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Abstract

We consider discrete sine-Gordon equation on branched domains. The latter is modeled in terms of
the metric graphs with discrete bonds having the form of the branched 1D chains. Exact analytical
solutions of the problem are obtained for special case of the constraints given in terms of a simple sum
rule. Numerical solution is obtained when the constraint is not fulfilled. A simple model of a
Josephson junction network is proposed using the obtained results.

1. Introduction

Sine-Gordon solitons attracted much attention in different contexts, from solid state mechanics to quantum
field theory and Josephson junctions (see, [ 1-9]). Recently, special attention was given to the study of sine-
Gordon solitons in branched domains and networks. Particle and wave dynamics in low-dimensional branched
domains is of importance for many practically significant problems arising in newly emerging technologies. As
many device structures and functional materials have branched or networked form, controlling of wave
propagation in such structures play crucial role for device optimization and material design. Solving such a task
requires developing realistic and physically acceptable models of the wave dynamics in low-dimensional
branched structures. An effective way for modelling of solitons in networks can be based on the solution of
different nonlinear evolution equations (approving soliton solutions) on metric graphs. This kind of problem
has become subject of extensive study recently (see, [ 10-26]). Especially, this concerns condensed matter
systems, where particle and wave transport is in linear(quantum) and nonlinear regimes, when the problem of
tunable transport is of crucial importance. Such tasks appear, e.g., in BEC dynamics, optical harmonic
generation in low-dimensional quantum materials, Josephson junctions, etc. Tuning the wave propagation
process in these structures allows optimization of material’s functional properties and improving of the device
performance. In this paper we consider the model, which is directly related to the problem of soliton dynamics
in Josephson junction networks. Namely, we consider the sine-Gordon equation on a discrete branched lattice.
The sine-Gordon equation in such lattice can describe Josephson junction (JJ) network consisting of branched
JJ-arrays, where superconducting leads are separated by point-like insulators or normal metals. Different
versions of such branched JJ-arrays have been considered earlier in the [27-32]. However, these studies did not
consider soliton dynamics in such structures and did not use metric graph based approach for the sine-Gordon
equation. In such lattice, the phase difference (on each junction) between the leads is described in terms of the
discrete sine-Gordon equation. Imposing the boundary conditions in the form of weight continuity and
Kirchhoff rules at the branching point, we derive constraints ensuring integrability of the discrete sine-Gordon
equation in metric graph. Such constraint can be written in the form of a simple sum rule in terms of the
nonlinearity coefficients. Apart from the branched Josephson junction arrays, within the Frenkel-Kontorova
model [2, 3], the discrete sine-Gordon equation on metric graphs can be used for modeling deformation
propagation in branched solid materials. In both cases, the main problem having practical interest is tunable
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propagation of sine-Gordon soliton in a branched structure. Here we show that in case, when the problem is
integrable, sine-Gordon solitons pass through the graph vertex without reflection, i.e. there is no backscattering
at the branching points for integrable case.

The paper is organized as follows. In the next section we briefly recall the discrete sine-Gordon equation on a
line. In section III we present formulation of the task and its solution for star branched graph. Section IV extends
the study for the case of loop graph. In section V a model of Josephson network is proposed. Finally, the section
VI provides some concluding remarks.

2. Discrete sine-Gordon equation on a line

The discrete sine-Gordon (DSG) equation follows from the Hamiltonian of the Frenkel-Kontorova model,
which is given as [2]

H = Jic [%(‘Z’:)z + B8 — cosu,) + %(unﬂ - un)z].

n=—o0o
equation of motion for this Hamiltonian, leads to the following standard discretized sine-Gordon equation:
d?u,

dar?

where aand [ are constant coefficients. For the above DSG equation, the formula for calculating the charge can
be written as [3, 7]

— a(upq1 — 2uy + uy_1) + Bsinu, = 0, 2

Q= —|= Z (Unt1 — tn). 3

?’l**OC

The other conservative quantities are the energy given by equation (1) and momentum, which is given by

+00 dun
= — Z (un+l = Up). 4)
Kink and antikink soliton solution of equation (2) canbewrittenas (fora = land 3 = 1)
(n —ng) — vt
u,(t) = 4arctan | exp :I:—2 , (5)
1—v

where v is the velocity of the kink (or antikink) soliton. Besides kink, equation (2) has also breather solution,
whichis givenas [7] (fora = land 3 = 1)

u,(t) = 4arctanl (6)

V1 — w?sin(wt)
wcosh(V1 — w?(n — ng)) ’

where wis real parameter of breather solution.
In the next section we use this solution to construct soliton solution of DSG equation on a graph.

3. Discrete sine-Gordon equation on a star graph

In this section we formulate the problem for the star shaped graph. The study is limited to the three bond star
graph. We note that the extension to the star graph with arbitrary number of bonds is straightforward.

Consider the star graph that consists of three semi-infinite chains connected at the vertex (see figure 1). For
the firstbond (j = 1) nisnumberedasn € b, = { — 1, — 2, — 3,...}, where (j, — 1) stands for the point nearest
to the vertex. For the right handed bonds (j = 2,3) nis numberedasn € b; = {0, 1,2, ...}, where (j, 0) means
the branching point.

The DSG equation is written on the each bond of the star graph as follows

dzblj,,,
dr?

The charge for equation (7) can be written as

= Z Z(u] n+1 — Mj,n). (8)

]71

— aj(Ujuy1 — 2uj, + tj 1) + Bjsinuj, = 0. 7)
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Figure 1. Star branched 1D lattice.

Atthesites, (j,n) = {(1,0),(2,— 1), (3, — 1)}, following the Refs. [11, 12], we assumed the below relations:

U = « ()M20+04 Uao,

1 = of w1+ aPusy,

— 4® ®
Us,—1 = O Uy, + Q5 U,

(aﬁ,{) (j,m = 1,2,3andj = m) are constant coefficients, which will be determined later), from the charge
conservation law which is given as

. a1 du1 0 a2 duz 0 a3 dblg, 0 . (9)
dt o \ 51 V B2 V B3
a dUlo 2 duzo + as d”S,O‘ (10)
\ B V 2 \ 65 dt

Similarly, for the energy, which is given by

du; .
Z 5 Z[ ( . ) + 6i(1 — cosuj,) + %J(ujm+1 _ uj,n)z]) an

j=1

we have

we have the following conservation law:

dE a, du a, du
= =27 (thy — 1) — — 20 (u20 — uz,—1)
dt G dt B, dt
d
~ DB (usp — u3,—1) = 0,
B3
that leads to the following condition:
a du1 0 a du
——— (o — U,—1) = ——(ta0 — U1
B d B2
du
+& 30(”3,0 — Uz _1). (12)
B d

From equations (10) and (12) we can obtain the following ‘quasi’ vertex boundary conditions:

a ay as
— U = |— o+ [— Uz (13)
\ B \ 52 \ Bs

(Ulo —u, ) = = (uge — th 1)

B 52

ﬁa = (usp — us, ). (14)
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Figure 2. Contour plot of the numerical solution of DSG equation on the star graph when the sum rule (17) is fulfilled, i.e., the
parametersare chosenas 3, = (3, = (5 = l,a4; = 2.56,a, = 0.81,a; = 0.49.

The parameters o/ introduced above can be determined here in terms of system parameters as

a(zl) _ a0 , a(;) _ /0351 ,
a1 3, a1 33
, 04(32) _ _ a3 3, i
53
_ a3
a3 3,
From equations (13) and (14) one can define u; , at the virtual (j, n) = {(1,0), (2, — 1), (3, — 1)} sites:
B a as ]
uo = ,|—| =t + |—uUsol
\ a \\ B2 \ 53
& 4 u,—1 — ) Uspo |
Vax \\ B \ 53
B3 q a
us, 1 = |—| |=u,-1— [— ol (15)
\ a3 \\ 6 \ 52

Then the soliton (kink) solution of equation (7) can be written in terms of solution of equation (2) as

\/%(” — ng) — Bjvt

=

N

I
ST SR
W — ) -
HERE

Q

)

Il

Uy, 1

uj,(t) = 4arctan | exp| £ (16)
V1 — v?
Substituting the solution in equation (16) to the quasi vertex boundary conditions (equations (13) and (14))
leads to the following relations:
Vao = Ja + Jas, Bi= [ = 0 17)
As in the previous section, the breather solution of discrete sine-Gordon equation for the star graph :
V1 — w?sin(wp;t
uj,(t) = 4arctan W5 (18)

wcosh(\/l — wz\/fj;(n — no))

It should be noted that equation (17) presents condition (constraint) for integrability of the problem given
by equations (7), (13) and (14). In other words, the discrete sine-Gordon equation (7) on metric star
graph presented in figure 1 is integrable if and only if the sum rule in equation (17) is fulfilled. In figure 2, spatio-
temporal evolution of the sine-Gordon soliton obtained using the exact solution given by equation (16) is
plotted. One can clearly observe from this plot that transmission of the sine-Gordon soliton through the
branching point of the graph is reflectionless, i.e., no backscattering is observed for the case, when the problem is
integrable. This feature can be confirmed by direct computing reflection coefficient (as the ratio of soliton energy

4
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Figure 3. The reflection coefficient (determinedas R = E,/(E; + E, + E3)) calculated at t = 8 as a function of a, for fixed values of a,
and as.
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Figure 4. Contour plot of the numerical solution of DSG equation on the star graph when the sum rule (17) is broken, i.e., the
parametersare chosenas 3, = (3, = (5 = l,a; = 1.44,a, = l,a; = 0.81.

onbond 1 to the total one). In figure 3 dependence of reflection coefficient, R = E;/(E; + E, + E;) (att = 8)
onay, for the fixeda, = 0.81,a; = 0.49, is plotted. As it can be seen from this plot, at the value of a; = 2.56,
which corresponds to fulfilling of the sum rule, R becomes zero. For the case, when the problem is not integrable,
i.e. when the sum rule in equation (17) is broken, the problem need to be solved numerically. The plot of the
solution for the case, when the sum rule is broken is presented in figure 4. The plot shows that transmission of
sine-Gordon soliton through the branching point is accompanies by reflection.

Fig 5 presents breather solutions of equation (7) on graph obtained numerically by choosing the initial
condition as a breather in equation (18) and assuming that the sum rule in equation (17) is fulfilled. The
parameter wis chosenasw = 0.5.

4. Extending to the loop graph

The above treatment of the DSG equation on star graph can be extended to the case of other graph topologies,
e.g., toloop graph presented in figure 6. The graph consists of two semi infinite and two finite chains connected
to each other at two vertices. On each bond of the loop graph we have the DSG equation given by (7). The charge
and the energy for such structure are given as (respectively)

1 & a;
Q=—> EZ(uj,nH = Ujn), (19)
%

2m T
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Figure 5. Contour plot of numerical solution for breather initial condition when the sum rule is fulfilled.

Figure 6. Discrete loop graph.

du;,,

4
Z Zl ( ) + B;(1 — cosuj,)
—1 5%

+§(uj,n+1 — uj,n)Z]. (20)

From the conservation laws for these quantities we obtain the following relations:

a; duyy @ duy N as dus N1
[l s e
\/Tzduzo quao \/ﬁduw‘ 21
B2 B3 B4

@ dul 0 a duy Ny
— (U — U, + ———
B d By dt

as du3 N+1

u —u = =
5 dr ———(u3N+1 3,N) 5
as dl/lg, 0 ay du40
——(u3g — tp_1) + —(u4,o — U3 _1). (22)
B dt By d

(U, N1 — U,N)

ap duz)o
(uz0 — u1,—1)
dt

From equations (21) and (22) one can obtain vertex quasi-boundary conditions, which can be written as

- — + - >
\/gulo \/g 2,0 \/;%0
\/7142N+1+\/%U3N+1 = \/%szo, (23)
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ﬂl — (U0 — w,-1) = 62 =2 (upg — 1)
63 = (uz9 — t,-1)
\/;(MzNHMzN) \/g(uﬂmuam
54 B o — us, ). (24)

From equations (23) and (24) one can define u; , at the virtual (j, n) = {(1,0),(2, — 1),(3,— 1)} and (j,
n) = {(2,N+1),3, N+ 1),(4,— 1)} sites

U = F(Jg 20+\/7M30}

Uz, —1

[
S
—
ﬁ

=

L

|

|

5
\;_/

us,_q (25)

WN+1 = &( EMO— /£U3N)
' [25) 54 ’ 53 or
/ 3 a4 a
U3 N+1 = —( —M4,0 - _uZ,N)y
Uy ] = ,/ ({% Uy N + 6-“31\7) (26)
2 3

Again, as it was done in the case of star branched graph, by substituting the solution of DSGE on aline into
the vertex quasi-boundary conditions given by equations (23) and (24), one can obtain the following constraints:

B = P2 = ps = By Ja = Ja + Jas,as = a. (27)

Fulfilling of this constraint implies that the problem given by equations (7), (23) and (24) is integrable and its
(kink) soliton solution can be written as
\/7(n — ng)) — Bjvt

N ,

Il
S|
—
=

0
|
SIS
5
\i_/

and

uj(f) = 4arctan | exp| & (28)

where ny; = npforj = 1,2,3andny; = ng+ N+ 1forj=4.

In figure 7 the contour plot of the soliton solution for the case, when the sum rule in equation (27) is fulfilled
is presented. One can again observe absence of the backscattering in case, when the problem is integrable.
Figure 8 presents similar plots for non-integrable case, when the solutions are obtained numerically. Appearing
of reflection in transmission of soliton through the branching point can be clearly seen from the plot.

We can also write a breather solution of discrete sine-Gordon equation on the loop graph like the star
graph as

V1 — w? sin(wfjt)
w cosh(«/l——a)z\/?(n - noj))

uj(f) = 4arctan (29)

5.Josephson junction network

The problem given by equations (7), (13) and (14), can be applied for modelling of different mechanical (e.g.,
deformation propagation in branched solid materials) and electronic systems. Here we will apply the results of
section I1I to a simple Josephson junction network. Sketch for such a device, consisting of an arrays of Josephson

7
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Figure 7. Contour plot of the numerical solution of DSG equation on the loop graph when the sum rule (27) is fulfilled, i.e., the

parametersare chosenas 3; = (, = 3 = 4 = L,a; = a4 = l,a, = a3 = 0.25.
b,
. 6
5
4
3
2
-500 -250
1
0
0 250 500
n
Figure 8. Contour plot of the numerical solution of DSG equation on the loop graph when the sum rule (27) is broken, i.e., the
parametersare chosenas 3, = (3, = 5 = (4 = lL,ay = a4 = 2.25,a, = a3 = 0.25.

Figure 9. Branched Josephson junction.

junctions having the form of a branched lattice is presented in figure 9 for the simplest star branching. Phase
difference on each site in a given branch of such structure can be described in terms of the discrete sine-Gordon
equation given by equation (7) together with the boundary conditions (13) and (14). One of interesting
characteristics of such device is Josephson current, which is given by

8
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Figure 10. Josephson current on the Josephson junction network (see, figure 9), when the sum rule (17) is fulfilled, i.e., the parameters
arechosenas 3, = 6, = (33 = l,a; = 2.56,a, = 0.81,a; = 0.49.

b, b, b,
1
—t=0
—1t=4.8
0.5 t=8
- 0 AN N
05
-1
-500 -250 1.0 250 500 0 250 500
n n n

Figure 11. Josephson current on the Josephson junction network, when the sum rule (17) is broken, i.e., the parameters are chosen as
B =B =B = La = l4da, = 1,a; = 0.81.

Ji(n, t) = Jojsin[u; ()], (30)

where Jy;is the amplitude of the Josephson current. Furthermore, we consider behavior of the current in two
cases: Integrable case, when the sum rule in equation (17) is fulfilled and for the case when the sum rule is
broken. Profiles of the current on each bond of the star graph at different time moments are presented in

figure 10 for the case when the sum rule is fulfilled. Symmetry between the plots in second and third branches
can be explained by the fact that initial condition was chosen on the first branch only, i.e. at = 0 incoming
soliton was fixed on the first branch. Absence of current after time elapses (at + = 8 in our case) can be observed
from this plot, that occurs in accordance with the above statement (see, figure 2 and its description) about the
reflectionless transmission of solitons in case, when the sum rule is fulfilled. Different behavior of current can be
seen in figure 11, where similar plots of current are presented for the case, when sum rule given by equation (17)
is broken: Current does not disappear in the first bond in this case. Profiles of the current in second and third
bonds are the same due to the choice of the initial condition as incoming soliton in the first bond. Similar
treatment can be done for other Josephson junction networks, having different (than the above) branching
topologies, e.g., loop, tree, etc. Apparently, for more complicated branching topologies dynamics of solitons
should be richer that provides more tools for tuning the electronic properties of the device.

6. Conclusions

We studied the problem of discrete sine-Gordon equation on a branched lattice by addressing the problem of
integrability and soliton solutions. It is shown that the problem approves exact soliton solutions, provided the
nonlinearity coupling constant (penetration depth in case of Josephson junction) assigned to each bond of the
graph fulfill certain sum rule. Such case associated also with the reflectionless transmission of sine-Gordon
solitons through the branching point. For the cases, when the sum rule is not fulfilled the problem solved
numerically. Itis shown for the latter case that reflection of soliton at the vertex can be observed. Although the
above treatment dealt with the star and loop graphs, the approach developed here can be directly applied for

9
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arbitrary branching topology. In addition, one can extend the above approach to the case of networks, having
alternate nonlinearity or dispersion. The obtained results are applied for modeling of the dynamics of sine-
Gordon solitons in branched arrays of Josephson junctions. It is important to note that the study can be
extended to the case of networks, having alternate nonlinearity or dispersion. Apart from the Josephson junction
networks, the above approach can be used for modeling so-called granular superconductors, which also may
form discrete and branched structure of Josephson junctions (see, e.g., [33—41]), as well as for modeling
deformation propagation in branched granular solid materials (so-called granular networks). Finally, we note
that the above approach can be used for the graphs of arbitrary topology (branching architecture). In case of
complicated topologies, for numerical solution, one can use machine learning based numerical methods
developed in the [42, 43].
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