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Abstract. Unfortunately, the classical formulation of the problem of the theory of elasticity in stresses consists in solving
three equilibrium equations when three static boundary conditions are meet. In this paper, based on the correct formulation
of the stress problem for six Beltrami-Mitchell equations when three boundary-line equilibrium equations and three static
boundary conditions are satisfied, solutions of stress problems in an approximate analytical form are obtaining. The limiting
cases of a parallelepiped in the form of a rod and a plate are considered.
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INTRODUCTION

As is known, in engineering applications, components of the stress tensor are using to determine the strength and
stiffness of structural elements, whereas the classical formulation of the problem of elasticity theory is given in
displacements. At the same time, to determine the components of the stress tensor, the vast majority of applied methods
resort to numerical differentiation of the components of the displacement vector, as a result of which there is a sharp
decrease in the accuracy of the obtained numerical results. Moreover, depending on the methods used, problems arise
in satisfying the boundary conditions in stresses.

It follows from the literature sources that the first attempt to formulate the problem of the theory of elasticity in
stresses was madesl in the works of A. N. Konovalov [1-8]. In progress Pobedri B. E. [9-12] proposed a new correct
problem of the dynamic theory of elasticity in stresses. In the work of T. Kholmatov [13-15], a variational-difference
method for solving the problem in stresses is proposed. In [16-17], the proposed method is used to solve problems of
quasi-static equilibrium of a viscoelastic parallelepiped under stresses under the influence of mutually balanced loads,
including concentrated forces.

In this paper, an approximate analytical approach to solving the problem in stresses is proposed for mutually
balanced loads.

PROBLEM STATEMENT

The classical formulation of the problem of the theory of elasticity in stresses consists in solving three equilibrium
equations
0 +X; =0, x€eV, (1)
when static boundary conditions are met
aijnj|G =5, x€G (2)
where g;; are the kcomponents of the symmetric stress tensor. X; and S; are the components of mass and surface
forces, respectively. n; —components of the external normal vector. At the same time, there is, a lack of resolving
equations and boundary conditions for the correct formulation of the problem in stresses.
Using the physical equations of state between the components of stress tensors —o;; and strain tensors —¢&;;
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= 2.“( gj + gkk6l]) (3)
and kinematic relations between the strain tensor and the dlsplacement vector
1
gij —E(U.L',j‘l' u]',l') (4)
It is possible to obtain a correct formulation of the problem with respect to the three components of the displacement
vector
Au; + T Yokt X; =0, 5)
where m and v are shear modulus and Poisson’s rat10 respectlvely

The equation Lame differentiating with respect to the Xx; coordinate and summing up we obtain
1-2v

Auy,, = — Xk,k; (6)

This immediately implies the biharmonic nature of the components of the displacement vector:

1

At + A (X; = ==X ) =0 %)

It is not difficult to see that for the symmetric strain tensor (4) the compatibility equations hold:
Agij + Exprij— Eikokj— Ejkoki T (Enkorken— DEnn)8ij = 0, (8)

Equations of state (3) resolving with respect to deformations
1 v

&j = 5( % " Tow O-kkaij)’ )

and substituting in (8) taking into account the equilibrium equation, after some calculations we will have a system of
Beltrami-Mitchell equations in stresses:

AGyj + = ey + Xyt Xpi + == Xieu 85 = 0, (10)
Convolving the obtained equations, we have:
Adii + T X = 0, (11)
Hence, it immediately follows that the symmetric stress tensor is a biharmonic function:
AAgyj + AX;,j+ DX+ — AXk,k 6ij — Xpij=0. (12)
Differentiating the system of Beltrami-Mitchell equations -(8) Wlth respect to the x; coordinate
Aoyt Xi) = 0, (13)
the biharmonic nature of the equilibrium equations is achieved, on the basis of which, requiring the fulfillment of
(03j,+ Xi); = 0 (14)

The equilibrium equation is satisfied over the entire volume of the object under consideration. Moreover, the problem
of the theory of elasticity in stresses proposed by-B.E. For the six components of the symmetric stress tensor, we will
have six resolving equations — (10) and six boundary conditions (2) and (14).

RESULTS AND DISCUSSIONS

If we assume that there are no mass forces, then (10) can be written in a simplified form:
Aoy + T Okk,ij =0, (15)
Assume that a rectangular Cartesian coordinate system is located at the geometric center of a rectangular
parallelepiped.
We denote the coordinate normal to the plane of the plates by — z, we will have - Ox;x; z , then in the indices of

the stress tensor we should replace 3 — z, therefore (8) should take the following form
Adij + 045, + 1+v (Okk + 022),i= 0,

1
Aoy, + Uzz'zz+ T (Ukk + Uzz)'zz =0, (16)

AO-iz + O-iz:zz 1+v (O-kk + azz)rlz 0'
On opposite faces along the normal coordinate-z ,the normal tangential mutually balanced loads act -
qi(xl, X3,), g;—r (x4, x3,) . The remaining grains are free from loads. Then the boundary conditions on arbitrary faces

of the parallelepiped can be written as follows:
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+
7 = gi (X1, %2,), Ozz = qi(xl'xz,)
0ijyj+ Oizz =0, for z=*+c (17)
+
Opmzt 9ini (X1,%2,) = 0,
011 = 0, 017 = 0, 01, = 0
0-],];]+ o-iz;zz 0 for .xxl = illl (18)
Osz0zF Oz1i = 0
O0y1 = 0, Oyp = 0, Oy, = 0
0-1111+ O-iz:z = 0 for .xxz = ilZZ (19)
OszrzF Ozisi = 0
Assumingthat tangential loads are potentiali
+ +
97 (x1,%2) = g, (x1,%3) (20)
introduce the following voltage potentials: F; = F;(Xi, X2, z ), the components of the stress tensor is defined as
follows
aij = Fl:ij: Ozz = FZ’ZZ s Ozi = F3rzir (21)
which, substituting in the system of equations (16) and after integration, we have

1
AFl +F1‘Zz+m(AF1 +F2’ZZ) = 0,
1
AF; + Fy,pp+ Py (AF; + Fyyp7 ) — AC,(x1, X2) + 2AC, (x4, %) =0, (22)
1
AF3 +F3‘ZZ+1-}-—V(AF1 +F2’ZZ) = 0.

Here, C, (x4, x,), C, (x4, x,)- are the unknown integration functions to be determined, and the remaining functions and
integration constants are considered trivial in the first approximation.

The potentials of the stress tensor and the unknown ¢ynkiuu integration functions, decomposing in a series with
respect to the basis functions, we have

Fi(x1,%;,2) Zinm(2)
Culxr,x2) | =Xn=1Zm=1| Zunm | Pam(x1,x2) (23)
Cy(xy, %) Zynm
and substituting in (13) taking into account the spectral equation
Apum = y?%m Pnm (24)
for the Laplacian, introducing dimensionless coordinates
x:%’yz%’ f:f 25)

after some calculations, we obtain the final system of resolving equations with respect to the normal coordinate z

with respect to the unknowns Z;,,,, (2)
2 2+v 1

Zlnm + ynm: Zlnm + EZHan =0,
1+ 1
Zan 2+V yr%m Zan + m)/r%mzlnm = yr%m (Zunm + CEZvnm): (26)

Z;nm + Vnm Z3nm + E (U yr%m Zinm + Z;nm)zov
Gentle external load g*(xy, x,,), g (x4, x5, ) laid out on a coordinate functions, Rabreshumi equations (22)
and the corresponding boundary conditions (17)-(19) with (24) and (26), after some calculations can be written in
the form:
Zan + 2ynm ”2nm + yr?mZan = yr%m (Zunm + CEZvnm):
2+ 1+
- [Ynm (Zunm + Cvanm) Zan - :

Zlnm -

24 ynm Zan]: (27)

Z;nm + Vnm Z3nm - Zan - Vnm Zan—Ev Vnm (Zunm + Cvanm)’

.
an = Qam»

Z”3nm + ynm Zlnm =0,
Z' 3nm = Gm» when &==+1 (28)
| +
k Z3nm = _Z:_Z'
Ornmn111=0, Pnm11=0, Orum12=0, @um1 =0, when x =+1 (29)
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Prmoz22 = 0: Prnmi22 = 0: Prnmnz2 = 0: Pnmiz = 0: for y= il (30)

We represent the basis functions as cosine polynomials

Orm(x,y) = [cosmnx — %cos31mx] [cosemy — s cos3mmy]| 31)

As follows from the representation of the basis functions (31), complete satisfaction of (29)-(30) is achieved.

In the spectral problem (16), we apply the method Bubnova-Galerkin. Atthe same time, the corresponding basis
function sand with their derivatives in the form of cosine polynomials are mutually orthogonal, hence infinite
trigonometric are convergent. In this case, we use the Rayleigh-Ritz formula to determine the eigenvalues:

2 Zke1 2021 g APkiPnmdG
nm — Z;o=1 21021.”5 Pr1PnmdG (32)

In the problem under consideration, taking into account (31) for the eigenvalues, we have the following

expressions:

5 n? m2?
Vim = =55 m%c? (E-l_?) = —pam (33)
After determining the multiple roots of the characteristic equation corresponding to the first equation (27) for

Zinm, We haventhe followingssolutions:

2+
Zinm = Zonm + 2 ﬁc(vlnmShﬂnmg + VanCh#nmf)'

Zan = (Ulnm + Cfvlnm)(:h.unmg + (Uan + C€V2nm)5h#nm€ + (Zunm + szvnm) (34)

1
Z3nm = U3nm6h#nm€ + U4nm5h.unm€ + Cf(VlnmSh#nmg + VanChﬂnmf) + 1+v (Zunm + Cvanm)

Consider a special case, ¢, = Gnm, gim = 0. Substituting (34) into (28), determinem the unknown integration
constants

dnm 2 thitnm
U =——(th +—)CV cV =——5—U
inm #rzlmChl‘-nm Hnm nm 2nmy inm 1+2thunm 2nm»
Hnm
q Unm+thupym—thupmshu
Zunm=(1 + V) [ Tzlm + = - R Usnm |»
Hnm Hnmt2thinm
_ L+ fum +amth tnm=2Bnm thinm
CZvnm—_(l + V) — Ch”nmCVanv
N HUnm—Hnmthilnm h
1—pnm+Hnmthilnm Hnmtthilnm
Upym=—"——"—"""-"CV. Usym=—"—"—
Anm Unm=Hnmthilnm Znm > 3nm Upmt2thiny, Znm
B 1 dnm
cV. =-U U =—-——""
2nm 4 2nm> 2nm 2ch i, Cl‘-rzlm
Where
— 2 2
A=l — Z#nmth#nm + 3th.unm + (.unm - Z)th Hnm — (1 + V)(l + tpm + .unmth Hnm — Z#nmth#nm)v
thitnm 22+v) th’upm
B= —th, (1-th
L2ty T T T thigyy Hnm Fnm)»
2‘U—nm Hnm
B 1 theu thu 1+v thu thu 1
C=—— [1 - > nm 4 (1 + nm nm sh,unm —thua
A 2(1+v) Hnm Hnm chitnm Hnm Hnm 1+2T711r:n

Now let us consider the limiting cases of a parallelepiped, namely, an infinite reduction in size in the direction of

action of a mutually balanced normal load, i.e. ¢ = 0,from which iy, = 0, immediately follow,
From here we will have the required solutions in the following form.

th v
Z Z e “!:l:lnm(l_z'*'v #2 >qnm
© © —Hnm
0 - YO Y2 I
Y n m 1= th2 g+ bm Hhm
Hnm
v 1
(2+v)<1 T )
Hnm)\_, 2
f (2+V)(1+ Lnm ) Hnm thzll.nmcgnm ® (X y ) B ~Zoo ZOO {_ dnm +
1- thzﬂnm_t};_”nm l‘-'rzlm Hnm nmaTy "t n=1&m=1 l‘rzlm
nm

4+v
Unm—thinm

§ anm} Prm (X, Y )i -
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Chinm, 1 Chitnm &2 Shitnm Shinm _chitnm

t thunm thunm thinm
Y] Y] chinm Bnm chinm chinm chbinm chinm ~
Ozz = anl Zmzl thu nm E thu HnmCYnm Qonm(x::)/) ~
1— th? pp,+—201 1— th? ppy,——2n
N hﬂnm Hnm
thinm_z2,,2 Shbnm
B B, | o T () ~ i T () =
n=14m=1 thi Anm E thi HnmCInm( Pum\X,Y ) = 2in=1 2im=19nm Pum\X,Y ) =
1—th? nm 1—th2 _ nm
Hnm* thetpm
Hn Hnm
q(x,y).
Sh#nm_fh#nmthu chiinm ZShl‘—nmthu chiinm thu
N ZOO ZOO chitnm chipm ™™ dnm + Chitnm ° chipm T ppmchip, T _
Oiz n=14m=1 S( B thilym 2 thilpm CYnm
1-th KUnm +H— Hnm 1-th Unm———
nm Hnm
chinm _ 2
2v chilpm th” inm
C X i ~
(1+thﬂnm)_”%,m 1— thzunm_thunm H%m Inm (pnm( !y)!l.
Hnm 2+v Hnm
thu
oo oo 1—$2t‘h2ﬂnm— l‘—nrrlnm [} oo
Zn:l Zm:l 1- th?p thiltnm CInm ‘an(x'y )ﬁi zZn:l Zm:l CInm ¢nm(xﬁy )ﬁi = Cg(x'y )'i-
- -
Hnm

The correctness of fitting spatial problems of the theory of elasticity in stresses is shown
For special mutually balanced static loads, the problem is reduced to solving three equations in new stress

potentials

Thus, a numerically-analytically approach to solving the harmonic equation of the spatial problem of the theory

of elasticity in stresses has been developed. The results are compared with the data of finite element analysis using
the ANSYS program and the data obtained by A.V. Alexandrov [18]

11.

12.
13.

REFERENCES

A. N. Konavalov Numerical methods in dynamic problems of elasticity theory, Sib. Matematicheskiy
zhurnal, 1997, vol. 38, no. 3, pp. 551-568
Khudoynazarov Kh.Kh., Khalmuradov R.I., Yalgashev B.F. 2021 Longitudinal-radial vibrations of a elastic

cylindrical shell filled with a viscous compressible liquid. Tomsk State University. Journal of Mathematics
and Mechanics. 69, 139-154. https://doi.org/10.17223/19988621/69/1 1

Demidov, S. P. (1979). Teoriya uprugosti. M.: Vyisshaya shkola, 432.

Kayumov, R.A. (2016). Osnovyi teorii uprugosti i elementyi teorii plastin i obolochek: Uchebnoe posobie.
Kazan: Izd-vo Kazansk. gos. arhitek.-stroit. un-ta, 111.

Zamyatin, V.M., Mahov, A.V., Svetashkov, A.A. (2006). Reshenie ploskih zadach teorii uprugosti dlya
polosyi s pomoschyu diagonalizovannoy sistemyi uravneniy ravnovesiya. Izvestiya Tomskogo
politehnicheskogo universiteta, 309 (6), 135-139.

Tokovyi, Yu. V., Rychahivs’kyi, A. V. (2005). Analytic Solution of the Plane Problem of the Theory of
Elasticity for a Nonuniform Strip. Materials Science, 41 (1), 135-138.

Li, Lian He; Fan, Tian You (2008). Complex variable function method for the plane elasticity and the
dislocation problem of quasicrystals with point group 10 mm. Physics Letters A, 372 (4), 510-514.

Elakkad, A., Bennani, M.A., Mekkaoui, J. EL, Elkhalfi, A. (2013). A Mixed Finite Element Method for
Elasticity Problem. International Journal of Advanced Computer Science and Applications, 4 (2), 161-166.
B. E. Pobedrya On the static problem in adverbs, Vestnik MSU. Ser. Matem., mekh., 2003, No. 3, pp. 61-67
Daschenko, A.F., Kolomiets, L.V., Orobey, V.F., Surianinov, M.G. (2010) Chislenno— analiticheskiy metod
granichnyih elementov. Odessa: VMV, 1, 416, 2, 512.

Orobey, V.F., Surianinov, M.G. (2011). Osnovnyie polozheniya chislennoanaliticheskogo varianta MGE. St.
Petersburg: St. Petersburg Polytechnic Universities Press, 4 (22), 33-39.

A.V.Aleksandrov, V.D. Potapov (1990). Osnovyi teorii uprugosti i plastichnosti. M.: Vyisshaya shkola, 398.
T. Kholmatov On methods for solving the problem in stresses, DAN SSSR, 1980, vol. 252 No. 2, pp. 315-
317

030011-5


https://doi.org/10.17223/19988621/69/11
https://doi.org/10.17223/19988621/69/11
https://doi.org/10.1007/s11003-005-0143-5
https://doi.org/10.1016/j.physleta.2007.07.043
https://doi.org/10.14569/IJACSA.2013.040224

14.

15.

16.

17.

18.

Simona De Cicco, Fabio De Angelis. A plane strain problem in the theory of elastic materials with voids.
Mathematics and Mechanics of Solids. 2020; 25(1): 46-59.

Yu.Ya. Tyukalov Equilibrium finite elements for plane problems of the elasticity theory. Magazine of
Civil Engineering. 2019. 91(7). Pp. 80-97. DOI: 10.18720/MCE.91.8

Akhmedov A.B., Sheshenin, S.V. Nonlinear equations of motion for orthotropic plates. MoscowUniv.
Mech.Bull.67,66-68 (2021). https://doi.org/10.3103/S002713301203003X

Rustam Khalmuradov and Utkir Nishonov Nonlinear deformation of circular discrete ribbed plate under of
pulse loading. 2021 E3S Web of Conferences 264 02018. https://doi.org/10.1051/e3sconf/202126402018

M. Svanadze Steady vibration problems in the theory of elasticity for materials with double voids. Acta Mech
2018; 229(4): 1517-1536.

030011-6


https://doi.org/10.1177/1081286519867109
https://doi.org/10.18720/MCE.91.8
https://doi.org/10.18720/MCE.91.8
https://doi.org/10.1051/e3sconf/202126402018
https://doi.org/10.1007/s00707-017-2077-z
https://doi.org/10.3103/S002713301203003X
https://doi.org/10.3103/S002713301203003X

