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Abstract — We propose an approach to quantize discrete networks (graphs with discrete edges).
We introduce a new exact solution of the discrete Schrodinger equation that is used to write the
solution for quantum graphs. The formulation of the problem and derivation of secular equation
for arbitrary quantum graphs is presented. The application of the approach for the star graph is
demonstrated by obtaining eigenfunctions and eigenvalues explicitely. The practical application
of the model in conducting polymers and branched molecular chains is discussed.

Copyright © 2024 EPLA

Introduction. — Modeling of quantum particle motion
in low-dimensional branched structures is of importance
for many practical applications, especially for the design-
ing and optimization of functional properties of quantum
materials. A powerful tool for such purpose is to use quan-
tum graph theory. The advantage of quantum graphs in
modeling quantum transport in low-dimensional branched
structures and networks comes from the fact that the de-
scription can be effectively reduced to a one-dimensional
Schrodinger (Dirac) equation on metric graphs. In most
of the cases, quantum-graphs—based approach allows one
to obtain an exact solution to the problem for arbitrary
graph topologies.

Quantum graphs are determined as the branched quan-
tum wires, which are connected to each other at the nodes
(vertices) according to a certain rule called the topology of
a graph. Initially, the quantum graphs were introduced for
modeling of electron motion in low-dimensional molecular
structures in the quantum chemistry of organic molecules.
In particular, refs. [1-3], where the electron motion in
branched aromatic molecules was studied, can be consid-
ered as a pioneering attempt. However, the strict formu-
lation of the quantum graph concept, where the latter was
defined as branched quantum wire, has been presented a

(3) E-mail: mashrabresearcher@gmail.com (corresponding author)
(®)E-mail: carsten.trunk@tu-ilmenau.de

() B-mail:
() B-mail:
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few decades later by Exner and Seba in [4]. The next
step in the systematic study was done by Kostrykin and
Schrader, who proposed general vertex boundary condi-
tions ensuring self-adjointness of the Schrodinger operator
on graphs [5]. Later the quantum graph concept was used
in different contexts (see refs. [6-9]) and an experimen-
tal realization in microwave networks was done [8]. For an
overview of different mathematical aspects of the quantum
graph theory, we refer to the books [7,10,11]. Some phys-
ically important problems of the quantum graphs theory
are studied in refs. [12-20]. Different issues of evolution
and spectral equations on fractal and discrete systems, in-
cluding graphs, are considered in [21-29].

In this paper, we consider a version of a quantum graph
with discrete edges, i.e., each branch represents a discrete
chain of finite length. Such a system models branched lat-
tices, where particle motion occurs in the quantum regime.

Using the solution of the discrete Schrodinger equation
on a finite 1D lattice, we construct a solution of the prob-
lem for the discrete quantum graph, which satisfies vertex
boundary conditions. Finally, the eigenvalues are deter-
mined in terms of a secular equation.

Exact solution and spectrum of the discrete
Schrédinger equation on a finite chain. — The dis-
crete Schrodinger equation has attracted attention in the
context of mathematical physics, exactly solvable mod-
els and spectral theory [30-33]. The one-dimensional
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time-independent Schrodinger equation for a free particle
is written as

d?¥(x) ]

022 (1)

on the infinite line x € (—o00,400), where h = 2m = 1

and U(x) is the wave function. The discrete version of

the Schrodinger equation can be obtained by using the

standard finite-difference scheme with the step size a > 0

for the second-order derivative as
1

o T (2l —q) — 20 (z(0) 4 §@ (g0 4 q)

+ 2@ (z(@) = 0,

+ E2U(z) =0,

(2)
where xsla) = na and n is an integer number.

Here we propose an exact solution of eq. (2) which can
be written as

(@ (@) = Ag, (a)™"/* + Bg_(a)™" /2, (3)

where A and B are constants and

—k2a® + kavk2a® — 4
5 .

gx(a) =1+

The consistency of this solution with the solution of the
continuous case can be shown by considering its limit for

(a)

a — 0 for a fixed point x,’. For brevity we set

—k2a® + kavk2a® — 4
2

Zy = and o := 2@,

As 2z tends to zero for a — 0, we obtain

. ala
lim (g4 (a)) /
azt/a

T aja

= ilg%) (14 24)
. 1/z4
fi (1 22"

= exp ( lim ozzi/a) =e
a—0

(4)

:I:ika.
One can easily show that

lim (%) (a)

a—0

ti (Al @I+ Bla- @)
= Aett  Be~the,

A graphical representation of the convergence of the so-
lution (3) to the solution of the continuous case with a
decrease of the step size a is shown in fig. 1.

Now let us consider the problem on the finite discrete
interval [0, L] with step size « = L/N for some N € N
and xS{’) = na for n = 0,...,N. Imposing the Dirichlet
boundary condition as

T @0)=0, ¥W(Na)=0 (6)

leads to the following homogeneous system of linear equa-
tions for A and B:

A+ B=0,

Agy(a)N + Bg_(a)N = 0. (7)

—lim,,_,o‘l“"’(x,,(")),,r-:-:' =
@-a =2

\.“*\ »

Xn (a)

Fig. 1: Analytic solution of the discrete Schrédinger equation
in eq. (3) for different values of the step size a and limit of the
solution in eq. (5) for parameters k = 0.8, A = B = 1.

The existence of non-trivial solutions of the above alge-
braic system leads to the following secular equation with

respect to k:
g+(a)V =g (a)". (8)
First, we consider the case k2a® > 4 and k > 0. Then

g+(a) — g_(a) = 2kav/k?a®> —4>0

and g4 (a) > g—(a) follows. Hence (8) does not hold. A
similar arguments shows the same for the case k2a® > 4
and k < 0.

It remains to consider the case k2a? < 4. Then

—k2a® +ikav/4 — k2a2 )
5 .

g+(a) =1+

We write g+ (a) as

g+(a) = |g=(a)[e’#* (@), (10)
and we have
k2a?
Re(gi<a)) =1- 9
1
Im(g+(a)) = iikza\/él — k2a?.
As |g+(a)] = 1, we obtain
arccos (1 — k%a?/2), it k>0,
<p+(a) = 2 92 .
27 — arccos (1—k a /2), if k<0, ()

(@) 2w — arccos (1 — k%a?/2) , if k >0,
_(a) =

7 arccos (1 — k?a?/2), it k <O.
By substitution of these equations into the secular equa-

tion (8) we see that Ny, (a) — Ny_(a) equals a multiple
of 2m, which gives by (11)

™m
N )

where m is an integer. Hence for every integer m we obtain

a solution k,,,

1 ™m
fo = £ —1/2 — 2 (—)
y a COS N

arccos (1 — k*a?/2) =

(12)
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Table 1: The first five nonzero eigenvalues k for Dirichlet (left) and Neumann (right) boundary condition compared with the

continuous case.

Continuous a=0.1 a=0.01 a = 0.002 Continuous a=0.1 a=0.01 a = 0.002
case N =10 N =100 N =500 case N =10 N =100 N = 500

T 3.1286893 3.1414634 3.1415874 T 3.4729635 3.1731927 3.1478832
2 6.1803398 6.2821518 6.2831439 2 6.8404028 6.3455866 6.2957352
3T 9.0798099 9.4212901 9.4246384 3 9.9999999 9.5163831 9.4435249
47 11.7557050 | 12.5581039 | 12.5660398 47 12.8557521 | 12.6847839 | 12.5912209
5 14.1421356 | 15.6918191 | 15.7073173 57 15.3208888 | 15.8499913 | 15.7387923

That is, eq. (2) equipped with Dirichlet boundary condi-
tions has solutions only if k € {k,,, : m € Z}. Obviously,
the k,, depend also on the step size a. If the step size
a tends to zero, then k,, converges to the eigenvalues of
the continuous case on the interval [0, L], as the following
calculation shows:

2 — 2cos (“m“)

. - . L
o = iy
e [ o (=) _ (13)
SETVS T T

Analogously one can impose Neumann boundary condi-
tion as

U@ (a) - v 0)=0, ¥ (Na)— T (Na—-a)=0,
(14)
which leads to the following homogeneous system of linear

equations:

A(g+(a) = 1)+ B(g-(a) = 1) =0,
A(ge(a)N =gy (a)V=1)

(15)
+B(g9-(a)¥ = g-(a)V"1) = 0.
The secular equation in this case is written as
g+(a) —1 g—(a) =1 )
det = 0.
(g+(a)N =g+ g(a)¥ —g-(a)¥!
(16)

Substitution of the above definition of g4 (a) to the de-
terminant equation (16) yields the following expression:

(eiso+(a) _ 1)(ei¢7(a) _ 1)(eis@+(a)(N—1)

e @N-1)y _

or
2mm

P+(a) — p-(a) = .

w1 (a) = 2mp,

where p and m are integer numbers. Using the expression
of ¢4 (a), one can derive the eigenvalues as

1 ™m
kp =+—4/2—2cos | —— |
a\/ COS(N—l)

(17)

Similarly, it is easy to show that the convergence of the
eigenvalues to the continuous case as shown for the Dirich-
let boundary condition is

™m

7 (18)

lim k,, = +
a—0
We collect the first five nonzero eigenvalues of continu-
ous Schrodinger equation (1) with Dirichlet and Neumann
boundary conditions defined on the interval [0, 1] which
are given by k,, = mm, m = 1,...,5 and compare them
in table 1 with the first five nonzero eigenvalues of the
discrete Schrodinger equation (2) with Dirichlet (6) and
Neumann (14) boundary conditions on the interval [0, 1],
respectively, for different values of step size a.

Basic theory of quantum graphs. — In this sec-
tion, we will briefly recall the introduction of the quantum
graphs and their spectrum by following ref. [6]. A graph
consists of V' vertices, where V is a natural number, and
it is connected by E edges, E € N. If vertices ¢ and j are
connected we call it the (7, j) edge. Here we always assume
that at most one edge connects the same two vertices and
moreover, that there are no loops, i.e., there is no edge of
the form (7,1).

The topology of graph is defined by its V' x V" adjacency
matrix as

C—C . — 1, if i and j are connected,
)T TR0, otherwise,

where 7,7 = 1,2,3,...,V. The number of edges can
be found in terms of the adjacency matrix by E =
1 ZV C
2 2aij=1"Yij-

The coordinate z;; on the edge (i,7) is assigned as
[0,L; ;] for all C; ; =1 and i < j, where L; ; is the length
of the edge (i, 7). The wave function ¥ is a vector function
with E components, where each component is defined as
U, i(x; ;) for C; j = 1. The Schrddinger equation on each
edge of the graph is written as (in units 7 =2m = 1)

(19)

dQ\I/i7 ’($i7 )
7(1;2 J +I€2\I’i’j($i,j)20. (20)
As usual, the Schrédinger operator H = —% on

the graph is defined componentwise on each edge of

62001-p3



M. Akramov et al.

the graph
d?W; (i )

dz? '
Usually, one associates boundary conditions to the opera-
tor H. Without any boundary conditions, the Schrodinger
operator H satisfies

Wi j(@ig) = —

<f1@ D) —

Z CJ|: i, (i)

1,j=1
1<j

—®7 (i 5)

(U, HD) =

Ao (Jcm)

dx

AW, (i) | |75
dx

(21)

Ti,j =0
Obviously, whenever the Schrodinger operator H is self-
adjoint, the expression in (21) is zero. E.g., this is the case
when the functions from the domain satisfy continuity on

the graph. That is, for each vertex there exists a complex
number ¢;, i € {1,...,V}, such that

v, J(Z'l ])| = d)zv \Iji,j(xi,j)

z;;=L; = ¢j7 (22)

for ¢, j such that C; ; = 1, i < j, and some current conser-
vation rule [6],

dw -,i(x ',i)
_ Z Ci, de J

j<i xji=Lj,i
dv; (x;
+ Cij—=t s “) = Nid, (23)
> zi,;=0

for some real parameters A; for 7 in {1,...,V}. Note that
the case A\; = 0 for all ¢ in {1,...,V} is called Kirchhoff
rule.
The solution of the Schrédinger equation on the graph
n (20) can be written as
U j(xi) = Cij [Aijsinlk(Ls j — x,5)] + Bi jsin(ka; ;)]
(24)
for all ¢ < j. Substituting the solution (24) into the vertex
boundary conditions (22) and (23) leads to the secular

equations as

Ci,inJ' sin(kLi,j) = Ci,j¢i7 (25)
CijBijsin(kLi;) = Ci;9;,
for 4, j such that C; ; =1 and 7 < j, and
Z Ci,jk’ [Ajﬂ‘ - Bjﬂ‘ COS(]{/’LJ‘J‘)]
j<i
+ Z Ci)jk‘ [—Ai,j COS(k‘Li’j) + Bi,j] = X\ 0i, (26)
J>i

for all ¢ in {1,...,V}.

This is a system of linear homogeneous equations for the
unknowns A4, ;, B; ; and ¢; and has a non-trivial solution
only when

det(M (k) = 0, (27)

where M (k) is a matrix where all the coefficients of the
linear equations (25) and (26) are collected. It depends
on the eigenvalue parameter k£ and its size is

2E + V) x (2E + V).

Branched lattices. —

Arbitrary branching topology.  Adhering to the formu-
lation of the quantum graph problem proposed in [6], in
this subsection, we present a prescription for solving the
problem for discrete quantum graphs.

The discrete graph is a set of V' vertices connected by
FE discrete edges. We denote the edge which connects the
vertices ¢ and j as (i, ) for i < j.

For (i,7) such that C; ; =1 (i.e., vertex ¢ and vertex j

are connected) we assign discrete coordinates of the edge

(()ai,,-) :CS\?’ )

and zy J_ is the rlght endpoint. In other words, each edge
of the graph is an interval with discrete points starting at
= N ja; ;.

The wave function \Il 1s a vector with ¥ components and
each of its components is a vector in CVii+1 defined on
each edge (i,7) as

which has step size a; ;. Here x(()ai,j) -0

zero and ending at x(‘“ 3) = L;;=

(\I/(aq N(.’ES,?‘”))
©J n.L]—O

with C; ; = 1, where 7 < j.
The discrete Schrédinger equation on each edge is given
by

1

[\I,(ﬂu)(x(au) —a; ) _ 2\11(‘“ J)( (am‘))

TL,L,]‘
CL ]

+ UG ) +ap) + PG @) =0, (28)
where 1 < Nni.j < Ni,j — 1 and Ci’j =1,7<].

We use the standard Euclidean inner product on the
discrete graph

-3 Y auns

4,j=1m;,;=0
1<j

(@i )\ (@id)* (s ;)
ninJ )(I) ] (:L‘ J )

2] i, g

(29)
where elements of F component wave function vector &
on the discrete graph are defined as

55111)))77,7 ;=07

for (i, j) such that C; ; = 1, where i < j.

As usual, the discrete Schrodinger operator Hy on the
graph corresponds to the negative second discrete deriva-
tive. It is defined componentwise on each edge of the graph
via

Ot

a; i a; s ]- a;, a; s
) o G el - o)
]

_ 2\1,%”)(955{?]3)) + \1,5377)(33%%;) + ai ).
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It satisfies

(Hy, ®) — (U, Hy®) = §:<jd T (0)@L % (a,5)

i,j=1
1<]J

— W (@)@ L% (0)
+ W (L) (L — aiy)

— W (L g — a )@ (L ). (30)

In fact, H; is a matrix, and, hence, it is self-adjoint if
and only if (30) is zero. Similarly to the previous sec-
tion, we impose a continuity condition and some current
conservation rule. The continuity condition reads as

Gis ‘PEZi’j)(Li,j‘) = ¢j,

for some complex numbers ¢; for all i < j and C;; = 1.
The discrete version of the current conservation

vy (0) = (31)

- Cijl [0 (L) — O (L — aj)]
7<i
+ 30 W (ai) — WD 0)] = Ngi, (32)
Jj>i
for some real parameters \; for i in {1,...,V}.

Inspired from eq. (3) we use a somehow different linear
combination of the fundamental solution in (3) which is
adapted to the above continuity and current conservation
law similar to (24) as

\I],E,H;J)( (as, J))

7741]

(ai,7)
I!L,L ‘7

Ci;Bi,; [9+(am) g

L)
(@) }

(aj )
Lij—%n,;, jJ

aj j

(@i,5)

L1,7*7“n,’ N
+ A |:9+(ai,j) —g—(a;;) i ] )

for i < j, where

—k2a 2 :I:ka”
2

g+(aij) =1+

These functions are the exact solution of the discrete
Schrodinger equation (28). Continuous limit of the solu-

tion can be obtained by considering the limit at a; ; — 0
( l _])

for fixed point x; = 5.

section, one obtams

Similarly, as is shown in the

lim \Il( ”)(041-7]-) =

a;,;j—0

+ G Ay jletthramen) —e

Cz’]BfLJ [eikai'j _ efik?ai,j:l

—ik(L,;yj—OLiyj)]. (34)
The right-hand side of eq. (34) is analogue of the solution
of the continuous Schriodinger equation on a continuous
graph in eq. (24).

N1,3
(1,3) 3
2 (1,2) 3 |
Nz 0
N1,4

Fig. 2: Discrete star graph.

The vertex boundary conditions in egs. (31) and (32)
lead to the following homogeneous system of linear equa-
tions:

Aijfij(Nij) = @i, Bijfij(Nij) = éj, (35)

> Cij{Aiifii(0) + Bij[fij(Nij = 1) = fi;(Nij)]}

j<i

+ 3 Cii{ A [fij(Nij=D)=Fi j(Ni ) +Bi i fi s (1)} =

J>i

Ai¢i7 (36)
where fi,j(m,j) = g+(ai,j)"ivf — g,(ai,j)"w. This is a
system of homogeneous equations for A; ;, B;; and ¢;,
which has a non-trivial solution when

det(M(k)) =0, (37)

where M (k) matrix has the same size and structure as in
the third section.

Star branched lattice.  In this subsection, we consider
a quantum star graph with three discrete edges (see fig. 2).
For such a graph, Ny ja; ; = L1 ; is the length of the edge
(1,4) for j = 2,3,4.

We choose \; = Ay = A3 = Ay = 0. Then the continuity
conditions (31) and the current conservation (32) are for
j=2,3,4

WD (0) = gy, U (L) = ¢,

W (Ly ) = W (Lo j — ar ) =0,
4

Z[\I}ﬁ‘?*i)(al,j) -

=2

(38)
o) (0)) = 0.

Substitution of the solution in eq. (33) into (38) yields
the secular equations

A jfiij(Nj) =é1, DBijfij(Nij) =
A f1;(1) + B lfi;(Ny; — 1) —

4
D AAL [fr (N —1) -
=2

¢ju

f1,5(N1,5)] =0, (39)

f1,;(N14)]+ By fr,;(1)} =0.

The above system of equations has a non-trivial solution
when

det (M (k)) = 0, (40)

62001-p5
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Table 2: The first five nonzero eigenvalues k compared with
the continuous case on the star graph.

Continuous a=0.1 a=0.01 a = 0.005
1| 1.1799688 | 1.2293914 | 1.1847666 | 1.1823638
2 | 1.6768750 | 1.7771792 | 1.6865131 | 1.6816835
3| 2.0943951 | 2.0905692 | 2.0943568 | 2.0943855
4 | 2.7486684 | 2.8462967 | 2.7654332 | 2.7570666
51 2.8559933 | 2.9088003 | 2.8558962 | 2.8559690

where the M (k) matrix is the same as the continuous ver-
sion of the star graph

AD W(k) 0
M(k) = | A® 0 W (k) (41)
0 UMDE) UP(k)
The elements of the above matrices are
-1 0 0 O 0O -1 0 0
AD=1-10 0 0 A®D=10 0 -1 0],
-1 0 0 0 0 0 0o -1
J1,2(N12) 0 0
W(k) = 0 J1.3(N13) 0 ,
0 0 f1,4(N14)
r1,2(Ni2) 71,3(N13) 71,4(N14)
1) 0 0
UM (k) — fia(
(k) 0 Fus(D) 'k
0 0 fr.a(1)
f12(1) f13(1) J1,4(1)
Ni2) 0 0
U(z) k) — 7”1,2( 1,2
( ) 0 T1’3(N1’3) 0 ’
0 0 71,4(N1,4)

where rl,j(Nl,j) = ij(Nl,j — 1) _fl,j(Nl,j)- This secular
equation can be solved numerically to provide eigenvalues
of discrete quantum star graph. Here one should note that
if the lengths of the edges are equal the eigenvalue spec-
trum becomes degenerate, i.e., has multiple eigenvalues.
To avoid such situation, when we solve the secular equa-
tion, we choose lengths of the edges as rationally indepen-
dent. The first five nonzero eigenvalues are calculated for
the considered star graph (see table 2), where the step size
for each edge of the graph is chosen to be equal, a1 ; = a
and lengths of edges of the graph are chosen as L; o = 0.8,
Li3 =11, Ly4 = 1.5. In each column (3-5 columns)
in table 2 we present nonzero eigenvalues by choosing the
different values of step size a for the star graph. The re-
sults show the convergence of solutions to the solutions
of the continuous case calculated using eq. (27) for the
continuous star graph for the same lengths of edges.

/N N/ N/ \ [ \

S S S S S
(a) Linear (unbranched) conducting polymer latticet.

(b) Branched conducting polymer.

Fig. 3: Conducting polymer chains.

Possible experimental realization of the model.  Here
we briefly discuss the possible practical application of our
model to so-called conducting polymers. These latter are
the pol-conjugated (polymer) molecular chains exhibit-
ing semiconducting electronic properties and therefore are
called organic semiconductors. Conducting polymers are
the basic functional materials for organic electronics and
so-called polymer-based film organic photovoltaics (see
e.g., refs. [34-39], for a review of conducting polymers and
their applications). The structure of conducting polymers
presents a discrete lattice (chain) with the hexagonal basic
cell (see fig. 3(a)). Charge carrier dynamics in such struc-
ture can be described in terms of the discrete Schrodinger
equation given by eq. (2). An important problem arising
in the context of charge dynamics in conducting polymers
is modeling electron or exciton (in some cases polarons
and solitons) transport with account of its discrete struc-
ture. The solution of such a problem allows us to com-
pute the electronic band structure of the material and
tuning of its electronic properties. The latter is impor-
tant for functional optimization of conducting polymers
and improving of device performance in organic photo-
voltaics. Recently, the structures consisting of branched
conducting polymer chains attracted much attention in
the context of polymer-based photovoltaics and organic
electronics (see, e.g., refs. [34,39.40] for a review). In
the simplest case, such polymer can have a star-branched
structure (see fig. 3(b)). Our model for branched quantum
lattice based on the use of discrete Schrodinger equation
on the metric graph can be effectively used for the descrip-
tion of charge carrier dynamics and computation of the
electronic band spectrum in branched conducting poly-
mers [34,40]. Also, charge current, and current-voltage
characteristics in the AC-driven case can be computed.
Another possible application can be using DSE for mod-
eling of so-called coherent Ising machines, which can be
realized using the network states [41]. Also the model we
proposed can be used for description of chip-based pho-
tonic graph states [42] and holonomic quantum gates [43].
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Conclusion. — In this paper, we considered the prob-
lem of the discrete Schrodinger equation on a metric
graph, by focusing on its analytical solution and contin-
uum limit. An exact solution of DSE on a finite interval is
obtained. Consistency of the result with their continuum
counterpart is shown by explicit calculation of the contin-
uum limit of the solution. The result is extended to the
case of quantum graph of arbitrary topology. The applica-
tion of the obtained result to the special case of quantum
star graph is demonstrated by imposing the vertex match-
ing conditions given in the form of continuity and Kirch-
hoff rule. It is shown that the secular equation derived
for star graph reproduces its well-know continuum coun-
terpart. The practical application of the proposed model
to branched conducting polymers is discussed.

k) % X%

This work is supported by European Union’s Horizon
2020 research and innovation programme under the Marie
Sklodowska-Curie grant agreement ID 873071, project
SOMPATY (Spectral Optimization: From Mathematics
to Physics and Advanced Technology). The work of JY
and DM is partially supported by the grants of the Inno-
vation Development Agency of the Republic of Uzbekistan
(Ref. No. F-2021-440 and FZ-5821512021).

Data availability statement: No new data were created
or analysed in this study.

REFERENCES

[1] PAULING L., J. Chem. Phys., 4 (1936) 673.

[2] RUEDENBERG K. and SCHERR C. W., J. Chem. Phys., 21
(1953) 1565.

[3] ALEXANDER S., Phys. Rev. B, 27 (1985) 1541.

[4] EXNER P., SEBA P. and STOVICEK P., J. Phys. A: Math.
Gen., 21 (1988) 4009.

[5] KOSTRYKIN V., R. Schrader J. Phys. A: Math. Gen., 32
(1999) 595

[6] KoTrTOos T. and SMILANSKY U., Ann. Phys., 76 (1999)
274.

[7] EXNER P. and KovarRiK H., Quantum Waveguides
(Springer) 2015.

[8] HuL O. et al., Phys. Rev. E, 69 (2004) 056205.

[9] MaTrRAsULOV D. U., Yusupov J. R. and SABIROV K. K.,

J. Phys. A, 52 (2019) 155302.

BERKOLAIKO G. and KUCHMENT P., Introduction to

Quantum Graphs, Mathematical Surveys and Monographs

(AMS) 2013.

[11] Kurasov P., Spectral Geometry of Graphs (Springer-
Verlag, Berlin) 2024.

[12] Yusupov J. R., SaBrov K. K., EHRHARDT M. and
MATRASULOV D. U., Phys. Lett. A, 383 (2019) 2382.

[13] MAaTrASULOV J. and SABIROV K., Physica A, 608 (2022)
128279.

[14] SaBirov K. K., Yusurpov J., JUMANAZAROV D. and Ma-

TRASULOV D., Phys. Lett. A, 382 (2018) 2856.

[15] Dreisow F., HEINRICH M., KEIL R. et al., Phys. Rev.
Lett., 105 (2010) 143902.

[16] EXNER P. and TUREK O., J. Phys. A: Math. Theor., 50
(2017) 455201.

[17] KOROTYAEV E. and SABUROVA N., J. Math. Anal. Appl.,
436 (2016) 104.

[18] BARRERA-FIGUEROA V. and RABINOVICH V. S., J. Phys.
A: Math. Theor., 50 (2017) 215207.

[19] ALoNn L., BAND R. and BERKOLAIKO G., Commun.
Math. Phys., 362 (2018) 909.

[20] EXNER P. and LiPOVSKY J., Phys. Lett. A, 384 (2020)
126390.

[21] REZAPOUR S., DEREssA C. T., HussaIN A., ETEMAD
S., GEORGE R. and AHMAD B., Mathematics, 10 (2022)
568.

[22] BALEANU D., ETEMAD S., MoHAMMADI H. and REZA-
POUR S., Commun. Nonlinear Sci. Numer. Simul., 100
(2021) 105844.

[23] ETEMAD S. and REZAPOUR S., Adv. Differ. Equ., 2020
(2020) 276.

[24] BALEANU D., AYyDOGN S. M., MoHAMMADI H. and
REZAPOUR S., Alex. Eng. J., 59 (2020) 3029.

[25] KHAN H., Aram K., GuLzAR H., ETEMAD S. and REZA-
POUR S., Math. Comput. Simul., 198 (2022) 455.

[26] HussaIN S.;, Mapr E. N., KHan H., GurLzar H.,
ETEMAD S., REZAPOUR S. and KAABAR M. K. A., J.
Funct. Spaces, 9 (2022) 4320865.

[27] AHMAD M., ZADA A., GHADERI M., GEORGE R. and
REZAPOUR S., Fractal Fract., 6 (2022) 203.

[28] KHAN H., ArzaBur J., SHAH A., HE Z.-Y., ETEMAD
S., REzZAPOUR S. and ZADA A., Fractals, 31 (2023)
2340055.

[29] AYDOGAN S. M., BALEANU D., MoHAMMADI H. and

REZAPOUR S., Adv. Differ. Equ., 2020 (2020) 382.
[30] KvITSINSKY A. A., J. Phys. A., 27 (1994) 215.
[31] Tarasov V. E., Phys. Lett. A, 380 (2016) 68.
2] KoroTYAEV E. and SABUROVA N., Math. Ann., 377
(2020) 723.
KOROTYAEV E. and SABUROVA N., J. Math. Anal. Appl.,
420 (2014) 576.
Yusupov J. R., MATYOoKUBOV KH. SH., SABIROV K. K.
and MATRAsuLOV D. U., Chem. Phys., 537 (2020)
110861.
AxraMOV M. E.; Yusupov J. R., ASKERZADE I. N. and
MaTRrASULOV D. U., Phys. Scr., 98 (2023) 115238.
HEeEGER A. J. and PETHIG R., Philos. Trans. R. Soc.
London A, 314 (1985) 17.
HEEGER A. J., Rev. Mod. Phys., 73 (2001) 681.
HEEGER A. J., KIVELSON S., SCHRIEFFER J. R. and SuU
W.-P., Rev. Mod. Phys., 60 (1988) 781.
Socanct T., Gumusay O., SovyLeEyict H. C. and Ak M.,
Polymer, 134 (2018) 187.
SaBirov K. K., Yusurpov J. R. and MATYOKUBOV KH.
SH., Nanosyst. Phys. Chem. Math., 11 (2020) 183.
Huanc J., CuEN X., L1 X. and WANG J., AAPPS Bull.,
33 (2023) 14.
Lu B., Liv L., SonG J.-Y., WEN K. and WANG CH.,
AAPPS Bull., 33 (2023) 7.
LiyY. Xin T., Quu CH., L1 K., Ltu G., L1 J., WaN Y.
and Lu D., Fundam. Res., 3 (2023) 229.

[35]
[36]

[37]
[38]

[39]

62001-p7



