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ON THE GEOMETRY OF SUBMERSIONS
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Abstract. Subject of present paper is the geometry of foliation defined by
submersions on complete Riemannian manifold. It is proven foliation de-
fined by Riemannian submersion on the complete manifold of zero sectional
curvature is total geodesic foliation with isometric leaves. Also it is shown
level surfaces of metric function are conformally equivalent.
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Introduction

=erentiable mappings of maximal rank play an important role in all branches of

mematics, in particular in Riemannian geometry. One of the important classes

Sifferentiable mappings of maximal rank consists of immersions. Immersions

e been intensively studied since the inception of Riemannian geometry. The

sometry of immersed manifolds is a generalization of the classical differential
sometry of surfaces in Euclidean space. The differential geometry of isometric

smmersions and embeddings was well studied and well represented in many text-
poks on differential geometry.

‘¥ dual concept of submersion was formed relatively recently, in the second half
WF e twentieth century [2, 14]. The study of the geometry of submersions, in
permicular the geometry of Riemannian submersions, proved to be very fruitful due
W the fact that Riemannian submersions have applications in all sections of modern
Siemannian geometry. The study of the geometry of submersions is closely related
W the study of the geometry of foliations, which is an important section of modern
s=ometry. Submersion generates a foliation whose leaves are level surfaces of the
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submersion. Therefore, studying the geometry of submersions is important in the
theory of foliations.

Let M be a smooth connected Riemannian manifold of dimension n with Rie-
mannian metric g.

Smoothness in this paper means smoothness of class C*°,

Definition 1. Differentiable mapping w: M — B of maximal rank, where B is a
smooth Riemannian manifold of dimension m, called submersion for n > m.

By the rank theorem of a differentiable function the full inverse image L, =
7~ !(p) of every point p € B is a submanifold of dimension &k = n — m. So
the submersion of 7: M — B generates a foliation F of dimension k = n — m on
the manifold M, whose leaves are connected components of the inverse images of
the points of p € B.

Suppose that L is a leaf of the foliation F, z € L, T, L is the tangent space of
L at the point z, and H(z) is the orthogonal complement of 7, L. There arise
two subbundles TF: ¢ — T,L and H: @ — H(z) of the tangent bundle T M
of the manifold M. Each vector field X € V(M) can be represented in the form
X = X, + X, where X,, and X}, are the orthogonal projections of X onto TF
and H, respectively. If X}, = 0, then X is called a vertical field (tangent to F), if
Xy = 0, then X is called a horizontal field.

Geometry of submersions is investigated by many authors, in particularly in pa-
pers [1,5,15].

Definition 2. A submersion of m: M — B is called Riemannian if its differential
dm preserves the length of horizontal vectors.

To the study of the geometry of Riemannian submersions are devoted many i
vestigations [2, 8, 13, 14]. In particularly fundamental equations of Riemanni
submersion are obtained in [13].

2. Geometry of Riemannian Submersions

In this section we study foliations defined by submersions.
Let M be a smooth connected Riemannian manifold of dimension n with Ri
mannian metric g, and V(M) is the set of all smooth vector fields defined on M,
Let us consider submersion

M — B
where B is a smooth Riemannian manifold of dimension m and denote by F'
foliation defined by submersion.

From a geometrical point of view the important classes of foliations are totu
geodesic foliation and Riemannian foliation.

Proof: Let us recall n
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The shortest curve v: [0, —¥ L is orthogonal to the gradient line at the point p.
As manifold M is manifold of zero sectional curvature and all gradient lines are
parallel straight lines, the shortest curve v: [0,1] = L is orthogonal to the all gra-
dient lines as they are parallel [3, Lemma 8, p. 330]). It follows from here shortest
line v: [0,1] — L stays in the leaf L. As every geodesic line is a locally shortest
line we have that every geodesic which tangents some leaf L of the foliation F
stays in this leaf. It follows from here the foliation is total geodesic foliation.

Now we show that the flow of the unity gradient vector field translates leaves of
into leaves.

Let ~(t. s) be a gradient line starting from the point v(t) at s = 0: ~(t,0) = v(t)s
~'(t,0) = Z(v(t)), where Z is unity gradient vector field of the submersion (1).
Let g is the Riemannian metric on M, V is Levi-Civita connection, (U, W) is the:
inner product of vector fields U and W.

As (2) is a Riemannian submersion, the foliation F is a Riemannian [14]. Since
is a Riemannian foliation, it holds following equality [10]

X{Y,wW) = ([X,Y],W) + (¥, (X, W)

for horizontal vector fields Y, W, where X is a vertical vector field, [X,Y] is
Lie bracket of vector fields X and Y. As it holds X(Z,Z) =0 for unity gré

vector field Z we have from (3) the equality

([X,2],Z)=0
for every vertical vector field X. It follows from here that (X, Z] is a vertical

field. Therefore Z is a foliated vector field and flow of field Z translates the lem
of F into leaves F [15]. That is why curve t — 7(t, s) lies on the same leal |

seR.
Consider two dimensionally surface

d = {v(t,s); t € [0.lp), s € (—o0, +00)}-
The surface ® is considered with the restriction g of Riemannian metri¢ g N
Restriction g of Riemannian metric g on ® gives the metric

E(t, s)dt* + ds?. E(t.s) = |X(t.5)|?
where | X (t.s)| is the length of tangent vector X (. s) of curve t — 4l
p=1(t,3).
Since V is Levi-Chivita connection it holds

X(2,2) = {VxZ,Z)+(Z,VxZ)
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3. Geometry of Metric Functions

Definition 9. Differentiable function
f:M—=R (8)

] [ on eve
is called metric function if length | grad f| of gradient vector is constant ry
component of level surfaces [5].

In this section we study metric functions on Euclidean space.

Assumption. Every connected component of the critical level set is either a point
either a regular surface (smooth manifold) and they are isolated from each other.

Theorem 10. Let f: R® — R is a metric function and assumption holds for it
Then level surfaces of the function f are conformally equivalent.

Note. By conformal equivalence of surfaces we mean ::m:w is a mwu_munmmw h."-ﬁ
between them. A diffeomorphism cﬁinaz. two Riemannian _&m_”ﬁ 0 ”m - c_..
a conformal map if the pulled back metric is conformally equiva Mawsﬂo 3
inal one. Two Riemannian metrics g and g on a m::onﬁ: EmEmo_ are .
conformally equivalent if § = 2V g for some function ¢ on M.

Proof: Under assumption it follows from [5, Theorem 1] that there oxmmsmn
tion ..,m“ R™ — R such that every level surface L. = {z: f(z) = c} of the

f is level surface of the function f given by equation {z: f(z) = ¢} and
.mm.q_ = Ajz1 + Aoszo + -+ + AnZn

where 9 0]
AP+ A5+ + AL >0

if the function f has no critical level surfaces of dimension less than n — 1,

.:.lr.
;_H .u
fla)=5 W? -i
where a; € R, i = 1.2,...,n — k, if the minimal dimension of crities
surfaces is equal k, where 0 < k < n — 2.

Let Z = grad wwm gradient vector field of the function f. If the function
critical level surfaces of dimension less than n — 1, then

n I
= I
Z =grad f = M b_lla.:;
=1

is a constant vector field,
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If the function has critical level surfaces of dimension less than n — 1, then
o) n—k 9
=gradf =) (zi—ai)z— (10)

ox;
i=1 T

Let us recall the notion of conformal vector fields.

Definition 11. A vecror field X is conformal if Lxg = og, where o is a function
on (M. g), Lx g denotes the Lie derivative of the metric g with respect to X,

Itis known that a vector field X on (M., g) is conformal if and only if the local one-
parameter group of local transformations generated by vector field X consists of
conformal transformations. A local one-parameter group of Jocal transformations
generated by a conformal vector field consists of homotheties if o is a constant,
und consists of isometries if o = 0,

It is known that a vector field [6]

a m
\M1” M mmmu‘.wmu.l
i=1 ’

on " is conformal if and only if

O; (z) = 1™ T 43 0 o
- = ur), = L& ....1N, —— - = U, .
ox; i ; . QH.Q. Q.P_ vird

It Is not difficult to check that gradient vector field (8) is conformal vector field.
Lirudient vector field (9) is conformal vector field on the planes z;.; = const,

B4y = const, ..., T, = const.

:s_5.».5:.%0552moéo::mm_,m&na<n29.ma_n:.E._m_mﬂnm_nﬁ_wnwmmnm to
¢l surface.

__.r__:s_zmrmﬂ_._._min?:a:_o:mm:n_.mﬁmxmnamsamnmo:m:o:,.ﬂ [15]. Since
lltion /' is Riemannian we have

X(2,2) = (X, 2),2) + (2,[X, 2))

.-s.._:_c_.:n..__<mn~o~moa.x..éwm_.m:N_mmEmrwmcﬁnmeOwEn<nQo_.mn_%
il

lows from here that [X. Z] is vertical vector field. This is equivalent to that
Wl the gradient vector field Z = grad w,:‘msm_mﬁm level surface of the function
Aevel surface w__m_.

1Y level surface of the function f is a level surface of the function w flow of

Wlient vector field Z = grad w translates level surface of the function f to
Mirfuce f. O
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Example 12. A) Let f: R® — R is given by formula
f(z1,23,%8) = mEAHm +z3 + H.m.v

where (z1, 9. x3) are the Cartesian coordinates on R®.

It is easy to check that the function f is a metric function. Critical level surfaces of
f are given by equations
u..m+..~,.w+aw”o. Hw.THW.THwH

m

Minimal dimension of critical surfaces is k = 0. Therefore

24 224 22
_ Ty +2x5+ 73
23%?H&HF%|

and 3 3 3
= oredl f = e — BiLPE
Z = gra .Uu I Bz, + & =, -+ Hmb.ﬁm
The vector field Z = grad w(wm conformal on R? and its flow translates level s
faces to level surface. Thus level surfaces of the function f are conformally equi
alent.
For conformally equivalent metrics § = e?g sectional curvature in the

dimensional direction defined by an orthonormal pair of vectors X and Y
related as follows

Kxy = h’Kxy + h[Hessp(X, X) + Hess (Y, Y)] — E

where h = e™¥, Vh, Hess;, are gradient vector and hessian of the function
respectively. The flow of the vector field Z = grad f consists of homoteties

Zt: (21,29, 23) = (z1€', 206", 23¢"), tER.
For this example

mw. _ Au_ _ mwmmrﬁw‘. L.W1.,_ — mmmw.:.ﬁ.v\v. va —- Cq ﬂﬁmw—w = c.

Thus we have following relation for section curvatures (Gauss curvatures) for
surfaces Z'(L) and L

v ,
\..f,u — m_u__...
Kxy
Vector fields d
) 9 :
.m&a — .|I_l...~.. . ! M\n = s
1 Hhmu; e ‘" Bay

are vertical vector fields. Their flows consists of motions of Euclidean
Therefore main curvatures of level surfaces are invariant functions of the
of this transformations.

The
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B)Let f: R® 5 Ris given by
f(z1,29,23) = m_.:..‘.\wun + z3)

é_..m_.n.a. .
h ﬁh.em..ﬁ&ma%w Cartesian coordinates on R3
L1s easy to check that th .

g o
.H.H _HM”D.

2 2_ 7
Ti+23=—+ g l
the mini i 1 s .. ="
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S = 1. refore

e 2

%AHTHM.H& = 2 +Hw
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NHMEQWH .,E.IQI.THMIWE
Oxy Oy
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[ZL ]S

_, | M. + I, leN.
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H,A.j s L9, Huu = \mu..w

Z=gradf=49_.
Qu.m
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