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Abstract — We consider the (stationary) time-independent Manakov system on metric graphs.
In particular, for the vertex boundary conditions following the conservation laws, we obtain exact
soliton solutions of the problem. The ground-state solution, i.e., the solution corresponding to
a minimum of energy, is studied. The stability of the ground-state solution is analyzed using

variational approaches.
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Introduction. — Optical solitons are fundamental
carriers of physical characteristics that arise in vari-
ous branches of modern optics and optoelectronics [1,2].
Among these, Manakov vector solitons hold a signifi-
cant role in practical applications within nonlinear optics,
condensed matter physics, and information technology.
The dynamics of such solitons are governed by the Man-
akov system, an integrable system of coupled nonlinear
Schrodinger equations (NLSEs), which admits one- and
two-component vector soliton solutions. Various aspects
of the Manakov system —including its integrability, soli-
ton solutions, and practical implementations— have been
extensively studied over the past few decades [3-17]. Its
principal application lies in nonlinear optics, particularly
in modeling optical vector solitons propagating through
Kerr media [1,2]. Additionally, Manakov-type vector soli-
tons have been observed in optical fibers [1,2,18], Bose-
Einstein condensates [19], and other physical systems (see,
e.g., [1,2] for reviews). An intriguing application of Man-
akov solitons arises in photorefractive polymers and crys-
tals [20-24]. Also, Manakov vector solitons garnered at-
tention in the context of optical logic gates for computing
purposes [10,11], and recent modifications of such logic
gate concepts have been proposed in [25-27]. In [7], the
experimental realization of Manakov solitons in crystals
was demonstrated. The influence of small perturbations

(2) E-mail: mashrabresearcher@gmail.com (corresponding author)

on soliton collisions, relevant for ultrafast switching de-
vices, was explored in [28]. The suppression of soliton
interference in randomly birefringent optical fibers, due to
vector soliton interactions, was studied in [29]. The rogue
wave solutions of the variable-coefficient Manakov system
with external potentials have been studied in [9]. The
Manakov model has also been employed to describe beam
propagation in Kerr media and AlGaAs waveguides [7],
and to model matter waves in quantum systems. Prop-
erties of the energy-sharing Manakov solitons for the de-
sign of novel logic gates were analyzed in [10]. While an
extensive body of literature exists on the traveling soli-
ton solutions of the Manakov system, stationary (stand-
ing) Manakov solitons have received relatively little at-
tention. Nevertheless, these stationary solutions are of
considerable interest from both theoretical and applied
perspectives, particularly in nonlinear optics and optoelec-
tronics. Such solitons may be realized in finite photore-
fractive media —e.g., crystals or polymers— with reflec-
tive boundaries such as mirrors. In this paper, we address
the problem of standing Manakov solitons in networks by
modeling them in terms of the time-independent Manakov
system on metric graphs. These latter are composed of
one-dimensional wires connected at vertices according to
specific rules known as the graph topology [30,31]. No-
tably, evolution equations on graphs and the study of soli-
ton dynamics in networks have attracted growing interest
in recent years [32-44]. The paper is organized as follows:
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Fig. 1: Profile of Manakov solitons on the line for the parame-
ters in eq. (5): a =0, py = 0.065, uz = 0.035.

the next section provides a brief overview of the Manakov
system on the real line. The third section introduces the
stationary Manakov system on graphs and presents ex-
plicit soliton solutions. The fourth section is devoted to
the stability analysis of these stationary solutions. In the
fifth section, the problem is extended to a tree graph. Pos-
sible experimental realization of the problem is discussed
in the sixth section. The seventh section concludes the
paper with a summary and outlook on future directions.

Manakov system on a line. — Here, following [23],
we briefly recall the stationary Manakov system on a real
line. It can be obtained from the time-dependent coupled
nonlinear Schrédinger equations which are given by

Ou  10% 9 9

’§+§7ax2 + (Ju]® + |v]*)u =0, "
O O (w4 =0

"ot Tager TV =0

The norm and the energy for this system can be written
as

—+o0
M:/wﬂ+me

ol
u
E—/(W

1 1
- glult = ol = 1o )

1ov | (2)

T 3|ox

Equation (1) approves factorization time- and space-
variables by substitution [23]

WMFwﬂgQwu 3)

where 9 (x,t) = (Z((i:))) and ¥(z) = (6((3) and p is a

constant. This leads to the following stationary version of

1

1
1
1

Fig. 2: Star graph with N bonds.

the Manakov system:

d2u

— 4+ 2(UP + |[VI)U = uU.
d332+(\|+||) pU,

, (4)
d2v

—— 4+ 2(|UP + V)V = uV,

o7 T2UP+ VPV =V,

with the asymptotic boundary conditions given by

Equation (4) approves the so-called “bright-bright”
(standing) soliton solution given by [23]

w(a) = (VL) see (i - ). (5)

N/

where 1 = p1 + po and a is the center of the mass. Equa-
tion (5) presents standing Manakov soliton on a line that
can be generated, e.g., using finite-size Kerr resonators [45]
or photorefractive polymers [20-24]. In fig. 1, plots of the
profiles of the solution given by eq. (5) are presented for
the value of the parameter ¢ = 0. The profile is symmet-
ric with respect to the origin of coordinates. For nonzero
values of a the symmetry is broken.

Stationary Manakov system on a star graph. —
In this section, we consider the stationary Manakov sys-
tem on the star graph with NV bonds (see fig. 2), and z;
is assigned for bond b;, where j = 1,2,...,N. The co-
ordinates are fixed as z; € [0,+00). The wave function

U,(z;) = (gj((;:”))) is defined on each bond of the graph.
I\

In the following, for convenience we will use the shorthand

notation x instead of x;.

22001-p2
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Fig. 3: Profile of standing Manakov solitons on a three-bond
star graph plotted using the solutions (5) for A > 0. The sign
of {a1,az2,as} is chosen as follows: {+,+,—} for panel (a),
and {+,+,+} for panel (b). For both panels, the values of
the parameters §; and p are chosen as 5; = 1, u = 0.1. The
parameter a is calculated using eq. (13).

The stationary Manakov system on each bond of the
star graph can be written as

d2U;
da?
d2v,
4 T8 (TP +ViP) Vi = v

+ 85 (IU;* + V3 %) U; = pU;, o

where §; is the bond-dependent nonlinearity coefficient.
Vertex boundary conditions can be written as wave func-
tion continuity

(7)

a1Wilp—0 = 2Walp—0 = ... = an ¥ n|s—0

and current conservation law

1 d¥, 1 d¥,
ap dz |,_, a2 dx |,_,

1 d¥y

— = A1 ¥ -0, 8
an dz |, 1z=0 (8)
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Fig. 4: Profile of standing Manakov solitons on a three-bonds
star graph plotted using the solutions (5) for A < 0. The sign
of {a1,az,as} is chosen as follows: {—,—,—} for panel (a),
and {+,—, —} for panel (b). In both cases, the values of the
parameters ; and p are chosen as 3; = 1, pu = 0.1. The
parameter a is calculated using eq. (13).

where real valued A\ defines the type of boundary condi-
tion, i.e., for A = 0, eq. (8) represents Neumann boundary
conditions, while for A\ = oo it becomes a set of Dirichlet
conditions. Nonzero A\ values give the Kirchhoff condi-
tions, and o is a positive constant which will be defined
later.

To construct the solution of eq. (6) on a star graph,
we use the following prescription. First we require that
the known solution of the stationary Manakov system on
a line (3) should fulfill the vertex boundary conditions
given by egs. (7) and (8). Then representing the solution
of eq. (9) in the form

w60 = (Vi) \/gsechwmﬁc ~ay),

we find that fulfilling the vertex boundary conditions in
egs. (7) and (8) can be satisfied if and only if the following

—~

9)

22001-p3



M. E. Akramov et al.

constraints are fulfilled:

G2l = laal = = Jax],
%tanh(\/ﬁal) + L tanh(y/paz) + (10)
1 P2
1 A
+ mtanh(ﬂow) = N7

Introducing the notation a; = e;a, where ¢; = sgn(a;)
and taking into account the bell-like shape of the solution
(see figs. 3 and 4), eq. (10) can be rewritten as

A

vt (11)

N
tanh(y/pa) Z ;—j =
j=1"J

In eq. (11) the sign of the summation should be the same
sign of A, where a, i1, 5; > 0. Thus one can write standing
“bright-bright” soliton solution of eq. (9) as

® 2 [ W(a,z), j=1,...,¢
i) = BJ{ G(-az), j—t(+1,... N, 12
—1
1 N 1
azfatanh E— P , (13)
VA Vi Zﬂ] j;lﬁj

where / is the number of bumps, while N —/ is the number
of tails, and W(a, ) is the solution of the Manakov system
on a line and given by eq. (5).

Figures 3 and 4 present plots of the solution (12) for
the star graph with three bonds. In all cases the values of
parameters p and 3; are fixed as u = 0.1, 3; = 1, where
j = 1,2,3. The value of a is calculated using eq. (13).
Equation (11) provides a relation between the weights, a;
and nonlinearity coefficients, §;. Since the latter depends
on the properties of the material (e.g., optical properties
for Kerr materials), it fixes a relation between the weights
and material properties. Such (constraint) relation can be
used for tuning of standing soliton properties in branched
structures (e.g., optical fiber networks).

As presented in figs. 3 and 4, the bell-shaped profile of
the solitons, along with nonzero value of the parameter a;,
lead to different forms of stationary states of the Manakov
system on the star graph with three bonds. Particularly, in
fig. 3 with A > 0, panel (a) shows two bumps on the bonds
b1 2 and a single tail on the bond b3, whereas panel (b)
displays three bumps on all the bonds. In contrast, in fig. 4
with A < 0, panel (b) shows three tails, while panel (a)
shows a single bump on the bond b; and two tails on the
bonds by 3. Similarly, one can obtain “dark-dark” soliton
solution of eq. (9). For this one needs to use dark-dark
soliton solution on a line derived in ref. [23].

Ground-state solutions and stability analysis. —
An interesting and physically relevant solution of the time-
independent Manakov system is the ground state, which is

the solution of minimal energy. Here, we find the ground-
state solution and provide a stability analysis using the
same approach as in ref. [32]. Important characteristics
for stability analysis and the ground-state solution are the
norm and energy. The norm and the energy are given for
the stationary Manakov system on metric star graph cor-
responding to the vertex boundary conditions in eqs. (7)
and (8) (respectively) as

+

oo

2 2
(U7 1+ Vi Dde +

(s

a2
iy, 2 |V|2]d + 2% (o ) |,

2
29 (2 + (i) |

I
M=

M

=0’

<.
Il
—

ov; |2
ox

U,
Ox

i
] =

S+ O

) =G v

1

- o (14

N\Q I

where M and E are functions of \Il;-z) as M = M [\Ily)]

and E = B[¥\"]
Subbtltutmg the solution in eq. (9) in the expression for
the norm and the energy we get

_Q\fz

32 Zﬂi
J

- [tanh(a;\/p) + 1] + Apsech® (a1 /1)
j=1

[tanh(aj\/72) + 1] + Ausech® (a1+/7),
E =

The stationary states of Manakov system on graphs pre-
viously determined are critical points (S),[¥]) of the so-
called action functional S,, [32]:
0 M 0

S, = E[®] + 5M[\IJ§ ). (15)
Stability can be analyzed using the Vakhitov-Kolokolov
condition which (for stationary NLS equation on graph)
can be written as

d? 2202

20T 5 (16)

One can see from eq. (16) that for A > 0 we have
%SH > 0, which means that the stationary solution in
(12) is stable for all values of p.

Extension to a tree graph. — Similarly to the above,
one can extend the treatment to the case of other graph
topologies, e.g., for tree, loop, complete, or any other
graphs. Here, we demonstrate this for the tree graph pre-
sented in fig. 5. The coordinate on each bond is assigned
as follows: for bond b; we fix z € (00,0], € [0, Ly]
for bond by;, and « € [Lir, Lir;] for bond birj, where
j=12T={1,2,11,12,21,22,...}, Ly; and Lip; — Lir
are the lengths of the bonds by; and bir;, respectively.

22001-p4
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Fig. 5: Tree graph.

The stationary Manakov system is written on each bond
of the tree graph as

d*Uy 2 2
o7+ BV + ViU = b,
d?V;
7 T AP ViRV = v,
o (Ui + [VirP)Urr = plr,
d?V;
L4 B (Ul + [Vir P)Var = uVir.

The vertex boundary conditions can be written similarly
to those for star graph, i.e., in the form of continuity of
the weight of solution and Kirchhoff rules at each vertex:

Ol1‘I’1|x:o = 0611‘1’11|x:0 = CV12‘I’12|1::0,

1 do, 1 d¥y, 1 d¥i,
o dz |,y o dr |y 12 dz |,
)\al‘I’ﬂz:m
oarr¥irle=r,r = anWirtle=r,r = ar2¥irs|e=r,r,

1 d¥ 1 dw
1 d¥yp 11 (18)

alr dz s=Lr a1r1 dz rz=Lr

1 d¥irs
- = AalFW1F|IE:L1F7
oaqre dz [,

where ¥y (z) = (\[ill((;))) and ¥qp(z) = (%Fr((;)))

The solution of eq. (17) can be constructed from that
for a line as

W) = (VEL) | B ia — an)
Wir(o) = (VE2) | seeh(ite - ),

Wirj(z) = (%) \/zmsedl(\/ﬁ(w — airy))-

Fulfilling the solution of the vertex boundary conditions

(19)

—Ur

—_— T

bi11

b

b113
bi22

bior
(b)

Fig. 6: Profile of standing Manakov solitons on a tree graph
plotted using the solutions (19) for I' = {1,2,11,12, 21,22}
and for the signs of the parameters {a1, a1, L1; — a1j, L1; —
alji} (7'7.7 = 172): {_7+7+7+>+7_1_7_7_} (a)> and
{—,+,+,+,+,+,+,+,+} (b). For both cases 81 = fir = 1
and p = 0.1.

leads to the following constraints:

aj [ B1j )
—_— —, — il — 1,27
o 3 la1| = [ay;], J

1 1
— tanh(y/pa1) + —— tanh(y/pasq)

b1 B11
+ ! tanh(y/paiz) A
— tan a1s) = —,
B Hai2 NG
o . '
L 511“]’ |Lir — air| = |Lir —air;|, 7 =1,2,
air Bir
1 1
—— tanh[\/u(Lir — air)] — tanh[y/p(Lir — air1)]
Bir Bir1
A
— tanh Lir —a = —. 20
Bira [Vi(Lir — airz)] i (20)
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Mirror s

Mirror Mirror
Fig. 7: A sketch for experimental realization of the standing
Manakov solitons in a star-branched graph.

Introducing the notations a; = €1b1, a1; = €101, Lir —
air = &irbir, Lir — airj = &irjbir, where e = sgn(ay),
e1; = sgn(ayj), &ir = sgn(Lir — air), &irj = sgn(Lir —
airj) and j = 1,2, eq. (20) can be rewritten as

€1 €11, €12 A
tanh(y/fab) | 2L + L4 2| = A
anh(v/jibr) {51 Bi1 512] VI

gir  &ir1 éirz A
tanh(y/fbir) | 25 — SIL -
anh(yubir) [ﬁw Biri 51F2:| N{T

From the above equation, we can easily find by and by as
1 A €1 €12 -
by \/ﬁatanh[\/ﬁ<ﬁl + + ﬁ12> },
bir = izautaunh [)\ (811“ _ain 51F2>1]
T VE\Pir  Pirt Pire .

In fig. 6, profiles of the standing Manakov solitons on the
tree graph for I' = {1,2,11,12, 21,22} are plotted for the
values of a1, air and A for panel (a): a; = —a1; = —3.18,
aij; = 11.18, X = 0.5; and for panel (b): a1 = —ay; =
—4.68, a1j; = 3.32, A = 20, where 4,7 = 1,2. The values
of the following parameters are fixed for both panels as
61 =pPir =1, L1y = L1o = 8 and = 0.1. The values of
by and byir are calculated using eq. (21).

One can conclude comparing the plots in the two pan-
els that, for the bell shaped profile of the standing Man-
akov soliton, the bumps appear on the bonds by and b5
only, while the tails are formed on all other bonds in panel
(a). Unlike the plots in panel (a), in the plots presented

in panel (b), the tail appears on the bond b; only, while
bumps are formed on all other bonds.

€11

o

A sketch for experimental realization. — The
above model can be experimentally realized using the
branched photorefractive polymers or photorefractive
crystals. A standing wave can be provided by putting

mirrors at the end of each branch of a polymer (crystal).
A sketch for such experiment is presented in fig. 7. Man-
akov solitons in such polymers have been discussed earlier
in ref. [46]. These polymers can be synthesized in the
branched form. The sketch consists of branched photore-
fractive polymers in the form of Y-junction having the
finite-length branches. By putting in contact mirrors (or
any type of reflectors of the optical soliton) at the end
of each branch, one can achieve formation of the stand-
ing Manakov solitons in the system. In such scheme, the
optical soliton can come through one of the bonds, and
after its entrance one should close the branch by putting
the mirror. Fulfillment of the constraints given by eq. (10)
can be controlled by tuning of the optical refractive index
of the material and other physical characteristics.

Conclusions. — In this work, we studied time-
independent Manakov system on metric graphs by focus-
ing on static soliton solutions. An approach similar to
that used in ref. [32] is used for finding the soliton and
ground-state solutions, as well as for the stability analy-
sis. Constraints approving soliton solutions in terms of the
solution of the Manakov system on a line are derived. The
ground-state solution of the problem is found and the sta-
bility analysis is provided. The study is extended to the
case of a tree graph. The above model can be useful for
designing and engineering of functional optical materials
with tunable properties and for the device optimization in
optoelectronics.
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