0 0


where we have made use of the following short notations cu = cos u, cv = cos v
and cw = cos w, and respectively, su = sin u, sv = sin v and sw = sin w.

We get the first quadratic form matrix (gi j) and the inverse matrix of the first
quadratic form (gi j) as follows

(gi j) =

 2 0 2 sin v
0 2 0

2 sin v 0 2

 , (gi j) =


1

2 cos2 v
0 −

sin v
2 cos2 v

0
1
2

0

−
sin v

2 cos2 v
0

1
2 cos2 v


.

Consider the natural coordinates x and p on the cotangent bundle T ∗SO(3), where
x = (u, v,w) are the coordinates of a point on SO(3) and p = (p1, p2, p3) are the
coordinates of a covector of the cotangent space T ∗xSO(3) on the basis du, dv, dw.
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In this case the Hamiltonian (3) has the following form

H =
1
2

( 1
2 cos2 v

p2
1 +

1
2

p2
2 +

1
2 cos2 v

p2
3 −

sin v
cos2 v

p1 p3

)
. (4)

Hamiltonian system corresponding to the Hamiltonian function (4) is

dp1

dt
= 0,

du
dt
=

1
2 cos2 v

p1 −
sin v

2 cos2 v
p3

dv
dt
=

1
2

p2,
dp2

dt
= −

sin v
2 cos3 v

(p2
1 + p2

3) +
1 + sin2 v
2 cos3 v

p1 p3

dp3

dt
= 0,

dw
dt
=

1
2 cos2 v

p3 −
sin v

2 cos2 v
p1.

(5)

Let us recall some definitions.

Definition 6. The Hamiltonian system is called completely integrable in the sense
of Liouville or completely integrable, if there exists a set of smooth functions
F1, . . . , Fn as

1) F1, . . . , Fn are the first integrals of the sgrad H Hamiltonian vector field,

2) they are functionally independent on M, that is, almost everywhere on M
their gradients are linearly independent.

3) {Fi, F j} = 0 for any i and j,

4) the vector fields sgrad Fi are complete, that is, the natural parameter on
their integral trajectories is defined on the whole number line.

Definition 7. The decomposition of the manifold M2n into connected components
of the common-level surfaces of the integrals F1, . . . , Fn is called the Liouville
foliation corresponding to the integrated system v = sgrad H.

Since F1, . . . , Fn are preserved by flow of v = sgrad H, every leaf of the Liouville
foliation is an invariant surface.

The Liouville foliation consists of regular leaves (filling M almost in the whole)
and singular ones (filling a set of the zero measure) [2, 11–13].

Theorem 8. Hamiltonian system (5) defined by (4) is completely integrable in
the sense of Liouville. Regular leaves of a Liouville foliation generated by the
Hamiltonian system (5) are three-dimensional submanifolds of the six-dimensional
manifold T ∗SO(3) with nonzero normal curvature and zero Gaussian torsion.
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Proof: In fact, the following functions are the first integrals of the system

F1 = p1, F2 = H, F3 = p3.

It is easy to check that these functions satisfy the conditions of complete integra-
bility.

The leaves of the Liouville foliation generated by the Hamiltonian system (5) are
given by the equations

p1 = C1, H = C2, p3 = C3.

We can parameterize a leaf F by following parametric equations

p1 = C1, p2 =

√
4C2 +

2 sin v
cos2 v

C1C3 −
C2

1 +C2
3

cos2 v
, p3 = C3

u = u, v = v, w = w.

(6)

Here, u, v, w are the coordinates on a leaf of the Liouville foliation.

The first quadratic form of the three-dimensional F is the following form

I(τ) = du2 +

((
∂p2

∂v

)2
+ 1
)

dv2 + dw2

for a tangent vector τ = {du, dv, dw}.

The second quadratic forms in the directions of normals

n1 = {1, 0, 0, 0, 0, 0}, n2 =

{
0,−1, 0, 0,

∂p2

∂v
, 0
}
, n3 = {0, 0, 1, 0, 0, 0}

are the following forms, respectively

II1(τ) = 0, II2(τ) = −
∂2 p2

∂v2 dv2, II3(τ) = 0.

Recall the notion of normal curvature vector [1]. Through a point x0 ∈ Fn in some
tangent direction τ we draw a curve γ lying on Fn. Let s be the length of the
arc from γ. Consider the curvature vector k of the curve γ : k = rss. The normal
curvature vector kN of the surface Fn in the direction τ at a point x0 is called a
projection of the curvature vector k of the curve γ onto the normal space Nx0 .

Let ui = ui(s), i = 1, . . . , n, be the equation of γ. Then

rss = ruiu j
dui

ds
du j

ds
+ rui

d2ui

ds2 ·
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The projection of the vector k onto the normal space Nx0 has the form

kN =

p∑
σ=1

(knσ)nσ =
p∑
σ=1

(rssnσ)nσ.

Using the expression for rss, we can write

kN =

p∑
σ=1

(ruiu jnσ)
dui

ds
du j

ds
nσ =

p∑
σ=1

IIσnσ
I
·

From here it follows that the normal curvature vector does not depend from curve
γ. It depends only from direction τ.

Using forms, we can find the normal curvature vector of the leaf [1]

kN =

3∑
α=1

IIαn⃗α
I
=

−
∂2 p2

∂v2 dv2

du2 +

((
∂p2

∂v
)2 + 1

)
dv2 + dw2

n⃗2.

It follows that normal curvature vector is a nonzero vector.

The indicatrix of the normal curvature of a submanifold at a point x0 is the set of
points Nx0 of the endpoints of the normal curvature vectors kN(τ), taken for each
tangent direction τ and plotted from the point x0.

In our case, the indicatrix of the normal curvature is an ellipsoid. Let us denote
by a, b, c the half axis of the indicatrix of the normal curvature. By analogy with
two-dimensional surfaces in four-dimensional space [1], we define the Gaussian
torsion χG of a three-dimensional surface in six-dimensional space as

χG = 3abc.

If a three-dimensional surface in the six-dimensional space lies in some four-
dimensional space, then the Gaussian torsion is zero. Indeed, in this case, there are
two constant normal vectors, and therefore two second forms of the three quadratic
forms are identically zero. Therefore, the ellipsoid of normal curvature becomes a
segment. Consequently, the Gaussian torsion is zero.

In our case, the normal vectors n1, n3 are constant vectors. If we introduce Carte-
sian coordinates x, y, z in the normal plane, taking vectors n1, n2, n3 as the basis,
the indicatrix of the normal curvature is the segment defined by

|y| ≤

∣∣∣∣∣ − ∂2 p2

∂v2

∣∣∣∣∣ dv2

du2 +

((
∂p2

∂v
)2 + 1

)
dv2 + dw2

·

It follows that Gaussian torsion is zero and Theorem 8 has been proven. □
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4. Conclusions

The paper is devoted to the geometry of the rotation group of three-dimensional
Euclidean space. The geometry of the rotation group is an important problem in
mathematics and in applied problems of mechanics. In the first part of the pa-
per the geometry of the well-known submersion on the rotation group is studied,
which arises as a result of the action of this group on the two-dimensional sphere.
It is proved that this submersion is Riemannian and generates a totally geodesic
Riemannian foliation. In the second part of the paper, the geometry of the Hamil-
tonian system on the cotangent bundle of the rotation group is studied. It is shown
that the regular fiber of this foliation is a three-dimensional surface of non-zero
normal curvature and zero Gaussian torsion.
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