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Abstract
We study reflectionless wave propagation in networksmodeled by the nonlocal nonlinear Schrödinger
equation onmetric graphs, with transparent boundary conditions applied at the vertices. Using a
‘potential approach’ previously developed for the nonlinear Schrödinger equation, we derive
transparent boundary conditions specific to the nonlocal nonlinear Schrödinger equation onmetric
graphs. These conditions prevent backscattering at the vertices, which is essential for reducing losses
in signal, heat, and charge transfer in applications including optical fibers, optoelectronic networks,
and low-dimensionalmaterials.

1. Introduction

Nonlocal nonlinear Schrödinger (NNLS) equation attractedmuch attention since its pioneering study by
Ablowitz andMuslimani published in the [1], where they showed integrability of the problem and obtained a
soliton solution. An interesting feature of the soliton solution of theNNLS equation obtained byAblowitz and
Muslimany is caused by its nonlocality, i.e. the solution at a point x1 depends on the solution at point − x1.
Another important feature is the fact that theNNLS equation is PT-symmetric. Later, various aspects of the
NNLS equationwere studied in a series of papers by Ablowitz andMuslimani [2–7] and other authors (see, e.g.,
[8–17]). In [15], the dynamical properties of periodic collisions of the Schrödinger equationwith nonlocal
nonlinearity are studied and the possible application of themodel to soliton propagation in novel nonlocal
nonlinear opticalmaterials is discussed. In [16], the evolution characteristics of the periodic transmission of
circularly symmetricmulti-ring solitons in optical nonlocalmaterials based on the nonlinear Schrödinger
equation are studied and the transmission expression of circularly symmetricmulti-ring solitons has been
derived. The [17] studies (based on the nonlocal nonlinear Schrödinger equation,) the nonlinear transmission
characteristics of elliptical sine-Gaussian cross-phase beams in strongly nonlocal nonlinearmedia.

Besides nonlocality and PT symmetry, theNNLS equation has practical importance from the viewpoint of
practical applications in nonlinear optics and some ferromagnetic structures. Herewe consider the problemof
transparent PT-symmetric nonlinear networksmodeled in terms of theNNLS equation onmetric graphs
(see, e.g., [18, 19])with a focus on transparent vertex boundary conditions. The lattermeans the boundary
conditions that ensure the absence of backscattering at the graph vertex. To do this, we use the so-called
‘potential approach’, whichwas previously used to impose transparent vertex boundary conditions for the
nonlinear Schrödinger (NLS) equation onmetric graphs [20]. The idea of the approach is to consider the
nonlinear term as a potential acting in the linear Schrödinger equation. Then the treatment of theNLS equation
can be considered as the linear one, so that it can be treated as linear in the context of transparent boundary
conditions [21].

The study of transparent boundary conditions (TBC) in networks ismotivated by their relevance to several
key technological applications, such as tunable soliton dynamics in branched opticalfibers and optoelectronic
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networks, as well as the control of quasiparticle transport in low-dimensional functionalmaterials with
branching structures. Over the last two decades, evolution equations onmetric graphs have seen substantial
interest across various fields [22–32]. In each of these cases, reducing signal, heat, and charge losses along the
network requires carefully designed architectures.

The paper is organized as follows. In section 2we briefly introduce soliton solutions and conserving
quantities forNNLS equation on a line and recall themain steps of deriving the transparent boundary
conditions. In section 3we derive TBCs for theNNLS equation onmetric graphs. section 4 demonstrates the
verification of the obtained results by a numerical experiment. Finally, section 5 contains the concluding
remarks.

2. TBC for theNNLS equation on a line

2.1. Soliton solutions of theNNLS equation
Consider theNNLS equation on a line

( ) ( ) ( ) ( ) ( ) ( )*q x t q x t q x t q x t q x ti , , 2 , , , 0, 1t x
2¶ + ¶ + - =

where q* represents the complex conjugate of q, and the self-induced potential, defined by
V(x, t)= 2 q(x, t) q*(− x, t), exhibits PT-symmetry,meaningV(x, t)=V*(− x, t). The nonlocality of equation (1)
stems from the term q*(− x, t), indicating that the solution q(x, t) at position x depends on information from the
symmetric point − x. TheNNLS equation supports several types of soliton solutions, such as breathing, rational,
periodic, andmore. For instance, a single soliton solution, derived via the inverse scatteringmethod in [1], is
given by:
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with real constants η1, ¯1h , θ1, and ¯
1q . An important feature of this soliton solution (2) is the fact that it describes a

wave that looks like a ‘bird thatflaps its wings but does notfly/move’.
A traveling soliton solution of equation (1) derived in [8] is written as
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withα1,β1, k1 and k̄1 are arbitrary complex constants.
The integrability of the problemhas been proven in [1], implying that theNNLS equation possesses infinitely

many conservation laws. In particular, two key conserved quantities, the norm and the energy, were derived in
[1] and are expressed as follows:

( ) ( ) ( )
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Soliton solutions of equation (1), presented above, are derived under the assumption of decay conditions at
infinity, i.e., q(x, t)→ 0 as x→±∞.
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2.2. Transparent boundary conditions
Following [33], we briefly review the problemof transparent boundary conditions for theNNLS equation on a
line, which is based on the so-called potential approach originally adopted forNLS equation in [34]. Thismethod
has proven effective in deriving TBCs for various nonlinear evolution equations, as shown in [33, 35, 36]. Using
this approach, theNNLS equation can be formally reduced to the linear Schrödinger equation

( ) ( ) ( ) ( ) ( )q x t q x t V x t q x ti , , , , 0, 5t x
2¶ + ¶ + =

with the potentialV(x, t)= 2q(x, t)q*(− x, t). By introducing a newunknown

( ) ( ) ( )( )Q x t e q x t, , , 6x ti ,= -

with

( ) ( ) ( )x t V x s ds, , , 7
t

0
 ò=

the Schrödinger equation can bewriten forQ(x, t) as

( )Q Q A Q BQi 0, 8t x x
2¶ + ¶ + ¶ + =

where A 2i x= ¶ and ( ( ) )B i x x
2 2 = ¶ - ¶ . Next, based on proposition 2.1 and its proof in [34], one can

rewrite equation (8) as (using the pseudo-differential operator calculus [37]):

( )( ) ( ) ( ) ( )i i i iOp , 9x x x x x
2 l¶ + L ¶ + L = ¶ + L + L ¶ + ¶ - L L- + +

-
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whereλ+ represents the principal symbol of the operatorΛ+, andOp(p) denotes the operator associatedwith
the symbol p by inverse Fourier transform. The, from equations (8) and (9) one obtains the following system
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where τ is the time covariable, Op(a)=A andOp(b)=B, since the two functionsA andB correspond to zero-
order operators.

Then, the total symbolλ± is expressed as an asymptotic expansion in the inhomogeneous symbols as
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The upper relation of (11) and expansion (12) admits to determine the 1/2-order terms:
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where the associated operator of the symbol t is the half-order fractional derivative operator /e i
t
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choice /1 2l t=  -+ corresponds to theDirichlet-to-Neumann (DtN) operator. Now, for the zeroth-order
termswe canwrite a systemof equations as
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which results in

( )/ 0. 171 2l =-

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Continuing, one can obtain the next order terms as
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As a result, TBCswere derived up to the second-order approximation:
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where the half-order fractional time derivative operator, is defined as
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3. TBC for theNNLS equation onmetric graphs

Metric graphs, which are the one- or quasi-one-dimensional branchedwires, considered as the set of bondswith
assigned length and connected at the vertices. The connection rule is called the topology of a graph and is given
in terms of the the adjacencymatrix [18, 19]:

A
i j1 if there is a bond connecting vertex to vertex ,

0 otherwise.
ij = ⎧

⎨⎩
The topology of a graph can vary in complexity and accommodate awide range of structures. However, one of
themost fundamental andwidely studied graph topologies is the star graph. A star graph consists of a single
central vertex fromwhich all links emanate. The star graph can be viewed as the elementary building block for
constructingmore complex graph topologies. By appropriately connectingmultiple star graphs, one can
generate awide variety of graph configurations. This approachmotivates the study of transparent vertices on star
graphs, which can be extended to other topologies.

3.1. NNLS equation on a star graph
One of the restrictions on the class of initial conditions forNNLS equation is that theymust be even (in x), which
makes the initial data symmetric with respect to the y-axis. Taking this property into account, we consider the
simplest possible star graphwith an even number of bonds by denoting its bonds as b±j, j= 1, 2 (see, figure 1).
Coordinates x±j are assigned to and theNNLS equation is written for the each bond of the star graph as

( ) ( ) ( ) ( ) ( )
*q x t q x t q x t q x ti , , , , 0, 22t j x j j j j j

2 2b b¶ + ¶ + - =  - 

where q±j(x, t) are defined in xä b±j, and j= 1, 2.We choose the coordinates of bonds b−j as x−jä (−∞, 0) and
for bj as xjä [0,+∞), so that the origin of the coordinates falls on the vertex.

The equation (22) represents a systemofNNLS equations inwhich the components q±j aremixed in the
nonlinear term through the factor j jb b- . In order to solve this system, boundary conditionsmust be set at the
branching point (vertex) of the graph.We adopt the boundary conditions established in [38], which ensure the

Figure 1.The simplest symmetric star graphwith four bonds.
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integrability of the systemby demonstrating the existence of infinitelymany conservation laws. In this
framework for the aboveNNLSE, the norm is defined as (see [1])

( ) [ ( ) ( )] ( ) ( ) ( ) ( )
*N t N t N t N t q x t q x t dx, , , . 23
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The energy, being another conserving quantity, is given by
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By requiring the conservation of these quantities, the time derivatives of the norm and the energy lead to the
following vertex boundary conditions [38]:
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where the parameters γ±j are non-zero positive real numbers.
Then, we express the solution of the problem given by equations (22) and (25) in terms of the solution of

equation (1) as

( ) ( ) ( )q x t q x t,
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, , 26j
jb
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and it satisfies the boundary conditions (25), when the following conditions hold:
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A traveling soliton solution of equation (3) given on a graph can bewritten as
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The sum rule (27) can be considered as a condition (constraint) that ensures the integrability ofNNLS
equation on ametric star graph given by equations (22) and (25). In other words, if the sum rule (27) is fulfilled,
there exist an analytical solutionwhich can be expressed as equation (28).

3.2.Derivation of transparent vertex boundary conditions
In this subsection, we derive the TBC for theNNLS equation on graphs by applying the potential approach used
in the derivation of TBCs on a line. Subsequently, theNNLS equation can be formally written as a linear partial
differential equation (PDE)

( ) ( ) ( ) ( ) ( )q x t q x t V x t q x ti , , , , 0, 29t j x j j j
2¶ + ¶ + =   

where ( ) ( ) ( )
*V x t q x t q x t, , ,j j j j jb b= - -  .

We nowdivide the entire domain (graph) into two subdomains, referred to as the ‘interior’ (bonds b±1) and
the ‘exterior’ (bonds b±2). These terms are used tomaintain consistencywith the terminology adopted for the
problemon a line.Moreover, the terminologies are borrowed from the original works [21, 39–41], where the
core idea of constructing TBCswas introduced. Accordingly, we proceed by considering both the interior and
exterior problems. The interior problem for b±1 can be expressed as

( )
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q q V x t q
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whereQI(x) is an initial condition andT0 is yet an unknown operator that determines the TBCs.
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The exterior problems for b±2 reads
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We introduce a new function

( ) ( ) ( )( )x t e q x t, , , 32j
x t

j
i ,jm = n


-




where

( ) ( ) ( ) ( ) ( )
*x t V x d q x q x d, , , , . 33j

t

j j j

t

j j
0 0
ò òn t t b b t t t= = -  - 

Then, the TBCs of the second order approximation (19) for q±2 at x= 0 can bewritten as
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where the fractional 1/2-derivative and It are given by (20) and (21), correspondingly.
Thus, wefind theT0 operator for q±j for x= 0 as
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Tofind theTBC for q±1 at x= 0, we apply operatorT0 to q±1 as
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From the continuity of the solution in equation (25)wehave
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And the current conservation condition in (25) leads to
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Comparing the above equations (37) and (38) gives

( )1 1 1 1
. 39

1 1 2 2b b b b
+ = +

- -

Therefore, satisfying the sum rule (39) ensures that the vertex boundary conditions (25) are equivalent to the
TBCs at the graph’s vertex. In other words, the vertex becomes ‘transparent’with respect to soliton
transmission.However, since the solution given by equation (26) describes a traveling soliton, such
‘transparency’ implies that solitonsmoving frombonds b±1 to bonds b±2 transmit through the vertexwithout
any reflection. Such a property can be demonstrated in the numerical experiments presented in the next section.
Note that the sum rule (39) is different from the one given by (27) and they coincide only if the parametersβ±j

have certain values (for example, if all parameters have the same value,β−1=β1=β−2=β2, which implies
natural boundary conditions). This implies that unlike to the case of classical NLS equation [20, 23], forNNLS
equation onmetric graphs, integrability is not equivalent to the ‘transparency’ of the vertex.

4.Numerical experiment

Herewe show the results of a numerical experiment performed to verify the results of deriving transparent
vertex boundary conditions for theNNLS equation on the star graph shown infigure 1. In this numerical
experiment we use Runge-Kuttamethod. In all examples wewill use the following initial setup: the initial
conditions are imposed on b−1 and b1 symmetric bonds and chosen as analytical solutions in equation (28),
where its parameters are given asα1= 1.13+ 1.13i,β1= 1.13− 1.13i (should not be confusedwith boundary
conditions parameters) and k1=± 2.5+ 1.5i, ̄ k 2.5 1.5i1 = + for b±1 bonds, respectively.

As a first example we consider the case, when the sum rule (27) is satisfied. The evolution of the traveling
solitons for this case is shown infigure 2 in four consecutive time steps. Thefigure shows that evenwhen the sum
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rule in equation (27) is satisfied, a reflection from the vertex of the graph is still clearly observed. Thismeans that
the sum rule (27) does not ensure the transparency of the vertex. This example can be supported by determining
the set of parameters pairs (β−1,β1) for some fixedβ−2=β2. Figure 3 shows the dependence of the deviation of
the norm from itsmean as a function of the parameters (β−1,β1). In this figure you can see the conservation of
the norm along the red line, which confirms the satisfaction of the sum rule (27)derived from the conservation
laws, i.e.β−1=β1. The deviation of the norm from itsmean over thewhole time is defined as

∣ ¯ ∣ ( )N N N dt, 40
T

err
0
ò= -

where

¯ ( )N
T

N t dt
1 T

0
ò=

is the average value of the total normover thewhole time andT is the total traveling time.

Figure 2. Soliton dynamics at different timemoments, i.e., t= 0 (a), t= 0.9 (b), t= 1.1 (c) and t= 2 (d)when the sum rule in
equation (27) is fulfilled by choosing the following values of the nonlinearity coefficients:β±1= 6 andβ±2= 2.

Figure 3.Dependence of the norm conservation on values of parameterβ−1 andβ1 for fixedβ−2=β2= 2.
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The second example considers the case where the sum rule (39) is satisfied,meaning that TBCs are applied at
the central vertex. Figure 4 shows the evolution of the traveling solitons for this case in four consecutive time
steps. The reflectionless transmission of the solitons is evident from this plot. It shows the transparency of the

Figure 4. Soliton dynamics at different timemoments, i.e., t= 0 (a), t= 0.9 (b), t= 1.1 (c) and t= 2 (d)when the sum rule in
equation (39) is fulfilled by choosing the following values of the nonlinearity coefficients:β−1=β−2= 2 andβ1=β2= 6.

Figure 5. Soliton dynamics at different timemoments, i.e., t= 0 (a), t= 0.9 (b), t= 1.1 (c) and t= 2 (d)when the sum rules in
equations (27) and (39) are broken by choosing the following values of the nonlinearity coefficients:β−1=β1= 2 andβ−2= 0.5,
β2= 1.
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vertex of the graph, which is achieved by choosing certain values of the nonlinearity coefficientsβ±j that lie on
the red line infigure 6 (explained below). As the last example, we consider the case where both sum rules (27) and
(39) are violated. The results of the calculations are shown infigure 5. In this plot one can observe the reflection
at the vertex of the graph. Furthermore, theNNLS equation is no longer integrable due to violation of the
constraint (27).

Note that the choice of parameters (β−1,β1) is obviously not unique for some fixedβ−2 andβ2. This can be
verified by plotting the dependence of the reflection coefficient on the parameters (β−1,β1). For some fixed time
instant t0, the reflection coefficient can be defined as

( )R
N N

N N N N
, 411 1

1 1 2 2

=
+

+ + +
-

- -

whereN±j are partial norms in equation (23) of bonds b±j at time t0. The plot of the reflection coefficient as a
function of the BCparameters (β−1,β1) forfixedβ−2=β2= 2 at sufficient time (t= 2) is shown infigure 6.
From this plot one can see the black curve (highlighted by the red line) bounded by the values of the parameters
(β−1,β1) that satisfy the equation 11

1
1

1b b+ =-
- - . This shows themanifestation of the reflectionless transition

of solitonswhen the constraint (39) is satisfied.

5. Conclusions

In this paper, we studied the reflectionless transport of solitons governed by the PT-symmetric nonlocal
nonlinear Schrödinger equation onmetric graphs. Using the so-called potential approach, we derived
transparent boundary conditions imposed at the vertices.We identified conditions under which transparent
boundary conditions are equivalent toweight-continuity and generalizedKirchhoff conditions. Numerical
utilization of transparent boundary conditions and numerical proof of their equivalence toweight-continuity
and generalizedKirchhoff rules are provided. For PT-symmetric solitons, the transparency implies the
reflectionless transmission of a ‘wing’ of the soliton from the bond b±1 to the bond b±2. The results obtained in
this work can be applied to themodeling of optical networks and optoelectronic devices using PT-symmetric
solitons, so that theminimum signal loss can be achieved by tuning the soliton propagation.
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