
Physica Scripta

PAPER

Discrete sine-Gordon equation on metric graphs: A
simple model for Josephson junction networks
To cite this article: M E Akramov et al 2023 Phys. Scr. 98 115238

 

View the article online for updates and enhancements.

You may also like
Type I integrable defects and finite-gap
solutions for KdV and sine-Gordon models
E Corrigan and R Parini

-

Non-perturbative methodologies for low-
dimensional strongly-correlated systems:
From non-Abelian bosonization to
truncated spectrum methods
Andrew J A James, Robert M Konik,
Philippe Lecheminant et al.

-

Solitons, kinks and extended hadron
model based on the generalized sine-
Gordon theory
Harold Blas and Hector L. Carrion

-

This content was downloaded from IP address 140.105.16.64 on 17/10/2023 at 06:41

https://doi.org/10.1088/1402-4896/acff4e
/article/10.1088/1751-8121/aa7612
/article/10.1088/1751-8121/aa7612
/article/10.1088/1361-6633/aa91ea
/article/10.1088/1361-6633/aa91ea
/article/10.1088/1361-6633/aa91ea
/article/10.1088/1361-6633/aa91ea
/article/10.1088/1126-6708/2007/01/027
/article/10.1088/1126-6708/2007/01/027
/article/10.1088/1126-6708/2007/01/027


Phys. Scr. 98 (2023) 115238 https://doi.org/10.1088/1402-4896/acff4e

PAPER

Discrete sine-Gordon equation onmetric graphs: A simple model for
Josephson junction networks

MEAkramov1,∗ , J RYusupov2 , I NAskerzade3 andDUMatrasulov4

1 National University ofUzbekistan, 4University Str., 100174, Tashkent, Uzbekistan
2 Kimyo International University in Tashkent, 156UsmanNasyr Str., 100121, Tashkent, Uzbekistan
3 Department of Computer Engineering, AnkaraUniversity, 06100, Ankara, Turkey
4 Turin PolytechnicUniversity in Tashkent, 17Niyazov Str., 100095, Tashkent, Uzbekistan
∗ Author towhomany correspondence should be addressed.

E-mail: akramov.mashrabboyfizfak@gmail.com

Keywords:Discrete sine-Gordon equation, Josephson junction network, sine-Gordon solitons

Abstract
Weconsider discrete sine-Gordon equation on branched domains. The latter ismodeled in terms of
themetric graphswith discrete bonds having the formof the branched 1D chains. Exact analytical
solutions of the problem are obtained for special case of the constraints given in terms of a simple sum
rule. Numerical solution is obtainedwhen the constraint is not fulfilled. A simplemodel of a
Josephson junction network is proposed using the obtained results.

1. Introduction

Sine-Gordon solitons attractedmuch attention in different contexts, from solid statemechanics to quantum
field theory and Josephson junctions (see, [1–9]). Recently, special attentionwas given to the study of sine-
Gordon solitons in branched domains and networks. Particle andwave dynamics in low-dimensional branched
domains is of importance formany practically significant problems arising in newly emerging technologies. As
many device structures and functionalmaterials have branched or networked form, controlling of wave
propagation in such structures play crucial role for device optimization andmaterial design. Solving such a task
requires developing realistic and physically acceptablemodels of thewave dynamics in low-dimensional
branched structures. An effective way formodelling of solitons in networks can be based on the solution of
different nonlinear evolution equations (approving soliton solutions) onmetric graphs. This kind of problem
has become subject of extensive study recently (see, [10–26]). Especially, this concerns condensedmatter
systems, where particle andwave transport is in linear(quantum) and nonlinear regimes, when the problemof
tunable transport is of crucial importance. Such tasks appear, e.g., in BECdynamics, optical harmonic
generation in low-dimensional quantummaterials, Josephson junctions, etc. Tuning thewave propagation
process in these structures allows optimization ofmaterial’s functional properties and improving of the device
performance. In this paperwe consider themodel, which is directly related to the problemof soliton dynamics
in Josephson junction networks. Namely, we consider the sine-Gordon equation on a discrete branched lattice.
The sine-Gordon equation in such lattice can describe Josephson junction (JJ)network consisting of branched
JJ-arrays, where superconducting leads are separated by point-like insulators or normalmetals. Different
versions of such branched JJ-arrays have been considered earlier in the [27–32]. However, these studies did not
consider soliton dynamics in such structures and did not usemetric graph based approach for the sine-Gordon
equation. In such lattice, the phase difference (on each junction) between the leads is described in terms of the
discrete sine-Gordon equation. Imposing the boundary conditions in the formofweight continuity and
Kirchhoff rules at the branching point, we derive constraints ensuring integrability of the discrete sine-Gordon
equation inmetric graph. Such constraint can bewritten in the formof a simple sum rule in terms of the
nonlinearity coefficients. Apart from the branched Josephson junction arrays, within the Frenkel-Kontorova
model [2, 3], the discrete sine-Gordon equation onmetric graphs can be used formodeling deformation
propagation in branched solidmaterials. In both cases, themain problemhaving practical interest is tunable
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propagation of sine-Gordon soliton in a branched structure. Herewe show that in case, when the problem is
integrable, sine-Gordon solitons pass through the graph vertexwithout reflection, i.e. there is no backscattering
at the branching points for integrable case.

The paper is organized as follows. In the next sectionwe briefly recall the discrete sine-Gordon equation on a
line. In section III we present formulation of the task and its solution for star branched graph. Section IV extends
the study for the case of loop graph. In sectionV amodel of Josephson network is proposed. Finally, the section
VI provides some concluding remarks.

2.Discrete sine-Gordon equation on a line

The discrete sine-Gordon (DSG) equation follows from theHamiltonian of the Frenkel-Kontorovamodel,
which is given as [2]

⎡
⎣ ⎤⎦( ) ( ) ( )H u u u1 cos .

n

du

dt n
a

n n
1

2

2

2 1
2nå b= + - + -

= -¥

+¥

+

equation ofmotion for thisHamiltonian, leads to the following standard discretized sine-Gordon equation:

( ) ( )d u

dt
a u u u u2 sin 0, 2n

n n n n

2

2 1 1 b- - + + =+ -

where a andβ are constant coefficients. For the aboveDSG equation, the formula for calculating the charge can
bewritten as [3, 7]
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The other conservative quantities are the energy given by equation (1) andmomentum,which is given by
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Kink and antikink soliton solution of equation (2) can bewritten as (for a = 1 andβ = 1)
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where v is the velocity of the kink (or antikink) soliton. Besides kink, equation (2) has also breather solution,
which is given as [7] (for a = 1 andβ = 1)
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whereω is real parameter of breather solution.
In the next sectionwe use this solution to construct soliton solution ofDSG equation on a graph.

3.Discrete sine-Gordon equation on a star graph

In this sectionwe formulate the problem for the star shaped graph. The study is limited to the three bond star
graph.Wenote that the extension to the star graphwith arbitrary number of bonds is straightforward.

Consider the star graph that consists of three semi-infinite chains connected at the vertex (see figure 1). For
thefirst bond ( j = 1)n is numbered as nä b1 = {− 1,− 2,− 3,...}, where ( j,− 1) stands for the point nearest
to the vertex. For the right handed bonds ( j= 2,3) n is numbered as n ä bj = {0, 1, 2,K}, where ( j, 0)means
the branching point.

TheDSG equation is written on the each bond of the star graph as follows

( ) ( )
d u

dt
a u u u u2 sin 0. 7

j n
j j n j n j n j j n

2
,

2 , 1 , , 1 ,b- - + + =+ -

The charge for equation (7) can bewritten as
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At the sites, ( j, n) = {(1, 0), (2,− 1), (3,− 1)}, following theRefs. [11, 12], we assumed the below relations:

( ) ( )

( ) ( )

( ) ( )

u u u

u u u
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( ( )
m

ja ( j,m = 1, 2, 3 and j≠m) are constant coefficients, whichwill be determined later), from the charge
conservation lawwhich is given as
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Similarly, for the energy, which is given by
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wehave the following conservation law:
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that leads to the following condition:
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From equations (10) and (12)we can obtain the following ‘quasi’ vertex boundary conditions:
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Figure 1. Star branched 1D lattice.
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The parameters ( )
m

ja introduced above can be determined here in terms of systemparameters as

( ) ( )

( ) ( )

( ) ( )

a

a

a

a

a

a

a

a

a

a

a

a

, ,

, ,

, .

2
1 2 1

1 2
3
1 3 1

1 3

1
2 1 2

2 1
3
2 3 2

2 3

1
3 1 3

3 1
2
3 2 3

3 2

a
b
b

a
b
b

a
b
b

a
b
b

a
b
b

a
b
b

= =

= = -

= = -

From equations (13) and (14) one can define uj,n at the virtual ( j, n) = {(1, 0), (2,− 1), (3,− 1)} sites:
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Then the soliton (kink) solution of equation (7) can bewritten in terms of solution of equation (2) as
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Substituting the solution in equation (16) to the quasi vertex boundary conditions (equations (13) and (14))
leads to the following relations:

( )a a a , . 171 2 3 1 2 3b b b= + = =

As in the previous section, the breather solution of discrete sine-Gordon equation for the star graph :
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It should be noted that equation (17) presents condition (constraint) for integrability of the problem given
by equations (7), (13) and (14). In otherwords, the discrete sine-Gordon equation (7) onmetric star
graph presented infigure 1 is integrable if and only if the sum rule in equation (17) is fulfilled. Infigure 2, spatio-
temporal evolution of the sine-Gordon soliton obtained using the exact solution given by equation (16) is
plotted.One can clearly observe from this plot that transmission of the sine-Gordon soliton through the
branching point of the graph is reflectionless, i.e., no backscattering is observed for the case, when the problem is
integrable. This feature can be confirmed by direct computing reflection coefficient (as the ratio of soliton energy

Figure 2.Contour plot of the numerical solution ofDSG equation on the star graphwhen the sum rule (17) is fulfilled, i.e., the
parameters are chosen asβ1 = β2 = β3 = 1, a1 = 2.56, a2 = 0.81, a3 = 0.49.
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on bond 1 to the total one). Infigure 3 dependence of reflection coefficient,R = E1/(E1+ E2+ E3) (at t = 8)
on a1, for thefixed a2 = 0.81, a3 = 0.49, is plotted. As it can be seen from this plot, at the value of a1 = 2.56,
which corresponds to fulfilling of the sum rule,R becomes zero. For the case, when the problem is not integrable,
i.e. when the sum rule in equation (17) is broken, the problemneed to be solved numerically. The plot of the
solution for the case, when the sum rule is broken is presented infigure 4. The plot shows that transmission of
sine-Gordon soliton through the branching point is accompanies by reflection.

Fig 5 presents breather solutions of equation (7) on graph obtained numerically by choosing the initial
condition as a breather in equation (18) and assuming that the sum rule in equation (17) is fulfilled. The
parameterω is chosen asω = 0.5.

4. Extending to the loop graph

The above treatment of theDSG equation on star graph can be extended to the case of other graph topologies,
e.g., to loop graph presented infigure 6. The graph consists of two semi infinite and twofinite chains connected
to each other at two vertices. On each bond of the loop graphwe have theDSG equation given by (7). The charge
and the energy for such structure are given as (respectively)

( ) ( )Q
a

u u
1

2
, 19

j

j

j b
j n j n

1

4

, 1 ,

j

å åp b
= -

=
+

Figure 3.The reflection coefficient (determined asR = E1/(E1 + E2 + E3)) calculated at t = 8 as a function of a1 for fixed values of a2
and a3.

Figure 4.Contour plot of the numerical solution ofDSG equation on the star graphwhen the sum rule (17) is broken, i.e., the
parameters are chosen asβ1 = β2 = β3 = 1, a1 = 1.44, a2 = 1, a3 = 0.81.
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From the conservation laws for these quantities we obtain the following relations:

( )

a du

dt

a du

dt

a du

dt

a du

dt

a du

dt

a du

dt
. 21

N N1

1

1,0 2

2

2, 1 3

3

3, 1

2

2

2,0 3

3

3,0 4

4

4,0

b b b

b b b

+ +

= + +

+ +

( ) ( )

( ) ( )

( ) ( ) ( )

a du

dt
u u

a du

dt
u u

a du

dt
u u

a du

dt
u u

a du

dt
u u

a du

dt
u u . 22

N
N N

N
N N

1

1

1,0
1,0 1, 1

2

2

2, 1
2, 1 2,

3

3

3, 1
3, 1 3,

2

2

2,0
2,0 1, 1

3

3

3,0
3,0 2, 1

4

4

4,0
4,0 3, 1

b b

b b

b b

- + -

+ - = -

+ - + -

-
+

+

+
+ -

- -

From equations (21) and (22) one can obtain vertex quasi-boundary conditions, which can bewritten as
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Figure 5.Contour plot of numerical solution for breather initial conditionwhen the sum rule is fulfilled.

Figure 6.Discrete loop graph.
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From equations (23) and (24) one can define uj,n at the virtual ( j, n) = {(1, 0), (2,− 1), (3,− 1)} and ( j,
n) = {(2,N+ 1), (3,N+ 1), (4,− 1)} sites
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Again, as it was done in the case of star branched graph, by substituting the solution ofDSGE on a line into
the vertex quasi-boundary conditions given by equations (23) and (24), one can obtain the following constraints:

( )a a a a a, , . 271 2 3 4 1 2 3 4 1b b b b= = = = + =

Fulfilling of this constraint implies that the problem given by equations (7), (23) and (24) is integrable and its
(kink) soliton solution can bewritten as
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where n0j = n0 for j = 1, 2, 3 and n0j = n0+N+ 1 for j= 4.
Infigure 7 the contour plot of the soliton solution for the case, when the sum rule in equation (27) is fulfilled

is presented.One can again observe absence of the backscattering in case, when the problem is integrable.
Figure 8 presents similar plots for non-integrable case, when the solutions are obtained numerically. Appearing
of reflection in transmission of soliton through the branching point can be clearly seen from the plot.

We can alsowrite a breather solution of discrete sine-Gordon equation on the loop graph like the star
graph as
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5. Josephson junction network

The problem given by equations (7), (13) and (14), can be applied formodelling of differentmechanical (e.g.,
deformation propagation in branched solidmaterials) and electronic systems.Here wewill apply the results of
section III to a simple Josephson junction network. Sketch for such a device, consisting of an arrays of Josephson

7

Phys. Scr. 98 (2023) 115238 MAkramov et al



junctions having the formof a branched lattice is presented infigure 9 for the simplest star branching. Phase
difference on each site in a given branch of such structure can be described in terms of the discrete sine-Gordon
equation given by equation (7) together with the boundary conditions (13) and (14). One of interesting
characteristics of such device is Josephson current, which is given by

Figure 7.Contour plot of the numerical solution ofDSG equation on the loop graphwhen the sum rule (27) is fulfilled, i.e., the
parameters are chosen asβ1 = β2 = β3 = β4 = 1, a1 = a4 = 1, a2 = a3 = 0.25.

Figure 8.Contour plot of the numerical solution ofDSG equation on the loop graphwhen the sum rule (27) is broken, i.e., the
parameters are chosen asβ1 = β2 = β3 = β4 = 1, a1 = a4 = 2.25, a2 = a3 = 0.25.

Figure 9.Branched Josephson junction.
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where J0j is the amplitude of the Josephson current. Furthermore, we consider behavior of the current in two
cases: Integrable case, when the sum rule in equation (17) is fulfilled and for the case when the sum rule is
broken. Profiles of the current on each bond of the star graph at different timemoments are presented in
figure 10 for the case when the sum rule is fulfilled. Symmetry between the plots in second and third branches
can be explained by the fact that initial conditionwas chosen on the first branch only, i.e. at t= 0 incoming
solitonwas fixed on thefirst branch. Absence of current after time elapses (at t = 8 in our case) can be observed
from this plot, that occurs in accordance with the above statement (see, figure 2 and its description) about the
reflectionless transmission of solitons in case, when the sum rule is fulfilled. Different behavior of current can be
seen infigure 11, where similar plots of current are presented for the case, when sum rule given by equation (17)
is broken: Current does not disappear in the first bond in this case. Profiles of the current in second and third
bonds are the same due to the choice of the initial condition as incoming soliton in the first bond. Similar
treatment can be done for other Josephson junction networks, having different (than the above) branching
topologies, e.g., loop, tree, etc. Apparently, formore complicated branching topologies dynamics of solitons
should be richer that providesmore tools for tuning the electronic properties of the device.

6. Conclusions

We studied the problemof discrete sine-Gordon equation on a branched lattice by addressing the problemof
integrability and soliton solutions. It is shown that the problem approves exact soliton solutions, provided the
nonlinearity coupling constant (penetration depth in case of Josephson junction) assigned to each bond of the
graph fulfill certain sum rule. Such case associated alsowith the reflectionless transmission of sine-Gordon
solitons through the branching point. For the cases, when the sum rule is not fulfilled the problem solved
numerically. It is shown for the latter case that reflection of soliton at the vertex can be observed. Although the
above treatment dealt with the star and loop graphs, the approach developed here can be directly applied for

Figure 10. Josephson current on the Josephson junction network (see,figure 9), when the sum rule (17) is fulfilled, i.e., the parameters
are chosen asβ1 = β2 = β3 = 1, a1 = 2.56, a2 = 0.81, a3 = 0.49.

Figure 11. Josephson current on the Josephson junction network, when the sum rule (17) is broken, i.e., the parameters are chosen as
β1 = β2 = β3 = 1, a1 = 1.44, a2 = 1, a3 = 0.81.
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arbitrary branching topology. In addition, one can extend the above approach to the case of networks, having
alternate nonlinearity or dispersion. The obtained results are applied formodeling of the dynamics of sine-
Gordon solitons in branched arrays of Josephson junctions. It is important to note that the study can be
extended to the case of networks, having alternate nonlinearity or dispersion. Apart from the Josephson junction
networks, the above approach can be used formodeling so-called granular superconductors, which alsomay
formdiscrete and branched structure of Josephson junctions (see, e.g., [33–41]), as well as formodeling
deformation propagation in branched granular solidmaterials (so-called granular networks). Finally, we note
that the above approach can be used for the graphs of arbitrary topology (branching architecture). In case of
complicated topologies, for numerical solution, one can usemachine learning based numericalmethods
developed in the [42, 43].
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