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Abstract. Unfortunately, the classical formulation of the problem of the theory of elasticity in stresses consists in solving 

three equilibrium equations when three static boundary conditions are meet. In this paper, based on the correct formulation 

of the stress problem for six Beltrami-Mitchell equations when three boundary-line equilibrium equations and three static 

boundary conditions are satisfied, solutions of stress problems in an approximate analytical form are obtaining. The limiting 

cases of a parallelepiped in the form of a rod and a plate are considered. 
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INTRODUCTION 

As is known, in engineering applications, components of the stress tensor are using to determine the strength and 

stiffness of structural elements, whereas the classical formulation of the problem of elasticity theory is given in 

displacements. At the same time, to determine the components of the stress tensor, the vast majority of applied methods 

resort to numerical differentiation of the components of the displacement vector, as a result of which there is a sharp 

decrease in the accuracy of the obtained numerical results. Moreover, depending on the methods used, problems arise 

in satisfying the boundary conditions in stresses. 

It follows from the literature sources that the first attempt to formulate the problem of the theory of elasticity in 

stresses was madeы in the works of A. N. Konovalov [1-8]. In progress Pobedri B. E. [9-12] proposed a new correct 

problem of the dynamic theory of elasticity in stresses. In the work of  T. Kholmatov  [13-15], a variational-difference 

method for solving the problem in stresses is proposed. In [16-17], the proposed method is used to solve problems of 

quasi-static equilibrium of a viscoelastic parallelepiped under stresses under the influence of mutually balanced loads, 

including concentrated forces.  

In this paper, an approximate analytical approach to solving the problem in stresses is proposed for mutually 

balanced loads.  

PROBLEM STATEMENT 

The classical formulation of the problem of the theory of elasticity in stresses consists in solving three equilibrium 

equations ���,� + �� = 0,  	 ∈ �,     (1) 

when static boundary conditions are met   ���
��� = ��,  	 ∈ �     (2) 

where ��� are the kcomponents of the symmetric stress tensor. ��  and  ��  are the components of mass and surface 

forces, respectively. 
� −components of the external normal vector. At the same time, there is, a lack of resolving 

equations and boundary conditions for the correct formulation of the problem in stresses.  

Using the physical equations of state between the components of stress tensors −���  and strain tensors −��� 
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  ��� = 2� �  ��� + ����� �������     (3) 

and kinematic relations between the strain tensor and the displacement vector   ��� = �� ��� ,�+ �� ,�       (4) 

It is possible to obtain a correct formulation of the problem with respect to the three components of the displacement 

vector ∆�� + ����� ��,��+ �� = 0,                                  (5) 

where m and v are shear modulus and Poisson’s ratio, respectively 

The equation Lame differentiating with respect to the   	�  coordinate and summing up we obtain ∆��,� = − ������� �� ,�,                                                                                (6) 

This immediately implies the biharmonic nature of the components of the displacement vector: ∆∆�� + ∆ ��� − ���� Х� ,�� � =0                                                                (7) 

It is not difficult to see that for the symmetric strain tensor (4) the compatibility equations hold: 

  ∆��� + ���,��− ��� ,��− ���,��+ # �$�,�$− ∆�$$%��� = 0,   (8) 

Equations of state (3) resolving with respect to deformations   ��� = ��& �  ��� − ��'�   �������,    (9) 

and substituting in (8) taking into account the equilibrium equation, after some calculations we will have a system of 

Beltrami-Mitchell equations in stresses: 

 ∆��� + ��'� ���,�� + �� ,�+ �� ,� + ����  �� ,� ��� = 0,   (10) 

Convolving the obtained equations, we have: 

 ∆��� + �'����  �� ,� = 0,      (11) 

Hence, it immediately follows that the symmetric stress tensor is a  biharmonic function: ∆∆��� + ∆�� ,�+ ∆�� ,�+ ���� ∆�� ,� ��� − �� ,��� = 0 .    (12) 

Differentiating the system of Beltrami-Mitchell equations -(8) )*+ℎ -./0.1+ +2 +ℎ. 	� 122-3*
4+. ∆���� ,�+ �� = 0,    (13) 

the biharmonic nature of the equilibrium equations is achieved, on the basis of which, requiring the fulfillment of 

 ���� ,�+ �� �� = 0     (14) 

The equilibrium equation is satisfied over the entire volume of the object under consideration. Moreover, the problem 

of the theory of elasticity in stresses proposed by-B.E.  For the six components of the symmetric stress tensor, we will 

have six resolving equations – (10) and six boundary conditions (2) and (14). 

RESULTS AND DISCUSSIONS 

If we assume that there are no mass forces, then (10) can be written in a simplified form:  

 ∆��� + ��'� ���,�� = 0,     (15) 

Assume that a rectangular Cartesian coordinate system is located at the geometric center of a rectangular 

parallelepiped. 

We denote the coordinate normal to the plane of the plates by – z, we will have - Ox1x2 z , then in the indices of 

the stress tensor we should replace 3 → 7, therefore (8) should take the following form ∆��� + ��� ,88+ 11 + : #��� + �88%,�� = 0, ∆�88 + �88 ,88+ ��'� #��� + �88%,88 = 0,                 (16) 

∆��8 + ��8 ,88+ 11 + : #��� + �88%,�8 = 0, 
On opposite faces along the normal coordinate-z ,the normal tangential mutually balanced loads  act - ;±#	�, 	�, %, =�±#	�, 	�, % . The remaining grains are free from loads.  Then the boundary conditions on arbitrary faces 

of the parallelepiped can be written as follows: 
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>�8� = =�±#	�, 	�, %,        �88 = ;±#	�, 	�, %��� ,�+ ��8 ,8 = 0,�88,8+ =�±,� #	�, 	�, % = 0,   for z=±1   (17) 

>��� = 0,   ��� = 0,      ��8 = 0��� ,�+ ��8 ,8 = 0�88 ,8+ �8� ,� = 0      for  	?� = ±@1�  (18) 

>��� = 0,   ��� = 0,      ��8 = 0��� ,�+ ��8 ,8 = 0�88 ,8+ �8� ,� = 0      for  	?� = ±@2�  (19) 

Assumingthat tangential loads are potentiali =�±#	�, 	�% = =,�± #	�, 	�%                                                               (20) 

introduce the following voltage potentials: A� = A�#x1 , x2 , z ), the components of the stress tensor  is defined as 

follows ��� = A�,�� ,     �88 = A�,88 ,   �8� = AB,8� ,                                             (21) 

which, substituting in the system of equations (16) and after integration, we have ∆A� + A�,88+ 11 + : #∆A� + A�,88 % = 0, ∆A� + A�,88+ ��'� #∆A� + A�,88 % − ∆CD#	�, 	�% + 7∆CE#	�, 	�% = 0,   (22) 

∆AB + AB,88+ 11 + : #∆A� + A�,88 % = 0.  
Here, CD#	�, 	�%, CE#	�, 	�%- are the unknown integration functions to be determined, and the remaining functions and 

integration constants are considered trivial in the first approximation.  

The potentials of the stress tensor and the unknown функции integration functions, decomposing in a series with 

respect to the basis functions, we have 

FA�#	�, 	� , z %CD#	�, 	�%CE#	�, 	�% H = ∑ ∑ JK�$L#7%KD$LKE$L
M  N$L#	�, 	� %OLP�O$P�    (23) 

and substituting in (13) taking into account the spectral equation ∆ N$L = Q$L�  N$L                  (24) 

for the Laplacian, introducing dimensionless coordinates  	 = ?RSR , T = ?USU , V = 8W.                                                                (25) 

after some calculations, we obtain the final system of resolving equations with respect to the normal coordinate z 

with respect to the unknowns K�$L#7%  K�$LXX  + Q$L� �'��'�  K�$L + ��'� K′′�$L = 0, K�$LXX + �'��'� Q$L�  K�$L + ��'� Q$L� K�$L = Q$L�  #KD$L + 1VKE$L%,   (26) KB$L" + Q$L�  KB$L + ��' �[ Q$L�  K�$L + K�$L"  =0, 

Gentle external load = ±#	�, 	�, %, ;±#	�, 	�, % laid out on a coordinate functions, Rabreshumi equations (22) 

and the corresponding boundary conditions (17)-(19) with (24) and (26), after some calculations can be written in 

the form:  K�$Lɪ˅ + 2Q$L�  K′′�$L + Q$L̂K�$L = Q$L̂ #KD$L + 1VKE$L%, K�$L = �'�_̀ aU bQ$L� #KD$L + 1VKE$L%−K�$LXX − �'��'� Q$L�  K�$Lc,  (27) KB$L" + Q$L�  KB$L − K�$L" − Q$L�  K�$L=
��' [ Q$L�  #KD$L + 1VKE$L%, 

 

def
eg        K′′�$L = ;$L± ,K′′B$L + Q$L�  K�$L = 0,K′B$L = =$L± ,KB$L = − h`a±

_̀ aU ,
   when  V=±1   (28) 

 N$L,��� = 0,  N$L,�� = 0, N$L,�� = 0,  N$L,� = 0, when 	 = ±1  (29) 
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 N$L,��� = 0, N$L,�� = 0, N$L,�� = 0,   N$L,� = 0,   for T = ±1  (30) 

We represent the basis functions as cosine polynomials  N$L#x, y % = k12/l
	 − Rm12/3l
	nk12/loT − Rm 12/3loTn   (31) 

As follows from the representation of the basis functions (31), complete satisfaction of (29)-(30) is achieved. 

In the spectral problem (16), we apply the method Bubnova-Galerkin. Atthe same time,  the corresponding basis 

function sand with their derivatives in the form of cosine polynomials are mutually orthogonal, hence infinite 

trigonometric are convergent. In this case, we use the Rayleigh-Ritz formula to determine the eigenvalues: Q$L� = ∑ ∑ ∬ ∆qrsq`at� uvswRvrwR∑ ∑ ∬ qrsq`at� uvswRvrwR                                                                    (32) 

In the problem under consideration, taking into account (31) for the eigenvalues, we have the following 

expressions: Q$L� = −5 yz l�1� �$U
SRU + L�U

SUU � = −�$L�     (33) 

After determining the multiple roots of the characteristic equation corresponding to the first equation (27) for K�$L, we haveиthe followingяsolutions: 

df
g K�$L = K�$L + 2 �'�&`a 1#��$L/ℎ�$L V + ��$Lсℎ�$L V%,K�$L = #|�$L + сV��$L%1ℎ�$L V + #|�$L + сV��$L%/ℎ�$L V + #KD$L + 1VKE$L%KB$L = |B$L1ℎ�$L V + |^$L/ℎ�$L V +  1V#��$L/ℎ�$L V + ��$L1ℎ�$L V% + ��'� #KD$L + 1VKE$L% (34) 

Consider a special case, ;$L± = ;$L , =$L± = 0. Substituting (34) into (28), determineм the unknown integration 

constants |�$L=
h`a 

&`aU W}&`a − �+ℎ�$L  + �&`a � 1��$L,   1��$L = − ~}&`a 
�'U���`a �`a |�$L, 

                                 KD$L=#1 + :% bh`a 
&`aU + &`a '~}&`a �~}&`a �}&`a 

&`a '�~}&`a |�$Lc, 
                                 1KE$L=−#1 + :% �'&`a '&`a ~}U&`a ��&`a ~}&`a 

&`a �&`a ~}&`a 1ℎ�$L 1��$L, 

                                 |^$L=
��&`a '&`a ~}&`a 

&`a –&`a ~}&`a 1��$L ,   |B$L=
&`a '~}&`a 

&`a '�~}&`a |�$L, 
                                 1��$L = �� |�$L,      |�$L = − ��W}&`a h`a 

�&`aU  

Where 

А=�$L − 2�$L +ℎ�$L + 3+ℎ�$L + #�$L − 2%+ℎ��$L − #1 + :%#1 + �$L + �$L +ℎ��$L − 2�$L +ℎ�$L %, 

B=� ~}&`a 
�'U���`a �`a + �#�'�%&`a ~}U&`a 

�'U���`a �`a − +ℎ�$L � #1 − +ℎ�$L %, 
C=

�� − ��#�'�% b1 − ~}U&`a 
&`aU − ~}&`a 

&`a + �'�W}&`a �1 + ~}&`a 
&`a − ~}&`a 

&`a /ℎ�$L �c ��'����`a �`a , 
 

Now let us consider the limiting cases of a parallelepiped, namely, an infinite reduction in size in the direction of 

action of a mutually balanced normal load, i.e.  с → 0,from which �$L → 0, immediately follow, 

From here we will have the required solutions in the following form. 

 

��� → ∑ ∑ 2
��
��
���#�'�%���`a �`a ��� �U����`aU �

�� ~}U&`a '���`a �`a 
h`a 
&`aU −OLP�O$P�

V #�'�%F�� �#U��%�R����`a �`a ���`aU H
�� ~}U&`a ����`a �`a 

~}U&`a 
&`aU с �`a 

&`a 
��
��
�  N$L#	 , T  %,�� ≈ ∑ ∑ �− h`a 

&`aU +OLP�O$P�
V ^'�&`a �~}&`a с=$L �  N$L#	 , T  %,��   . 
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�88 → ∑ ∑ ����`a ���`a ' R�`a ~}&`a ���`a ���`a ��U~}&`a ���`a ���`a 
�� ~}U&`a '���`a �`a ;$L + V ���`a ���`a ����`a ���`a ~}&`a 

�� ~}U&`a ����`a �`a �$L с=$L �OLP�O$P�  N$L#	, T % ≈
∑ ∑ ��'���`a �`a ��U~}U&`a 

�� ~}U&`a '���`a �`a ;$L + V ���`a ���`a �~}&`a 
�� ~}U&`a ����`a �`a �$L с=$L �OLP�O$P�  N$L#	, T % ≈ ∑ ∑ ;$L  N$L#	, T % =OLP�O$P�;#	, T %. 

��8 → ∑ ∑ �V ���`a ���`a ����`a ���`a ~}&`a 
��~}U&`a  '���`a �`a 

h`a 
&`a + ���`a ���`a ��U���`a ���`a ~}&`a � ���`a �`a ���`a ~}&`a 

�� ~}U&`a ����`a �`a с=$L −OLP�O$P�
��

��'���`a �`a ���`aUU��
���`a ���`a ��

�� ~}U&`a ����`a �`a 
~}U&`a 

&`aU с=$L �  N$L#	, T %,� ≈
∑ ∑ ���U~}U&`a ����`a �`a 

�� ~}U&`a ����`a �`a с=$L  N$L#	, T %,� ≈OLP�O$P� ∑ ∑ с=$L  N$L#	, T %,� = 1=#	, T %,�OLP�O$P� . 

 

CONCLUSIONS 

• The correctness of fitting spatial problems of the theory of elasticity in stresses is shown 

• For special mutually balanced static loads, the problem is reduced to solving three equations in new stress 

potentials 

• Thus, a numerically-analytically approach to solving the harmonic equation of the spatial  problem of the theory 

of elasticity in stresses has been developed. The results are compared with the data of finite element analysis using 

the ANSYS program and the data obtained by A.V. Alexandrov [18] 
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