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Abstract. In industrial conditions during the rolling of thick plate, various asymmetries of the rolling process can occur,
of which the most important are: uneven heating of the charge, mismatch between the neutral axis of the strip and the
neutral axis of the deformation zone, unequal diameters of the upper and lower working rollers, inaccurately executed
parts of the rolling cage, differences in the characteristics of the control systems for the drives of certain rollers.
Nowadays, the optimization of energy-saving technologies in mechanical engineering to produce rolled sheets of
different configurations using modern methods of mathematical simulation becomes a relevant direction for the
informatization of machine-building production. At the same time, in the active zone, the process of cold rolling of metal
sheets by asymmetric technology is accompanied by a nonhomogeneous stress-strain state. In this study, based on
mathematical modeling in non-canonical deformation domains, an approach is proposed for determining optimal
technological parameters when studying the stress-strain state of the cold rolling process using asymmetric and
symmetric technologies in the active zone of elastoplastic strains.
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INTRODUCTION

In an asymmetric rolling process, there are two zones of metal flow in the deformation zone. On the side of the
metal delivery into the deformation zone, there is a forward slip zone, and on the exit, there is a backward slip zone.
These zones are separated by a neutral plane, in which the metal speed is equal to the circular speed of the rollers. In
the backward slip zone, the metal speed is less than the circular speed of the rollers but in the forward slip zone, this
speed is higher [1]. In the case of a symmetric process, the length of these zones for both joint planes is the same.
The introduction of asymmetry leads to an imbalance in the deformation zone; the lengths of certain zones and the
location of the neutral zone change. In the deformation zone, on the side of each roller, zones of counter-directed
contact stresses appear. The lengths of these zones depend on the magnitude of the introduced asymmetry
[2-5].

PROBLEM STATEMENT

Let the body under consideration be a metal strip with thickness /# and width 5, which in the Ox;x; plane when
passing at a constant speed ¢ between asymmetric driving and driven rollers at a distance d=ct (¢ — time) experiences
finite elastoplastic strain. In this case, the thickness decreases from —h,, to —h,, (Fig.1).

In the active rolling zone, an elementary rectangle for the cross-section of the strip under consideration, after the
impact of the rollers under elastoplastic strains, transforms into a curved trapezoid, acquiring the contour of
asymmetrical rollers. In the general case, for asymmetric technology, depending on the rolling conditions, the
rotation speeds of the rollers can be different - w,. Consequently, in the active rolling zone for the upper and lower
surfaces of the metal strips, we have different speeds of displacements c; = Ryw4 [6-9].
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FIGURE 1. Spatial scheme of sheet rolling using asymmetric technology

During the rolling process, the metal strip moves at an arithmetic average speed. Let us calculate the arithmetic

mean value of the speed of movement of the metal strip and the radii of the upper and lower rollers: ¢ = C++C_,
R = RatR-

R, =R £ r. For asymmetric technology, a straight metal strip, after passing through the active rolling zone,
acquires an arcuate shape. In the case when the upper roller is driving, the lower one becomes the driven one, then
¢y =c_=cholds,and w_ = I;—+w+.

. . . —c_ Ry—R_
. A similar formula can be written for their differences: § = %, r= +T Therefore, ¢, = c £ 6,

Let the total length of the metal strip under consideration be L. The equations of roller circles with radii Ry in the
active deformation zone relative to the moving strip at a certain time point are given by the following formulas:
(x; —ctF86)>+(z—rFRF h/2)? =R £1)2
To non-dimensionalize the participating variables, we relate the equations of circles to the arithmetic mean
radius R, while leaving the notation unchanged:
(x; —ct FO)2+(x3 — 7 F1F he/2)2 = (1 £7)2
The laws of change in the variable width of the upper and lower parts of the strip in the active zone of contact
deformation have the following form:

hJ_r(xl—ct)=i[lir+};—k—\/(1ir)2—(xl—ctirﬁt)z],

therefore, the thickness and asymmetry index of the metal strip in the active rolling zone are specified by a
variable function of coordinate —x; and time —t
h(xy —ct)=hy(x; —ct) — h_(x; — ct)=

hy 7
1+r+7—\/1+2r+r2—(xl—ct—&“)2

H1—r 2 T2+ 77 = (= ct + 50)2),
N(x; —ct)=h,(x; —ct) + h_(x; — ct)=

- hk -
1+r+7—\/1+2r+r2—(xl—ct—&)2

—[1—r+hz—""—\/1—2r+r2 —(xl—ct+6t)2].
In particular, the following formula can be written:
hi(xy —ct) = 5
Let us assume that the upper and lower rollers have the same radii: R,=R_ = R, and rotation speeds c,=c_ =
c,i.e.r=0,8 = 0. There, a symmetrical rolling technology holds:

h(x, — ct )=2 [1 + 2 1= (o - ct)Z],n(x1 — ¢t )=0.

h(x1—ct)tn(x,1—ct)
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The resulting formulas involve irrational expressions, considering that all variables are related to R, therefore

y=x,-ct and |y| < 1 holds; then using the expansion of functions in a power series (1+y)" =1+ my+

-1 . . . . .
mm-1) y? for variable thickness and asymmetry index, after some calculations, we obtain:

h(y) = by + (86)? =1 (86" + (1 - 26%¢%) y? + 2 y*
+rét[(—2 + §%2tD)y + y?],
nO) = r[h+ @62 =2 (60)* + (1 -26%¢%) y? + 254
4 2 4
+8t[(—2 + 8%ty + 3],

In this case, the lengths of the active zones of elastic-plastic strains on the upper and lower surfaces of the strip
for asymmetric rolling have the following form:

hy | R
L= (=) (17 =224 1), @
moreover, for the active rolling zone x; €(ct — 8t,l + ct + 6t),I=max(1_,) .
For stress and strain deviators, we obtain [11]:

M

1
Tl']' = aij - 05ij'Tkk = 0, o = go'kk )

A3)

el']' = Sij - £5ij'

The defining relations between the deviators of the stress and elastoplastic strain tensors have the following form
[10]:

_ 1
e =0, €= &k

Ty = 2u(1 — w)ey;

o

where w=1- X
2ue;

1
0; = ﬁ\/(an — 022)% 4 (032 — 033)% + (033 — 011)? + 6(0, + 055 + 0%,) ,

& = \/é\/(sn —&2)% + (€22 — €33)% + (£33 — &11)* + %(5122 +edt+ed)

are the intensities of stresses and strains. £ — elasticity modulus, v — Poisson’s ratio, y =

-shear modulus.
2(1+v)

Beyond the elastic limit - &, the shear modulus becomes a decreasing function of the strain intensity. Then p(g;)
can be represented in the following form:
p-(a—be?) fore >e,

w(e) = {u fore <eg,
where a, b- are unknown constants to be defined, which, using the relationship between the intensities of stresses
and strains
o; = 2u(g) &
are determined from the following condition:
o, =0y for ¢ =¢r, 0,=o0,forg =g,
where ay,¢,,07,er are the elasticity and yield limits of structural materials, determined from experiments.
Considering the last relations and conditions, the relationship between the intensities of the stress and strain tensors
in the active rolling zone takes the following form:

2 2
—|% _ & "8 (9% _or
9= e, T e \e,  er)| 0
y T "¢y \&y T

therefore, we have a rational expression for the A.A. Ilyushin plasticity function [10-12]:

£2 -2

= Y = —_ Ir )
W = Wo ef—e3’ @Wo (1 2uer

Thus, this problem in the active deformation zone is considered in the non-canonical domain and within the
framework of small elastoplastic strains. Considering the non-canonicity of the strain domain, we introduce a new

variable ¢:

1 11
z=-ny)+h(s € (—5,5).z:x3
Then the kinematic relations between the deformation tensor and the components of the displacement vector take
the Lagrange-Green form:
— _ _ Uzg _1(Ui¢ .
€11 = Us1, €22 = Upp, &, = woy iz T 5(@‘*‘ Ui,x>'l =12 (5)
The sought-for solution is presented in the following form [2]:
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{ul. = u; + ;5 — D1 (DA; — 2 D,(B;
U,=w+Vs—d(c)6

W R ST 20 ,
where @,(¢) = [ 1-1267 | , @,(6) =+ 1-72¢6" |s

(6)

4 3

Thus, using the equations of state of elastoplastic bodies (4), kinematic relations (5), and expressions for
displacement components (6), it is possible to write analytical expressions for calculating the components of the

stress tensor:[7,13,14]
o = %(3/1 + 2uw) (egx + £,,)6;5 + 2u(1 — w)eyj,
Ozz = %(3/1 + 2pw) (egk + £57) + 21 — w)e,,
Oiz = 2:“(1 - w)gizs
hence

2 1 3
O, = [ﬂf"gﬂa)j‘:uhk +hSY o, _5@1(§)Ck,k _géz(g)Dk,k +(V+292)i|§ij

(7)
1 3
TH (1 - a))l:ui,/' Tt hg(l//i 0y TV ) _5@1 (G)(Ci,j + Cj,i)_§®2 (g)(Di,_/ + D,z):l
2 1 3
0, = (’1 +§:uw)|:uk,k 14T _E(Dl (g)ck,k _E(Dz (g)Dk,k +(V+2h0§):|+2ﬂ(1_w)(V+2h‘9§) ®
o, = ,u(l—a)){z//i +2hgC, +3h°¢* D, +(w+ th—%@l (g)@j ,,1 , )

The resulting expressions involve functions C;, D;, u;, P; ,w, 8 and V of x4, x,, determined from the boundary
conditions on the front surfaces during the rolling process of the strips under consideration.

To obtain a closed system of resolving equations for unknowns u; ,yi, w ,V, 8, we introduce into consideration
the following integral quantities of the components of the stress tensor:

0.5h
N, = I 0,;dz - normal forces,
—-0.5h
0.5h
O, = I o, dz . ghear forces,
—0.5h
0.5h
Mij = I O'l.jZdZ - internal bending moments.
—0.5h

The stressed state of the body under consideration in the Cartesian coordinate system Ox;x, ¢, in the absence of
body forces X; = 0, is described by the following equilibrium equation [13,15-17]:
Oiz§
O-i iri + _— = 0
7 o (10)
Ozpit = =
To obtain equilibrium equations for rolling metal strips, we perform the integration procedure (10) over & in the
interval [-0.5; 0.5]: [1, 2, 4]
0,5

Nl// + O 0,5 =0
M héo, | =0
ij.J _Qi + go-iz 0,5 (11)
0,5
Qi,i +Gzz -0,5 = 0

In the free section, before and after the impact of the roller (sections I, IV), relative to the components of the
elastic stress tensor (w = 0), we have the following boundary conditions:

0, =0, 0, =0 for g=x- (12)
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Hence, considering (9), we obtain:

1 5 h’
X :——V’. , D =—— W,A+ A——e,. . 13
i 2 i i 3h2[ i y/z 6 IJ ( )

and substituting into (6), we have

1 n
U, = u, +[hs +D,(5)]y, —5 P, -2, (g)[WJr?HJ,,-

(14)
U, = w+heV - ®,(5)e.
Considering (14) for normal stress o, we can obtain the following expressions:
" 1 l-v
0., = A ug, +(D(5)+hs )y, +@,(5)A w—%ﬁ +5<I>1 (©)AV +——(V +2h0s) (15)
1%
Boundary condition (12) for o,, are met by performing the following partial differentiation:
DAV —ZG(MM +1_—VVJ =0,
Y (16)
DAO—G (5p,., ~Aw)-122"Y 6 =0,
v
E 3
where D= _E , G= Eh , A 1is the Laplace operator.
12(1+v) 2(1+v)
After satisfying boundary condition (12) with (9) and (13), for shear stresses, we have the following expression:
5 n
UI-Z:Z#{%JF[WJFZH}I}f(g), fle)=1-4¢ (15)

The components of the displacement vector (14) and the corresponding components of the symmetric stress
tensor depend on the unknown integral quantities u;,yi, w,V, 0, which are functions of coordinates x, X2, and t.

Outside the active rolling zone, the integral expressions for internal forces and moments, introducing stress
tensor components (7) and (15), are:

= 2v
N, = G{_l—ZV (et + V)8, +u,, +”j,i} (1
I v 1
M, = D[E(l//k,k +20)6, +E(l//i7j W )}’ (4
. n 2.3
Q,' :Gk %"’ W+?9 i k :g. (18)

It should be noted here that the so-called shear coefficient k? is determined as a result of the fulfillment of the
boundary conditions for shear stresses. At the same time, in refined theories of the Timoshenko type, special
experiments were conducted to determine this coefficient [18-21]. Experimental results are quite close to 5/6.

Equilibrium equations (11) considering (16)-(18), take the following form:

1 2v

Au, + u, ,; + V,=0
1-2v & 1-2v
1 1+14v 10
Al//i+1_2vy/k,k,+ 2 6’,[—h—2(y/,.+w,[)=0 (19)
hZ
Wik +AW—%A0=O

As an example to present the features of the proposed approach to mathematical modeling of rolling metal strips,
we consider a symmetrical technology ¢, =c_,6d =0, R, = R_,r = 0. Then the intermediate (II-section) and

active (IIl-section) zones merge (, I_=1,=1hy= ig) Due to the impact of the rollers, internal stresses arise
on the surface of the metal strips, which satisfy the following boundary conditions:
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UZ = Wi
{ann1 + 0oy,n, = 0Ny + TN, for ¢ = i% (22)
0,1y + 0,0, =Ty +0ny,
where wy. = hy(y + ct) — he(y) = i%[\/l —y?% - \/1 -+ Ct)z],
Considering the expression for normal displacement in (6) from the boundary condition (22), we obtain:
n? g _ — — 2 _ 2
wt+—60=0, WV =[J1-y2—/1-(+ct)?] (23)
Then for normal displacement, we obtain:
UZ=w(1—4g2)+[\/1—y2—\/1—(y+ct)2]g (24)

RESULTS

In the problem under consideration, the external shear stress t arises due to the roller interaction with the metal
strip as the Coulomb friction force from the normal pressure o, i.e. T = ko considering the plane-parallel
translational motion of rollers, n, = 0. The normal impact of the rollers in the active zone o is the function of the
angle: 0 = *Psina, , where P — is the pressure force from the rollers on the surface of the metal strip in the active
rolling zone. Provided that the length of the active rolling zone is small relative to the total length and the difference
between the initial and final thickness of the metal strip is small, we obtain Z—: = tga, = hi(y) << 1, therefore,

sinay = ay = tgay = hi(y), hence, we obtain o = +Ph’(y). Resolving the last two equations (22) with respect
to gy, 0,, and ignoring quantities of the high-order smallness, we obtain a simplified formula for the boundary
condition in the active zone of rolling a metal strip:

le = kPh’i 1
{azz —pr, or =% (25)
Substituting expressions for shear and normal stresses from (8) and (9) into (25), we obtain:
] 5 h
Cl :KPh—EV,l,Dl :—W(W,l +l//1—?9,1j. (26)
’ ’ 1-w)(1-2
h—C“ :—ukk+h—(KPh'—lV,l)— 1+—( a))( V) 14 (27)
12 - T2 2 v+(l1-2v)w
n Ph' 1 n (1-w)(1-2v)
—D,, =—————+hy,, +—| W, Yy, ——0,, |, h+2h| | + ———77— |0 28
1022 (/1 D j Viok Z(Wl ¥ 6 1)1 I: 3V+(1—2v)a) (28)
+§,Lla)

Then the equilibrium equation (11) with (16)-(18) and (25)-(28), takes the following form:

N, +xPh'=0, sz!j+2,u(1—a>)hC2=0

3
M, -0 =0, sz,j—Q2+hﬂ(1—60)[!//2+Zh2g2D2}=0 (28)
O, +Ph'=0,

The boundary conditions corresponding to different zones ensuring continuity (Fig. 2) of the process of
symmetrical rolling along the Ox; axis can be formulated as follows:

0,1 =0, 0,0 =0,0,;, =0 for x; = —ct,

Uil = Uil Uzl = Ul Ul = Uzl for x. = 0 (29)
021l = 0z1lun 021l = 021l 0211y = 024101 ! '

Uil = Uslp Uzl = Uzl Uglin = Uyl for x, =1— ct
021l = 02111, 021l = 02111 G2l = 021, ! ' (30)

0_21 = 0, 0_21 = 0, 0_21 = 0 fOI‘ Xl = L
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FIGURE 2 Transition zones for asymmetric technology:
1 - free zone before rolling y > I;; II - intermediate pre-rolling zone, ye(l,, 1);
III — active rolling zone, ye(0, l;); IV — free zone after rolling y<O0.

Along the Ox, axis, the boundary conditions corresponding to the free edge are met.
Thus, we have a mathematical model of elastic-plastic strain during the rolling of a metal strip using symmetric
and asymmetric technology.

CONCLUSION

1. A non-classical theory of rolling metal strips using symmetric and asymmetric technologies is proposed.
2. A rational formula for elastic-plastic strain between the intensities of stress and strain deviators was obtained.
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