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We consider the problem of soliton generation in branched optical fibers. A model based on the nonlin-
ear Schrodinger equation on metric graphs is proposed. Number of generated solitons is computed for
different branching topologies considering different initial pulse profiles. Experimental realization of the
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1. Introduction

Optical solitons attracted much attention due to their potential
applications in optoelectronics and information technologies. The
idea of using optical solitons as carriers of information in high-
speed communication systems was first proposed in the pioneer-
ing paper by Hasegawa and Tappert [1]. Later due to the advances
made in fiber technology it became possible to realize optical soli-
tons experimentally in different versions (bright, dark, etc) [2-11].
This fact caused great interest to finding the soliton solutions of
governing nonlinear wave equations, such as nonlinear Schédinger
equations with different nonlinearities. An important problem in
the context of optical solitons is the problem of soliton generation
in optical media. Mathematically, such problem is reduced to the
initial value (Cauchy) problem for nonlinear Schédinger equation,
which allows to find soliton solution and number of generated soli-
tons using given initial condition. For optical fibers such problem
was studied in the Refs. [12-25]. In [12] an effective method for
finding number of solitons generated in optical fibers was pro-
posed. Later, it was extended for some other initial conditions
[13]. Strict mathematical treatment of soliton generation on a half
line as initial-boundary-value problem was considered presented
[15]. Soliton generation in optical fibers for a dual-frequency in-
put was studied in [16]. In [19] a theory of the generation of
new spectral components in optical fibers pumped with a soli-
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tonic pulse and a weak continuous wave was proposed and the
wave number matching conditions for this process was derived.
In [17] characteristics of wavelength-tunable femtosecond soliton
pulse generation using optical fibers in a negative dispersion re-
gion are studied experimentally and theoretically using the ex-
tended nonlinear Schrédinger equation, in which the wavelength
dependence of parameters is considered. A comprehensive anal-
ysis of the generation of optical solitons in a monomode optical
fibre from a superposition of soliton-like optical pulses at differ-
ent frequencies in [18], where it is found that there exists a crit-
ical frequency separation above which wavelength-division multi-
plexing with solitons is feasible. Soliton generation and their insta-
bility are investigated in a system of two parallel-coupled fibers,
with a pumped (active) nonlinear dispersive core and a lossy (pas-
sive) linear one in [20]. A theory of the generation of new spec-
tral components in optical fibers pumped with a solitonic pulse
have been studied. Bright-gap-soliton generation in finite optical
lattices was discussed in [21]. Despite the fact that certain progress
is made on theoretical and experimental study of soliton gener-
ation in optical fibers, all the studies are restricted by consider-
ing long, unbranched fibers. However, branched fibers are more
attractive from the viewpoint of practical applications, as in may
cases information-communication systems use optical fiber net-
works. Modeling of soliton generation and dynamics in optical
fiber networks requires solving of nonlinear Schédinger equation
on metric graphs.

We note that soliton dynamics described by integrable nonlin-
ear wave equations attracted much attention during past decade
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[26-38]. In [26] nonlinear Schédinger equation on metric graphs
is studied and condition for integrability is derived in the form of
a sum rule for nonlinearity coefficients. In [27] such study is ex-
tended to Ablowitz-Laddik equation. Stationary Schédinger equa-
tion on metric graphs and standing wave soliton in networks are
studied in [28-30,34,36]. Integrable sine-Gordon equation on met-
ric graphs is studied in [31,35,38]. Linear and nonlinear systems of
PDE on metric graphs are considered in [39-41].

In this paper we consider the problem of soliton generation
in branched optical fibers, or optical fiber networks described in
terms of the initial value problem for nonlinear Schédinger equa-
tion on metric graphs. For different given initial conditions, we de-
rive number of solitons generated by considering different network
topologies. Unlike linear optical fibers, pulse generation and soli-
ton dynamics in fiber networks strongly depend on the topology
of latter. Propagating in such network optical soliton undergo to
scattering and transmission through the network branching points
that may cause additional effects such as interaction of incoming
and scattered solitons, radiation, collisions, etc. Therefore effective
transmission of information through the optical fiber networks re-
quires proper tuning both the system architecture and initial pulse
profiles. Depending on which branch, or vertex the initial pulse lo-
cated, the number of solitons and their dynamics can be differ-
ent. This fact provides powerful tool for tuning of the optical fiber
network architecture and optimization of signal and information
transmission.

This paper is organized as follows. In the next section we briefly
recall treatment of the problem of soliton generation for linear
(unbrached) optical fibers. In Section 3 we give formulation of
the problem and its solution for star branched (Y-junction) optical
fibers. Section 4 extends the study for other network topologies,
modeled by H- and tree graphs. Section 5 presents some conclud-
ing remarks.

2. Soliton generation in linear optical fibers

Let us first, following the Refs. [12,13], recall solution of the
problem for linear, i.e. unbranched optical fibers. The governing
equation for the pulse generation and evolution in optical fibers
is the following nonlinear Schédinger equation

. 2 _
IW‘*‘EW‘H‘M‘/f—Ov (1)

where 1 is the normalized complex amplitude of the pulse enve-
lope. The problem of soliton generation in optical fibers is reduced
to the Cauchy problem for Eq. (1). Such problem can be solved, e.g.,
using inverse scattering method [12,13,16]. In [12] it was solved for
the initial conditions given by v (x, 0) = —iq(x), with

qx) = {

The evolution of the wave function upon generation of the soli-
ton can be obtained via solving the following eigenvalue problem

0, for |x| > }a
b>o0. (2)
b, for |x| <ia

Au = \u, (3)
where

_(id ¥ (x,0)
A= (—dw*(x, 0 -if ) =

Each discrete eigenvalue A = & + in with [2— integrable eigenfunc-
tion corresponds to the generated soliton with the amplitude 27
moving with the velocity 2£.

It was shown in [12] that number of generated solitons is given
by expression
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Fig. 2. Initial pulse profile in the star branched optical fiber.

where F = [* [ (x,0)|dx and < ... > denotes the integer smaller
than the argument. Similar result for the number of solitons was
obtained in the Ref. [12] for the initial condition given by

q(x) = Bexp(—alx]), a.p>0.

Later, Kivshar considered the problem of soliton generation for
super Gaussian initial pulse and showed that Eq. (5) is general for-
mula for arbitrary initial profile [13]. More detailed treatment of
the problem of soliton generation in optical fibers was presented in
[16]. In particular, the authors of [16] analyzed scenarios for soli-
ton generation in an ideal fiber for an input that consists of either
two in-phase or out-of-phase solitonlike optical pulses at different
frequencies by considering symmetric and asymmetric initial input
pulses. In the next section we extend these studies to the case of
branched optical fibers, i.e. fiber networks.

3. Description of the model for star shaped network

Soliton dynamics in networks has attracted much attention dur-
ing past decade. Convenient approach to describe such system is
modeling in terms of nonlinear wave equation on a metric graph.
The early treatment of the nonlinear Schrodinger equation on met-
ric graphs dates back to the Ref. [26], where soliton solutions of
the NLSE on metric graphs was obtained and integrability of the
problem under certain constraints was shown by proving the exis-
tence of an infinite number of conserving quantities, (Fig. 2).

Here we briefly recall the problem of NLSE in metric star graph
following the Ref. [26]. Consider the star graph with three bonds
e; (see, Fig. 1), for which a coordinate x; is assigned. Choosing
the origin of coordinates at the vertex, 0 for bond e; we put
X1 € (—o0, 0] and for ey 3 we fix X3 3 € [0, +00). In what follows, we
use the shorthand notation W;(x) for W;(x;) where x is the coordi-
nate on the bond j to which the component ¥; refers. The non-
linear Schrédinger equation on each bond e; of such graph can be
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written as [26]

.0 02
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where the nonlmearlty parameter, §; is determined in terms of the
nonlinear refractive index of the material for each branch of the
network [10]. To solve Eq. (6) one needs to impose the boundary
conditions at the branching point. This can be derived from the
fundamental physical laws, such as norm and energy conservation,
which are given as [26]

dN dE
=% @
where

0 oo oo
N = [ |w1|2ax+/o |1/fz|2dx+/0 1] dx
and

E=E +E +Es,
with

B= Uaa‘ﬁ" ﬂkwkr‘] dx

As it was shown in the Ref. [26], the conservation laws Eq. (7) lead
to the following vertex conditions

=0, (7)

VB (0.0) = /B2 (0.6) = /a3 (0.1), 8)
and generalized Kirchhoff rules
1 dyn 1 dy, 1 dys

9

\/—dx|x0 \/>dX|XO \/>dX|XO’ ()
where §; are nonzero real constants. The asymptotic conditions for
Eq. (1) are imposed as

lim ; =0. (10)
[x]—+o0
The single soliton solutions of Eq. (1) fulfilling the vertex bound-
ary conditions (8), (9) and the asymptotic condition, (10) can be
written as [26]

2 exp[i% —i(y - a)t]
Vi t)=a V B; coshla(x —T1—vt)] (1)
where the parameters f; fulfill the sum rule [26]
1 1 1
=+ 5. 12
BB (12)

Here v, | and a are bond-independent parameters characterizing
velocity, initial center of mass and amplitude of a soliton, respec-
tively. In experiment, sum rule in Eq. (12) can be fulfilled by proper
tuning of refractive index for each branch of the optical fiber net-
work.

Consider branched optical fiber having the form of the Y-
junction. Such system can be considered as basic star graph pre-
sented in Fig. 1. Then the problem of generation of soliton and its
propagation can be modeled in terms of the Cauchy problem for
nonlinear Schédinger equation on a basic star graph, which is given
by Eq. (6) for which the following initial condition is imposed:

.2
Yix,0) = _l\/;qj(x)‘

Here ; is the normalized complex amplitude of the pulse enve-
lope on jth bond (branch) of the graph and g;(x) is the initial pro-
file of the amplitude. To solve this equation, one needs to impose
the boundary conditions at the branching point (vertex) of the

graph and determine the asymptotic of the wave function at the
branch ends. These can be written in the form of Eqgs. (8), (9) and
(10).

Here we consider the problem of soliton generation for Y-
junction of the optical fiber for the initial pulse profile given as
(see, Fig. 2)

0, _1
a1 (x) = {b T2 (13)

iafxgo

_Jo. x> 1a
Q23 = b, 0<x<2a

Such initial profile implies that soliton is generated around the
branching point on each branch. Using the inverse scattering based
approach (see, Appendix A), one can compute the number of gen-
erated solitons, N for such profile:

(14)

3 F
where

Z 19, 0)ldx = & (16)
e; ,32 ,33

We assume that the sum rule is (12) is fulfilled, i.e. the problem
is integrable. Difference between Egs. (5) and (15) comes from the
constant factor

(\/2/3;1 + \/2;32‘1 + \/2;33—1 ).

This allows tuning the soliton number and dynamics using differ-
ent choices of the set §;, (j=1,2,3). In addition, for simplicity,
the above initial pulse profiles in Egs. (13) and (14) are given at
the vertex and have the same widths, a and heights, b. However,
in general case one can choose different widths and heights for
different bonds. This also provides additional tool for tuning of the
soliton number and dynamics.

Another initial pulse profile, for which the soliton number and
solutions in a Y-junction fiber can be explicitly obtained is given
by

Yi(x,0) = \/Zsech(x)[ei(“”‘+g) + e"'(“’”%)], (17)

where 2w and 6 are the frequency detuning and the phase differ-
ence between the two solitons, correspondingly. The two-soliton
solution of the problem given by Eqs. (6), (8) and (9) can be writ-
ten as

Yikx.t) = \/Zé‘ne‘l’(%)

e5* cosh [ (x + £t) + ip] + e~ %% cosh [ (x — £t) — i)

52 coshn(x+&t)coshn(x —&t) +n?sin& (x +int)sin& (x —int)’
(18)
which is valid under the constraint:
1 1 1
= 19
BB B (19)

Corresponding soliton number is given by Eq. (15), where the
quantity F can be written as

o[22 B () es(3)

Finally, the pulse profile, which is more realistic and is often
used in experiments is Gaussian profile, which is given by

2m
¥(x.0) = \/;Aexp[(l ia)(g) } (20)
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(red) and t = 0.075 (blue) on

Using the above approach for this profile leads to

3

F=y

j=17¢i
“ i e B v=len)

(21)

| (x, 0)]dx

Important characteristics of soliton generation is radiation that
leads to change in the soliton profile. Here we consider radiation at
the vertex by analyzing plots of |{/(x, t)|. Fig. 3 compares profiles of
| (x, )| at t =0 and t = 0.075 for Gaussian initial profile. Breaking
of initial profile can be clearly seen.

Finally, we note that the above results are obtained by assum-
ing that the sum rule in Eq. (12) is fulfilled. As it follows from the
Ref. [26], no reflection of solitons at the vertex is possible for this
case, i.e. transmission of solitons through the vertex is reflection-
less. Therefore generation of reflected pulses is not possible for this
case, (Figs. 5 and 6).

4. Other network topologies

The above treatment of the problem for soliton generation in
optical fiber networks can be extended to the case of more compli-
cated topologies. Here we demonstrate this for so-called H—graph
and tree graph. For H-graph, presented in Fig. 4 the coordinates are
defined as xq 5 € (—o0; 0], X3 € [0; L], X545 € [0; +00), where L is the
length of bond es, i.e. the distance between two vertices.

For NLS Eq. (6) and the vertex boundary conditions given by

VB (0,8) = /Bara (0,6) = /Bs 93 (0, 1),
VB3 (L, t) = \/Baha(0,6) = \/Bsrs (0, ), (22)
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Fig. 5. Initial pulse profile on the optical fiber H-shaped network.

Fig. 6. Sketch for tree graph.

1 d%' 1 dlﬁzl 1 dT/f3|
\/—dxxo \/»dxxo \/—dxxo,
1 diyrs | 1 dlﬁ4| 1 LI//5| (23)
ﬁ3 Tdx LT fdx =0+ \/de x=0-
We consider the following initial conditions:
.2
Vi(x.0) = —i [ 5-q;(x)
Bi
where the initial pulse profiles are given by (see, Fig. 5)
0 —c0o<Xx<—1a
x)=1" 2 24
012(%) {bh Jasxeo (24)
b], 0 <X=< %a
3(x)=10, la<x<L-1la (25)
bz, L X < L
b,, 0<x<1la
Gas(x) = { 0 lgrn (26)
R 70 <X <00

Then the number of generated optical solitons in such system
we have explicit expression:

/5 H+hB
N_6+ : } 27)
where
abq 2 2 2
h=—|/z*t2*+/2 | 28
T2 [ P B2 ﬂa} (28)
and

[ [Z [T [Z
f= [ﬂﬁ&*ﬂj (29)
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Fig. 7. Initial pulse profile on the tree-shaped optical fiber network.

Similarly, one can find number of generated solitons for the tree
graph, presented in Fig. 6. The vertex boundary conditions for such
graph are given by

VB 0,6) = /B (0,) = /a3 (0, 1),

\/,BTiwli(Lu, t) =/ Brij¥nij(0,0),1,j=1,2, (30)
and
1 dyn 1 dyy 1 dys
\/13—1? x=0 = ﬁﬁ x=0 t+ \/?W x=0>
1 dyy 1 dyy 1 dyp

|x=0 + |x=0- (31)

|x=L1i:
VB & Bun dX VBiz &

Furthermore, we choose the initial pulse profile at each vertex

(Ye(x,0) = —i\/%qe(x)) in the forms (see, Fig. 7)

— 1
00 <X <—30 (32)

by, -Ja<x=<0

0,
Q1(X)={
by, 0<x=<1la
qu(x) =40, la<x<Ly—1ia (33)

by, Ln—-3a<x<lLy

by, 0<x<ia

q2(x) =30, la<x<Lp-1ia (34)
by, Lip-las<x<Lp
bi,1, O 1

IO F T (35)

0, %a<x<oo

where i, j=1,2, Ly; and Ly, are lengths of bonds e;; and e, re-
spectively.
Then for the generated soliton number we have

_|7 E+tE+E
N= <2 + T > (38)
where
by[ [2 2 2
F=20 2 2y ] (37)
2 VA 1 12
ab 2 2 2
R B B Y bt N B 38
& [V Bn B 131121| (38)
abs 2 2 2
=2 )=+t 39
& 2 LV b2 Biz ,3122] (39)

The number of parameters in Eq. (36) is much higher that in
the case of star graph. This implies that tree-shaped optical fiber
network provides more wider possibility for tuning the generated
soliton number and their dynamics.

5. Conclusions

In this paper we studied the problem of soliton generation in
optical fiber networks using a model based NLS equation on metric
graphs. Initial value (Cauchy) problem for NLS equation on metric
graphs is solved for different graph topologies, such as star, tree
and H-graphs. For branched optical fibers one can choose the ini-
tial pulse profile in different ways (e.g., at the vertex or branch,
at given vertex or branch, with different shapes at different ver-
tices). Therefore, unlike to linear (unbranched) fibers, soliton gen-
eration for optical fiber networks have richer dynamics and tools
for manipulation by solitons numbers. The above method can be
applied for different network topologies, provided a network has
three and more semi-infinite outgoing branches. This allows to use
our model for the problem of tunable soliton generation in optical
fiber networks, which is of importance for practical applications
in the areas, where optical fibers are used for information (signal)
transfer.
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Appendix A

In this appendix, following the Ref. [13], we will provide brief
derivation of Eq. (15) describing the relation between the number
of generated solitons and the initial pulse profile in star branched
optical fibers.

Consider Zakharov-Shabat problem on the star graph:

v
L= ia) iy (x, 0,
v
i i@ o)
o =i +iy (x, vV, (40)

where ;(x, 0) are the initial conditions (initial pulse profile) for
NLS Eq. (6) given on the each bond e; of the start graph presented
in Fig. 1. Let us consider the special family of the initial potentials

Vi(x,0) = W;(x,0)el, (41)

where W;(x, 0) are the real functions and §;(0 < §; < 27) are ar-
bitrary constants. One can show that the transformations

1/;1) N Vj(l)eiyj’ U;Z) N Vj(z)ei(}/j—‘sj) (42)

lead to the following eigenvalue problem

avH

— =V i x 0V

v

I _av® i )

5 =~V 19 0V (43)

From a physical viewpoint the generation of the single quiescent
soliton will occur with a smaller energy than the soliton pair.
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Therefore, following the Ref. [13], we will define the number of
the zeros of the Jost coefficients a;(1) at A = 0.
The formal solutions of Eq. (43) with A =0 are

X
VD (x,0) = exp (~is; (0)) [ cV / Wy (., 0) exp (2iS; ())dx +C ).

V3 (x,0) = —iCV exp (iS; (x)) — V|V, (44)
X

VA9 6.0) = exp (=iSz(0)( €53 [ W (. 0 exp (2150 + €3 ).
0

V,2) (x,0) = —iCy exp (iS23(0)) - V53, (45)

where

X
5100 = [ Wi, 0)a.
and

X
5m®=/%ﬂﬂmw-
0

If one chooses Vlm(x, 0) — 0 for x > —oo and V5 3(x, 0) — O for
x — +0, then CJQ) =0, and we have

@0 = lim % 0) =

0
= —iCV | exp(iSo1) — iexp(—iSor) / W, (x, 0) exp(2iS; (x))dx

= —iC{" cos So1, (46)

a23(0) = lim V;3(x.0) =
+oo
= i1} exp(iSna2) ~ iexp(~iSizz) [ Waa(x. 0) exp(2iS2.(0)dx
0
= —iCz(g €0S Sp2.3, (47)
where
Soj = / W (x, 0)dx. (48)
ej

From Eqs. (46) and (47) for the soliton number we get
3 S S S
N=< n 01 + 902 + o3>.

2 T (49)

Noting that for the initial pulses guven by Eq. (41) for any x and
with Wi(x, 0) > 0

stE/wj(x, O)dx=f|wj(x, 0)|dx = F. (50)

we have from Egs. (49) and (50)

N=€+i%?5) (51)

Eq. (51) is the number of generated solitons in star graph. It is valid
for arbitrary input pulse profile and number of bonds.
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